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Cerapportcontientlesdeuxpremierschapitresdu tutoriel “Parallel ComputerAlgebra” donre
aucolloqueannuelde calculformel ISSAC (Juillet97, Hawaii) parJean-LouifRochet Gilles Vil-
lard. Il décritlesbasegourla constructionl’analyseetla programmatiorl’algorithmesaralkles
surdesarchitectureslistribuees.Utilisantlestechniquesla basedel’algorithmiqueparalklesyn-
chronePRAM, il montrecommentellespeuwent étreappliqleesa la constructiond’algorithmes
paralklesqui conduisenta desprogrammesgperformantssur desarchitectureslistribuéesasyn-
chrones.Deux pointssontalorscritiques: la prise en comptedessurcaits de communicatioret
d’ordonnancement.

Le premierchapitreprésentdestechniquepermettanta constructiord’algorithmesefiicaces
Differentscriteresdoiventétreminimisés: le nombred’opérationsqui doit resterprochedu nom-
bre optimal d’'opérationssur une machineséquentielle le tempsparalkle minimal (i.e. surun
nombreinfini de processeursg)our permettrequele tempsd’executiondiminuelorsquele nom-
bredeprocesseuraugmentéon parled’extensibilit), le volumede communicationpourlimiter
leur surcdit surunearchitecturedistribuée. Pris sepaément,cesdifférentscriteresconduisenta
desalgorithmesfondamentalemerdifférents. Un algorithmeefficacedoit alorsréaliserun bon
compromisentrecescriteres,pris deuxa deuxou dansleur ensemblejl estsouventbas surun
couplageentrecesdifférentsalgorithmes:on parlede poly-algorithmesou d’algorithmesen cas-
cade
Differentsexemplesillustrent les techniquesde basepour construiredes algorithmesefficaces
réalisandescompromisntéressantd.esalgorithmessontrepresenéspardesgraphesieflots de
donrees. Leur programmatiorestexplicitée a partir d'un langageabstrait, ATH (Asynchronous
TasksHandling).

Le deuxiemechapitreétudiel’ordonnancementle tels algorithmessur une architecturedis-
tribuéeasynchronémodeleLogP).Le casle plusgéréralou le grapheestinconnu(lestachesyui
le constituentsontconstruitesen coursd’exécutionet sontde duréesinconnues)est specifique-
mentétudié. Un algorithmed’ordonnancemergn-lignequi assuralesexécutionsoptimalespour
un algorithmeparalkle efficacetel ceux etudiesdansle chapitrel estexplicite. En conclusion,
le langageATHAPASCAN qui permetl'impl @mentatiord’un tel ordonnancemergstpréseng. Ce
langaggimplémené parunebibliothequeC++) estuneréalisatiorconcietedu langageATH.
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Parallelalgorithmicis a successfulheory Severalmethodstechniquesindparadigmswhich
arepresentedn severalbooksandsuneys[60, 5, 30, 38, 35, 20,41, 28, 39, 45] have beendevel-
opedto build powerful theoreticallgorithms.Furthermorethey standasa basisfor implementa-
tion of performaniprogramson effective parallelarchitecturesThosegeneratechniquesverflow
computeralgebraramewnork evenif arithmeticandalgebraiccomputationsireof specificinterest.

In thischapteywe introducehemaintechniquesnvolvedin thebuilding of parallelalgorithms.
They areillustratedon elementargomputeralgebrgproblems.Theunderlyingmodelis PRAM but
thedata-flav graphrepresentatiors alsointroduced It is usedto describexecutionsof a parallel
algorithmand to defineits cost. Threefactorsare here preponderantparallel executiontime,
numberof operationsandgranularitywhich s relatedto the requiredvolumeof communications.
An efficientalgorithmrealizesa compromisesolutionbetweerthosethreefactors.

The organizationof the chapteris asfollows. Sectionl describeghe local PRAM model,
the data-flav graphrepresentatioand costanalysis. Following sectionsllustrate,usingsimple
examplesthe maintechniquesnvolvedin the building of:

e section2: acoarsegranularityalgorithmfrom afine grainoptimalone;
e section3: afastoptimalalgorithmfrom avery fastbut nonoptimalone;

e section4: avery fast optimal randomizedalgorithmfrom a deterministicbut non optimal
one.

Finally, in the lastsectionwe give anoverview of paralleltime compleity, focusingon boolean-
arithmeticcircuitswhicharecommonlyusedin computeralgebra.

1.1 PRAM, DFG and costanalysis

TheParallelRandomAccessMachine(PRAM) [18, 4] is themostcommonexecutionmodelused
to build andanalyzeparallelalgorithms. Its major featureis to be independentrom the number
of processorsised. In this sectionwe focuson the local PRAM modelintroducedin [38]. Cost
analysigakesinto accountbotharithmeticandcommunicatiorcompleities.

In thefollowing, A denotesinalgorithmandA,, its restrictionfor inputof sizeO(n).

1.1.1 The PRAM model
A Local ParallelRandomAccessMachine(PRAM) is setof:

¢ an (infinite) numberof processors, ..., Py, ..., eachindexed by aninteger (processor
identifieror pi d in short). Eachprocessois a RAM (RandomAccessMachine[2]) and
getsits own local memorywhich containsts own pid.

¢ aglobal(or sharedmemory Eachprocessocancopydatafrom the globalmemoryinto its
own local memory:this operationis calledgl obal read orread in short. Conversely
eachprocessocancopyadatafrom its ownlocalmemoryinto theglobalone:this operation
isawr i t e operation.
Initially, the input dataareavailablein globalmemory At the endof the computationthe
outputdataarealsostoredthere.
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¢ A programthatconsistsn afinite sequenc®f RAM elementaryinstructions extendedby
theglobalelementary(i.e. singleword location)readandwrite instructions.

¢ aglobalclock that ensuresa synchronousnodeof computation. After initialization (first
top), processorsare readyto executethe first instructionof the program. At eachtop (or
step, eachprocessoexecuteshe next RAM instructionin the program. Thusit performs
eitheranelementanarithmeticoperationwithin its local memoryor anaccesso theshared
memory(reador write).
Theprogramterminatesvhenprocessowith pid 0 executeghehal t instruction.

Notethatthe programmay containbranchingnstructionseventuallydependingon the pid value.
Dueto branchingnstructions at a giventop, processorsnay executedifferentinstructions(Mul-
tiple InstructionMultiple Data— MIMD —type).

Sequencer

@ _-_----ZZ-Z-Z _-_----ZZ-Z-Z
MO @ M1 @ I\/Ip @

Access Completion Signal

Figurel.l: Thelocal PRAM executionmodel

Semanticsof accessn shared memory. Dueto the synchronousnodeof computationseman-
tics of global memoryaccesss simpleandonly depend=n the behaior when, at a sametop,
several processorsoncurrentlyacceddo a samesinglelocationin thesharednemory

At a sametop, two processorsant performbothareadandawrite in the sameocation. But
concurrentead(or concurrentvrite) accessnaybeallowed,dependingpnthe PRAM:

¢ anEREWPRAM (Exclusve ReadExclusve Write) doesnot allow concurrentaccesso a
singlelocation.
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¢ aCREWPRAM (ConcurrenReadExclusive Write) allows only concurrenteadaccess.

¢ a CRCWPRAM (ConcurrentReadConcurrentWrite) allows concurrentaccesgall in the
samemode eitherreador write).

Whena concurrentvrite operationis performedinto a singlelocationin the sharedmemory dif-
ferentsemanticsare considereddlependingon the reductionoperationperformedto producethe
final value:

¢ COMMON: all processorsiave to write thesamevalue.If not,anerroris produced.
¢ ARBITRARY: anarbitraryprocessowritesits value.
¢ PRIORITY: the processowith the minimum pid writesits value.

e CUMULATIVE: the sumof all the concurrentvaluesis written. The addition operation
(definedbetweensingle location values)is assumedo be associatie. Furthermorejt is
assumedo be commutatve; this ensuresa semantiandependentrom the pids of the writ-
ing processordikewise concurrentreadand commonor arbitrary write operations. This
concurrentvrite modeis alsocalledcombining[41].

As detailedfurther, thosedifferentvariantsof the PRAM arerelatively closedto eachothers:
eachonecansimulatethe otheronewith smalloverhead$14, 41, 28].

Dynamic task creation Theabove definitionpresentswo dravbacks:
¢ it assumedhat,afterinitialization,anunboundedhumberof processorstartexecution;

¢ dynamiccreationof parallelismhasto be describedn the programusingbusy-waiting;this
meanghattheschedulingpf the programis completelydescribedn the program.

In orderto addresshis secondpoint, in theinitial definitionfrom [18], only the processowith pid
0 startsexecutionof the program.To generatgarallelism,anelementaryf or k <e> instruction
is defined. Whena processor” executesthis instruction,an inactive processor”’ is reset. The
accumulatoof P (which may containan addressn the sharedmemorywheresomeparameters
arestored)is first copiedinto theoneof P’. Thepid of P’ is thenputinto theaccumulatoof P.
Thisallows P and P’ to latercommunicatevia the sharednemory

At thenext step,P executeghefollowing instruction(the onethatfollowsthef or k) and P’ starts
theexecutionof the programat theinstructionlabelede.

Usingf or k, dynamictaskcreations madepossible schedulingallocationof inactive processors)
beingensuredy thePRAM machine However, thismodificationimpliesthatarny PRAM program
thatusesa polynomialnumber»®(") of processorsakesatime Q(log ») to beexecutedforbidding
the building of constantiime algorithms;if an algorithmis involved during the executionof a
program(e.g. insidethe body of aloop), this overheadmay easilybe avoided. Analysisof costs
in this chapteraremadeunderthe previousmodel,thuswithout takinginto accountaskallocation
overhead.
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RandomizedPRAM  To supportexecutionof randomizedlgorithmsthe PRAM is extendedn
thefollowingway. A new r andominstructionis introducedhatallows eachprocessoto generate
(in onetop) arandombit (or arandomnumberthatfits in a singlememorylocation).

Randongenerationgi.e. r andominstructionsperformedoy aprocessoduringtheexecution
areassumedo be independentealizationsof anuniform law. Moreover, generationgerformed
in parallelata giventop by differentprocessorarealsoassumedo beindependent.

1.1.2 Executionof a PRAM program and data-flow graphs

Being given the input data, the executionof a PRAM programmay be representeds a direct
agyclic graph. Verticescorrespondo instructionsthat are executed(onevertex, oneinstruction)
andedgedo precedenceelationsbetweerinstructions.

Basically dueto the synchronicityof the PRAM, if v (resp. w) is the vertex representingn
instructionexecuted at step: (resp.: + 1), thenthereis anedgefrom v to w. If we forgetextra
synchronizatiordue to the machinemodel, synchronizationsequiredby the algorithmitself to
ensurecorrectnessf theexecutioncorrespondo the orderingof accessnto alocationin memory
This orderingcanberepresentety the (macro)data-flav graph(DFG) relatedto the execution.
DFGisdirectagyclic andbipartitewith nodesets/ = {j, ..., 7.} correspondingp instructiong;
meaningob) and” = {¢,,...,t,,} correspondingo singleassignmendata(t meaningransition).
An edgegoesfrom ¢, (resp. ;) to j; (resp.i) if j; is aread(resp.write) instructionof theglobal
datarelatedto ;.

In this DFG, ary memoryaccessegitherglobal or local, is representedby an edgebetween
alocation(representethy a transitionnode)andaninstruction(a job node)thatrequiresthe ac-
cess. Exceptfor transitionsrelatedto input, immediateancestor®f eachtransitiont, arewrite
instructions:only oneon an exclusive-write PRAM, eventuallymoreon a concurrent-writeone.
Cornverselyits immediatesuccessor@xceptfor transitiongelatedto output)arereadinstructions:
only oneon anexclusive PRAM, eventuallymoreonaconcurrent-readne. Thismeanghatwhen
all immediatesuccessor§ob nodes)of atransitionhave beenexecuted the locationrelatedto it
in globalmemorymaybegarbaged.

Let usconsiderthe DFG relatedto atreecomputatiorschemeAs anillustration,we consider
two algorithmsthat solve the iterated product problem: it consistsin computingthe product
of n elements. In orderto exhibit parallelism,multiplication is assumedo be associatie and
commutatve. A balancedinarytreeschemeagivesanalgorithmthatworksonanEREWPRAM;
relatedDFG is shavn in figure 1.2.a. On a CUMULATIVE-ERCW PRAM all productsmay be
performedconcurrentlyandcumulatedn asharedocation(fig. 1.2.b).

This graphdefinesa precedenceelation, denoted<, betweeninstructionnodesin .J. Let
ji,J2 betwo nodesin J; j; < j. if thereis a pathin DFG from j; to j,. In thefollowing, we
will considerthe subgraphD F'GG,(.J, <) of DF G, whereonly arithmeticinstructionsand their
precedenceelationsarerepresented.

Remark 1. Thedata-flav descriptionof the algorithmis roughly equivalentto a straight-line
program [32].

Ynstructionscorrespondingo » andw maybe executedby differentprocessors.
2alsocallediteratedsumwhenanadditionlaw is considered
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.
O,
(a) (b)

Figurel.2: DFG of two iteratedproducts:(a) EREW (b) cumulatve-ERCW

Remark 2. Notethatsymmetryof input (resp.output)edgedo a transitionnodeassumesom-
mutatvity of access.Thisis verified for any concurrentwrite (resp. read)accesslefinedon the
PRAM.

1.1.3 Describing PRAM algorithms: ATH language

PRAM standsas an abstractmodel virtualizing ary parallel architecture. In orderto describe
PRAM algorithmswe needanelementaryprogrammindanguagevhich leadsto aneasydescrip-
tion of algorithms.

Sincetheevaluationof a parallelalgorithmis directlyrelatedto theanalysisof DFG, asequen-
tial descriptionshouldbe sufficient thanksto the implicit appearancef data-dependenciesach
readaccesdo alocationgetsthe valueput by the last write in a sequentiakxecution. However,
two characteristicayhich do notappeain a sequentiatlescriptionareto betakeninto account:

¢ two levels of memoryaccessaredistinguished:local andglobal. Global memoryaccess
supportCUMULATIVE-CRCW semantics.

¢ the elementaryunit of instructionis the block. A block is a sequencef elementaryRAM
instructions A blockis executedn sequentialit takesbenefitof local access.

In the following, we consideran extensionof the basicPRAM basiclanguageantroducedn [18]
basedon thosetwo considerationsThis abstractanguages called ATH, anacrorym for Asyn-
chronousTasksHandling

Blocksof instructionsaredefinedasprocedurebvodies.Theexecutionof suchablockis called
atask Tasksmay be orderedeitherin sequenceisingsynchronougprocedurecall or in parallel
usingasynchronougrocedurecalls (prefixed by f or k). In this last case,precedenceelations
betweentasksare definedin a naturalway, accordingto shared-datalependenciethat appear
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in a sequentiakxecutionof the program. Datadependenciesoncerningocal dataarethennot
consideredn therelatve DFG.

Figure 1.3 givestwo differentrecursve programsfor the iteratedproductusinga C++-like
langauageVersion(a) workson an EREW PRAM andis relatedto the DFG presentedn figure
1.2.a. Version(b) works on a CUMULATIVE-ERCW, the correspondind@FG is presentedn
figurel.2.b

Product(a : in E

b: inE
c : out E)
begi n
c.Wite( a.Read()*b. Read() );
end IterProd( n :in integer,
a[l..n] : in array of shared E,
IterProd( n :in integer, res : out shared E)
a[l..n] : in array of shared E, begi n
res : out shared E) i f(n==1)
begi n res. Cumul <*>( a[1].Read() );
i f(n==1) el se
res.Wite( a[1l].Read() ); fork IterProd( n/2, a[l1l..n/2], res );
el se fork IterProd( n-n/2, a[n/2+1..n], res );
tnpli, tnp2 : shared E; end if

end
fork IterProd(n/2, a[l1..n/2], tnpl);
fork IterProd(n-n/2, a[n/2+1..n], tmp2);
fork Product(tnpl, tnp2, res);
end if
end

(a) (b)

Figurel.3: ATH codeof two iteratedproducts:(a) EREW (b) cumulatve-ERCW Datain shaed
memoryare explicitly declaed by the prefixshar ed. Notationx. f () meanghat functionf

is calledon the datain sharedmemoryx. In program (b), the functioncall x. Cumul <* >( v
) specifiesa cumulatve concurrentwrite on the datain sharedmemoryx; the commutativeand
associativebinary functionimplementingheopemtionis * .

1.1.4 Time,work and communication costs

Considera PRAM program.In thefollowing, » denoteghesizeof theinput. Thearithmeticcost
is characterizety:

e theparallel time7'(n) which correspondso the numberof executedsteps;
e thearithmeticwork W,(n), i.e. thewholenumberof operationgerformed.

Thosequantitiesare independentf the numberof processorandthus may be defineddirectly
from the DFG descriptionof the execution.

Definition 1 Theparallel time7'(n) is themaximaldepthof DFG(x) for anyinput z of sizen:

T(n) = max Depth(DFG,(z)) (1.1)

@,||=(|=n
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Thearithmeticwork W, (n) is the numberof instructionnodesof DFG(x) for anyinput z of size
n:

W,(n) = ' Iﬁ’lﬁ}_( #V(DFG,(x)) 1.2)
Thearithmeticcostis denoted:
O.(T(n), Wa(n)) (1.3)

Similarly, thecommunicatiorcostis characterizetby two factors:

e the communicatiordelay? C;(n), i.e. the maximalnumberof global memoryaccesper
formedby aprocessor;

e thecommunicatiorwork W.(n), i.e. thewholenumberof globalmemoryaccesperformed.

The PRAM programimplementsa schedulingof the DFG on aninfinite numberof processors:
ary accesso thelocalmemoryon eachprocessors notconsideredsacommunicationThus,the
communicatiorcostmayvary dependingon the numberof processorsisedin theprogram.

To definecommunicatiorcostwith respecto a parallelalgorithm (independenof a numberof
processorsandsomoregenerathanthe programthatimplementst), we will referto its DFG.

Definition 2 Thecommunicationvork W, (n) is themaximalnumberof edgedor anyinputof size
n:

We.(n) = max #E(DFG(z)) (1.4)

@,||l=(|=n

ThecommunicatiorelayC,(rn) is themaximallengthof a pathin D F'GG fromaninputdatato an

outputone:
Ci(n) = max Depth(DFG(z)) (1.5)

z||l|=n
Thecommunicatiortostis denoted:

0.(Ca(n), We(n)) (1.6)

In orderto comparearithmeticandcommunicatiorcosts thegranularityg(n ) is defined.
Definition 3 Thegranularityg(r) is theratio betweerthe arithmeticandcommunicatiorworks:

Wa(n)
We.(n)

g(n) = 1.7)

Remark. Previouscostsaredefinedatfor DFGswith unit time instructionsandunit sizetransi-
tions. For generahonunit sizeDFGs(denotedasmacrodata-flav graphs) costsareweightedby
the sizeof eachnode: eitherthe numberof elementaryinstructionsfor a job nodeor the size of
relateddatafor atransitionnode.Macrodata-flav graphswill bespecificallystudiedin chapter2.

3C,(n) is calledcommunicatiorcompleity in [28].
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1.1.5 Efficient algorithms

Let A beanalgorithmwith cost7'(n), W,(n), C4(n), W.(n). Let W,(n) bethe work of the best
known (sequentialplgorithmthatsolvesthe sameproblem.

The building of a parallelalgorithmto solve a given problemmay be aimedat differentdirec-
tions:

¢ eitherfinding the smallestamountof time requiredto solve a problem. In this context,
the classNC' of problemsthat may be solved in paralleltime 7'(n) = log®" n usinga
polynomialnumberof processor$V, (n) = n°() playsa centralrole.

¢ or building an efficient programthat leadsto solwe larger problemsin a reasonablemount
of time taking benefitof the ability to useseveral processordet ussayp. Here,arithmetic
andcommunicatioroverheadsi.e. W, (n) andWW,(n)) areto becarefullytakeninto account
in orderto guaranteefficientexecutions.

A commontrade-of [38] consistan building parallelalgorithmsthat:

¢ have polynomialspeed-upi.e.

T(n) = 0O(Ws(n)") with e < 1. (1.8)
e arework-preservingi.e.
Wa(n) = O(Ws(n)). (1.9)
Theinefficiencyr measureshearithmeticoverhead:
_ Wa(n)
v(n) = W) (1.10)
e requirefew communicationd.e
We(n) = O(W,(n)") with e < 1. (1.12)

Suchanalgorithmis alsosaidlocal or of coarse-ganularity or with polynomialgranularity
(notethatg(n) = Q(n®) with a > 1).

Definition 4 A is said:

o fastif it achievespoly-logarithmicparallel timewith a polynomialnumberof opeations,i.e.
T(n) = log® W n andW,(n) = n°0).

¢ optimalif it is fastand hasconstaninefficiency
o efficientif it hasa polynomialspeed-umnda constantefficiency

In order to not absolutelyrejectfastalgorithmsinvolvinga small overheadn arithmeticopea-
tions, fastalgorithmswith poly-logarithmicinefliciencywill be consideedasefficientalso.
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In the following, somemaintechniqueshatleadto the building of an efficientand of coarse-
granularityalgorithmareovervieved. It turnsout that minimizing time without preservingwork
(i.e. building NC' algorithm)is of specificinterest:

¢ algorithmictechniquesnvolvedfor botharevery close;
e it givesalowerboundonthebestparalleltime thatmaybeachieved;

¢ aninefficientbut fastalgorithmmay successfullype coupledto a slower but efficientoneto
build afasterprogram.

1.1.6 Example

Weillustratethepreviousdefinitionsontheiteratedsumalgorithmpresentedh figure1.3.a.Scalar
productof two vectorsis directly reducedrom iteratedsum;it may be appliedto performmatrix
multiplicationin a semi-ring.

Iterated sum

For the EREWalgorithmpresentedh figuresl.3.aand1.2.a(balancedreecomputatiorscheme),
we assume, = 2"

T(n)=logn Ca(n) =logn + 1
Wyn)=n-—1 We.(n)=2n-1
This algorithmis optimalssinceits costis — asymptotically- alower bound.
As a consequencehe scalarproductof two vectorsis computecon anEREW with cost:
O.(logn,n) and O.(logn,n). (1.13)
Onasemi-ring,+ is commutatve. Thus,on a cumulatve-CRCWPRAM, this problemmay
becomputedwith parallelcost(fig. 1.2.a):
O.(1,n) and O.(1,n). (1.14)

However, the descriptionof the computationscheme(cf programin fig. 1.3.b) may require
O.(logn,n).

(1.12)

Matrix product

Considerthe problemof computinga squarematrix productC' = AB in a semi-ring(i.e. using
only 4+ and x operations).

Let » bethedimensionof thematrices:sinceC; ; = >-7_, A; 1Bz ;, theproblemreducego n?
independenscalarproducts.Using 1.13,we obtaina parallelalgorithmwith cost:

O.(logn,n*) and O.(logn,n?). (1.15)

SincelV,(n) = O(n®) [37], this algorithmis efficient.

However, g(n) = O(1) andit is not coarse-granularityBesidesjt canbe seenthat, if £ is a
field (or ring), the above algorithmis not efficient (polynomialinefficiengy) neithertheoretically
sinceW, = O(n?*7) [15, 45] nor practicallysinceO(n?#!) algorithmsareof practicaluse[3, 40,
17]. We will seein following sectionshow to overcomethoseproblems.



1.1.7 RelationsbetweenPRAMs

We considetthecostof theexecutionof aparallelalgorithm(definedona CUMULATIVE-CRCW
PRAM for instancepn agivenPRAM with afixednumberof processorandwith its own seman-
tics for accessn sharednemory Two casesredistinguishedwhenthe numberof processorss
decrease@ndwhenmemoryaccessarerestricted. We considerhereonly arithmeticcosts. The
mainconsequencis the existenceof optimal— within a constanfactor— simulationsof aCRCW
algorithmthatusesanunboundedhumberof processorenanEREWmachinewith afixednumber
of processors.

Theorem1 Fine grain simulation with fewer processors Brent's principle [9, 28]. Let A
be an algorithm that can be implementedo run in (arithmetic) parallel time 7" and work W,
on a given PRAM with an unboundechumberof processors.If ead local accesscorresponds
to a global one,then A can be stheduledon the samePRAM, but with p processorsto run in
(arithmetic)parallel time7),(n):

It canbe notedthatthis fine grain simulationdoesnot takeinto accountadditive costdueto the
computatiorof thescheduld12, 22].

Remark. In chapter2, theorem10 gives a more generalsimulation result with analoguous
bounds. It consistsin a constructve coarsegrain simulationfor DFGswherearithmeticnodes
mayrepresens sequencef elementarynstructions.

Theorem 2 Simulation with restricted accessn global memory [28, 38]. Let.4 bean algo-
rithm that canbeimplementedo run in (arithmetic)parallel time 7}, ona CUMULATIVE-CRCW
PRAMwith p processar Then, 4 canbeimplementedn an EREWPRAMwith p processorso
runin timeO(T, log p).

1.2 Increasinggranularity

Efficientparallelalgorithmsequirenearoptimalwork; obviously, thecarefulanalysisof thesmall-
estdepthDFG inducedby a sequentiahlgorithmamongthe bestis thenof practicalinterest.

As amajorexample sequentiadlgorithmsbasednapartitioningof the probleminto —mary —
independensubproblemdave intrinsic parallelismif partitioningand memging (to recover the
global solution) stepsare either parallel or of neglectedcost. This situationappeardrequently
in numerouddivide&conqueralgorithms(let us say parallel divide&conque). As a computer
algebrainstance modularmethodsbasedon Chineseremaindercomputationg2, 10] amountto
thisscheme.

Onceafine grainfastparallelalgorithmis built, increasinggranularityis requiredto obtainan
efficientalgorithmwith coarse-granularityn this section thetechniqueconsistingn stoppingthe
recursve splittingis illustratedonthe matrix productproblem;we prove anoptimalgranularityfor
this problem.
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1.2.1 Parallel divide and conquer

Let usconsiderthe exampleof matrix multiplicationusinga standardi-dimensionablock algo-
rithm:

l A A ] (1.17)

A21 A22

By B _ A B+ A12Bar ApnBig + A1 By
By By A Bi1 4+ AaBay A Big + A Bay |

All blockmatricesproductspf dimension: /2, canbemultipliedin parallel. Applying recursvely
this splitting schemdeadsto a parallelalgorithmwith cost:

O.(logn,n*) O.(logn,n®) (1.18)

Notethat,sincecoeficientadditionis associatie,eachentryin theoutputmatrixmaybecomputed
asaniteratedsumof n values. This allows the whole computatiornto takea time log n (instead
of log? n if additionswhereperformednaively at eachstep). This remarkappearslirectly on the

DFG descriptionfor a CUMULATIVE-CRCW PRAM 1.4: all final sumsaremadein O(1) time.

But thesplitting processwhich involvesno arithmeticoperationbut recursve forks (cf fig. 1.3.b),

requiresO(log n) time usingrecursie forks*. Anothertechniqueto obtainO, (log n,n*) consists
in pipeliningadditions[1].

Remark. The samestratgy appliedto Strassers algorithmleadsto a parallelalgorithmwith
cost:
O.(logn,n'&7) O.(logn,n'&7) (2.29)
Optimalin work (on a semi-ring),this algorithmhasgranularityg(n) = O(1): it is roughly
equvalentto arecursve versionof 1.15).In thenext sectionwe detailhow to increasegranularity
in orderto build anefficientalgorithmwith coarse-granularity

1.2.2 Minimizing communicationwork

Obtaininga coarse-granularitglgorithmrequireso minimize communicationsThis canbedone
by stoppingtherecursve parallelsplitting processat a givendepth,let us saywhensub-matrices
areof sizelesserthank (i.e. depthlog 7). Operations- resp. sumsand products- on matrices
of dimensionk arethenperformedsequentiallyusinganoptimalalgorithm—resp.in time O(n?)
andO(r*) —. Thecostis then:
3
0, (K +1 ) 0, [k +log =, 1.20
(k* +logn, n®) ( +log 7. = (1.20)

which givesanalgorithmwith granularityg(n) = k. We thusobtaina parallelefficientalgorithm
with arbitrary(polynomial)granularity

Theorem3 For anyg, log'/®n < g < n, twon x n matricescanbe multiplied by an algorithm
of granularity ¢ with parallel cost:

3.3 2 n_3
Oa(g,n) Oc<g + log n, g)'

“Notethatthe bruteforce program(fig. 1.4)which performsiteratively fork instructionsrequiresO, (n3, n3) !
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Cunul ProductTerm( a : in E,
b: in E
c: out E)
begi n
c. Cunul <+>( a. Read()*b. Read() );
end

MatrixProduct( n : in integer
a: in array[1..n,1..n] of E
b: in array[1l..n,1..n] of E
c : out array[1l..n,1..n] of E)
begi n
i, j, k: local integer;

for i =1..n |oop
for j =1..n | oop
for k = 1..n | oop
fork Cumul Product Tern{ a[i, k], b[k,j], c[i,j] )
end | oop
end | oop
end | oop
end

| a2 | | a3 ] | a2t |

Figurel.4: DFG of themultiplicationof two 3 x 3 matrix (cumulatve-CRCW)

Thepreviousalgorithm1.20provesthe upperbound.d.
Thefollowing theorengiveslowerboundsor communicatiorcosts.lt shavsthattheprevious

algorithmachiezesanoptimalcommunicatiordelayandanoptimalgranularityamongalgorithms
thatachieze anoptimalcommunicatiordelay

Theorem4 Let A be an efficientparallel algorithm that multipliestwo matricesof dimension:
in time 7" using(+, x ) onlyandperforming®(r?) opetions. Then,
2/3 n’
Ca=Q (T +logn) Wc:Q<W).
d

Since A is efficient, T = O(n) with ¢ < 3; by reductionfrom iterative sum, we thus have
Cq = Qlogn).
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Kerr [37, 1] shavs the lower bound}(r*) on the arithmeticwork. Since A performs®©(n?)
operationsits executioncanbescheduledn time ©(7') usingp = % processord.ets;, 1 <1 < p,
be the numberof sharednemoryaccesgperformedby processoi. We thenhave W, = 7, s;
andC,; > max’_, s,. To obtainalowerboundon W, andC,, we usethefollowinglemma[1, 25]:
if aprocessoreadsat mosts elementf input matricesandcomputesat mosts partial sumsof
their product,thenthis processocan computeno more than s>/? multiplicative termsfor these
partialsums.

Applying thislemmato p; whichreadsor writesatmosts, element&ndsince)(r*) multiplicative
termsareto becomputedyve have:

Zp:fgﬂ = Q(n?). (1.21)

7
=1

Boundings; by C, andreplacingp by % leadsto:

Ca=Q(T77). (1.22)

Noticingthats™"_, s7/* < C/25%_ s;, we obtain:

n

3
d

which concludegheproof O.

Recursivemultiplication algorithms. A similar studycanbe appliedto otherrecursve matrix
multiplication algorithms(e.g. Strassen).It alsoleadto efficient parallelalgorithmswith both
polynomialspeed-umndpolynomialgranularitythatleadto performanimplementation$l7].

1.2.3 Conclusion

In this section,we have studiedthe DFG of a sequentiablgorithm, basedon a divide&conquer
schemethatcontainsinherentparallelism.By haltingthe recursve processn orderto minimize
communicationsye have exhibiteda family of efficient parallelalgorithmswith arbitrarycoarse-
graingranularity

Dueto its practicalinterest this techniquehasbeensuccessfullyappliedto variousproblems.
Oneof significantinterestin computemalgebras thediscreteFouriertransform.Thedirectanalysis
of theFFT algorithmleadsto a parallelalgorithmwith cost:

O.(logn,nlogn) O.(logn,nlogn).

A clusteringof elementarynstructiongblock clusteringonthefirst 1"% stepsandcyclic clustering
onthelastlo% stepscf fig. 1.5)leadsto analgorithmwith parallelcost[41, 39:

O.(vVnlogn,nlogn) O.(vn,n).

This algorithmhaspolynomialspeed-upoptimalwork andachiezesalsooptimalgranularity[1].
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Figure 1.5: DFG of the EREW O, (y/nlogn,nlogn) FFT algorithmof 16 points. Thereare
2/n arithmetictasks(representedy squareboxes embeddingelementaryoperationsandlocal
dependenciesgachcorrespondingo a sequentiaFFT computatioron /n points. For ary task
ontheleft, shareddatadependenciesnply a precedenceelationwith the \/n taskson theright.
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Theresultingalgorithmis basedn couplinga very fastparallelalgorithm,optimalin time but
requiringmary communicationsto a sequentiabnewhich minimizescommunication.Suchan
algorithmis called“poly-algorithm”; thetechniquehatunderlieghis couplingis called“cascading
divide&conquer”.

Cascadinglivide&conquemay be appliedin a moregeneralcontet, by couplinga very fast
parallel algorithm, yet requiring mary operationsto a slowver one which performsan optimal
numberof operationsThis techniquanakesthe building of very fastalgorithmsattractve evenif
therequirednumberof operationss larget.

1.3 Breaking data-flow dependenciedy redundancyand cas-
cading divide&conquer

It may appearthat DFGsrelatedto a sequentiablgorithmcontaindata-dependencig¢sat bound
parallelism. Introducingredundantomputationsnay thenallow to breakdependenciem order
to minimize paralleltime. Cascadinglivide&Conqguermay then be usedto obtainan optimal
arithmeticwork. In this sectionwe illustratethis techniqueon the computatiorof the solutionof a
triangularlinearsystempresentedh [46]. We focuson communicatiorcosts.

Let A beann x n nonsingulatriangularmatrix with coeficientsin afield K. We assumdy
conveniencen = 2™. Letb avectorin K. We considerthe computatiorof = A~'b.

1.3.1 DFG of the bestsequentialalgorithm

Thesimpleforward substitutionalgorithmhassequentiatostW;(r) = ©(n?). Directanalysisof
its DFG (seefig. 1.6) givesits parallelcost:

O.(n,n*)  O.(n,n?), (1.24)

whichleadsto analgorithmwith polynomialspeed-ugut smallgranularityg(r) = O(1).

If entriesof A arein global memoryafterinitialization, we have W,(n) = Q(n?). In aview
to minimizing the communicationsnvolved by the algorithmitself, in the following we do not
considettheaccess$o A in thecommunicatiorwork W.(n).

In orderto increasegranularity we considera divide&conquerversionof this algorithm{[7].
Let A, b andz bedividedinto blocks:

Ay 0 by T
= = ) 1.25
Ay A ] l by ] v [ T2 ] ( )

Here A, is of sizeh x h, x; andz, areof sizeh. We have:

Allllfl = bl and AQQCL’Q = bg — Agllﬂl. (126)

wherez; andz, arecomputedecursvely usingthe samealgorithm; Az, is computedusinga
scalamproduct(seel.13). Notethatthe useof a pipelineschemdeadsto the previousparallelcost
1.24.
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Update( x : out E,
a: in E

y:inE)

begi n
X. Cunul <+>( -a. Read()*y. Read() );
end

FinalDivision( x : in and out E,
a: in E)
begi n

x.Wite( x.Read() / a.Read() ); a2l R
end

TriangularSolve ( n : in integer, e a22
a: in array[1..n, 1..n] of E
b : in array[1l..n] of E
x : out array[1..n] of E)
begi n
i,j : local integer;

for i = 1..n loop
x[i].Cumul <+>( b[i].Read() ); a32
fork FinalDivision(x[i], a[i,i]);
for j = (i+1)..n | oop

fork Update(x[j], a[j,i], x[i]);

end | oop

end | oop

end

a33

Figurel.6: DFGfor thesolvingof a3 x 3 nonsingulatriangularmatrix

We may thenstopthe recursve splitting whenmatricesareof sizek x k, andusesequential
algorithms(triangularsysteminversionandmatrix-vectorproduct)on matricesof sizelesserthan
k. Theresultingparallelcostis:

2

O,(nk,n?) O, (nk %) (1.27)

whichleadsto analgorithmwith granularityg(r) = O(k).

Theorem5 For anye < 1, atriangular nonsingularlinear systencan be solvedby an efficient
parallel algorithmof coarsegranularity n* in time O(n'*<).

Choosingk = n® = o(n) in 1.27provesthe upperbound.D.

1.3.2 Breakingdependencies

The lineartime lower boundon previous algorithmtime comesfrom the dependencin formula
1.26betweercomputation®f z; andz,. This dependencmay bebrokenby directly computing
theinversesf thetriangularnonsingulamatricesA,; and A,,.
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Considerthe matrix A split in four blocksof dimensionn/2 (1.25with 2 = n/2). Thenwe

have: )
AT 0

Al = b _ 1.28

l A AN AT A7 ] (1.28)

From theorem3, the productof two matricesof dimensionn is computedwith parallel cost

O,(log n,n”). In thefollowing, we will referto this cost.

To computethe inverseof A from 1.28,we first computerecursiely andin parallel A;}' and

A, Thenwe computethe last block of A~! by performingsequentiallytwo parallel matrix
products.Theparallelcostfor inverting A is then:

3

O4(log’n,n®) O, (loan, ?7/3) (1.29)
log"" n

OnceA~! iscomputedy = A~'b canbecomputedvith thesamecost.However, evenif polylog-

arithmicin time, this algorithmhaspolynomialinefficiengy. In the next paragraphyve useit on

Aq1in 1.26in orderto decreasgaralleltime.

Remark. Theabore algorithmis efficientfor computingthe inverseof a nonsingulatriangular
matrix. Notethatby usingfastmatrix multiplication,the parallelcostis reducedo O, (log” n, n*)

with w < 2.38 [46]. Besidesjf computationsre performedsequentiallywhenthe dimensionof

thematricesarelessetthank > n*, (e < 1), theobtainedalgorithmis efficientandhaspolynomial
speed-u@ndpolynomialgranularity

1.3.3 Cascadingdivide&conquer to minimize time

The previousalgorithmis not efficientbut may be combinedo therecursve sequentiablgorithm
(formulal.26). Thetrick is to useit on smalldimensiormatriceqlet ussay#) whenthe overhead
O(h*) dueto the fastinversionof sucha matrix becomeseglectible comparedo coeficients
updategroughlynh). Thisleadsto thefollowing algorithmof Pan&Preparat§46].

Theorem6 Thesolutionof a nonsingulartriangular systentanbe computedn
O4(n'/*1logn,n?)

usinga standad »® matrix multiplicationalgorithm.
If afastn® multiplicationis usedthenthe parallel costis:

O, (n“=2/ @D og% n n?).

Thefollowing 1.27,let A besplitin n?/1? blocksof sizeh x h. Though,notethata directcom-
putation(seetheorem1.27) leadsto a paralleltime O(n'/?1og” n). To avoid thelog n overhead
factorin the paralleltime, we proceedoy gatheringcomputatioronlog® / blocks.

Letk = hlog h; thematrix A maybeseerassplitin (r/k)? blocks,eachblock consistingn log* i

sub-block=f dimension: (cf fig. 1.7).

We usethe sequentialterative algorithmonthe (n/k) x (n/k) coarsegrainmatrix. At step:, we
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

******************************

ffffffffffffffffffffffffffffff
n/h.log(h) blocks
of size h.log(h) * h.log(h)

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

******************************

******************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

log(h) blocks
of sizeh*h

Figurel.7: Splittingusedfor 4 = 8, hlog h = 24, n = 96

have to invert the triangularsystemcorrespondingdo the diagonalblock (¢, ). For this compu-
tation, we first invert concurrentlythe log 4 diagonalsub-blocksof this block. Then,we update
otherssub-blocksof z;. At theendof thestep,blocksz;, for ; > 7, areupdated.

Thealgorithmis thefollowing:

Initialization.
Let A besplitinto n/k blocks; ; of dimensionk (k = hlogh). Forl < j < <n/k, let
M;; besplitintolog i x log h block m!" of dimension.
Let = beinitialized to b andsplit accordingto A.

fori=1..n/k do

1. for y = 1..log h do
N —1 ..
fork (m) = invert(mi+).
UsingfastinversionandBrent's principle,the costis O, (log® h, h* log h).

2. forj =1..1ogh do
updater! in parallel
ol = (mid) ™ (o] — i) miial)
Scalaproductareperformedn parallel:thusz; is computedvith acostO, (log? h, k2 log h).

3. for j =i+ 1..n/k fork updater; in parallel
Tj=T; — Mj,z-xi
Performingscalarproductin parallel,the costis O, (log h, nhlog h).

Thefinal costis : O,(nlog” h/k,n/k max(h®log h,nhlogh)). Sincek = hlog h, it reducego:
O.(nlog h/h, max(nh® n?)),

andtheoptimalvaluefor . is thelargeronethatleadsto awork W,(n) = O(r?). Thus,we choose
h = n'/? andwe obtainthe upperbound.
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The sametechniques appliedto obtainthe upperboundwhena fast matrix multiplication algo-
rithmis used.O

1.3.4 Applicationsin linear algebra

Many linearalgebraalgorithmsarebasednaGaussiarliminationschemelinearsystensolving,
normalforms (Hessenbey, Smith, FrobeniussymbolicJordan).Sucha schemeprovidesparallel
algorithmswith polynomialspeed-upat eachstep,a transformations computedhatcanthenbe
appliedin parallelto eachcoeficient of the matrix. For instancesolving a non-singulatdinear
systemusingstandardsaussiareliminationleadsto a parallelalgorithmwith cost:

O.(n,n*)  O.n,n?) (1.30)

Moreover, very fastdeterministicalgorithms(polylogarithmicparalleltime) areknown for most
problems[45, 24, 58, 57 but they are often inefficient (W, (n) = n°MW,(n)). For instance,
solvinga non-singulatinear systemcanbe computedn parallelwith cost:

O, (log*n,n+*) (2.31)

with o = 1/2 in characteristizero[16, 50] anda = 1 in thegenerataseg11]. Applying thesame
cascadinglivide andconquerstrat@y leadsto sub-linearparallelalgorithmswith optimaP work
[46]:

0, (n'/*log? n, n?). (1.32)

Remark. Thesametechniqueappliedon Strasseriormulation[56] (which may take benefitof
fast O(n>3™) matrix multiplication algorithms),doesnot succeedn the building of a sub-linear
algorithmwith paralleltime n?, 3 < 1.

1.3.5 Conclusion

In this paragraphwe have usedbi-dimensionablock matrix partitioningin orderto:

¢ increasdahegranularityto build polynomialspeed-umlgorithmswith polynomialgranular
ity; thetechniqueusedis cascadinglivide andconquewith a sequentiablgorithmin order
to decreaseommunicatiorcosts.

e decreasgparalleltimewhile preservinghework; thetechniqueusedis cascadinglivide and
conquewith avery fastbut inefficientalgorithmin orderto makethe computatiorfaster

In [46], the sametechnique calledwork-preservingspeed-upis appliedto several linearalgebra
algorithms:LU factorizationjnversion,quasi-irversion,solutionof linearstructuredsystems.

Srelatively to the standardD (n3) sequentialgorithm
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1.4 Randomizationto decreasetime or presene work.

Whenanalgorithmhasaboundeddegreeof parallelismor a polynomialefficiengy, randomization
mayhelpin orderto eitherdecreaséime or presere work, eventuallyboth. Thissectionillustrates
bothaspect®n the computatiorof therankof amatrix.

In computeralgebrarandomizatioris mostoftenintroducedvia the verificationof a polyno-
mial identity by evaluationon a randomvalue. Testingwhethera polynomialis identically zero
candeterministicallybe solved by evaluatingthe polynomial, representeds a straight-linepro-
gram,at a sufficient numberof points. However, dependingn the degreeandon the numberof
indeterminatessucha deterministidestcanrequirea hugenumberof evaluations.Following the-
orem,dueto Schwart454], usesandomizationn orderto reducethis numberwhile boundingthe
probability of failure.

Theorem7 [54, 28] Let P(z4,...,z,) bea polynomialin the variables(z;), 1 < ¢ < n, over
afield K. Let ] bea finite subsetbf K" with cardinal ¢. Let(aq,...,«,) bea vectorselectedat
randomin K. If P is notidenticallyzeio then

Prob(P(ay,...,a,)) =0) <

Oncea problemis reducedto the verification of a polynomialidentity, this theoremallows
to build a Monte-Carloalgorithmto solwe it (for anintroductionon Monte-CarloandLas Vegas
algorithms see[36]). It is sufficientto build a parallelalgorithmthatevaluateghe polynomialat
agiveninput point. By choosinghis point at randomin alarge enoughfinite subset we obtaina
Monte-Carloalgorithmwhoseprobability of erroris at most1/2. This techniquemaybe applied
in avery large framework [36, 28] andis commonlyusedin computeralgebra[45] to build fast
algorithmswith optimalwork. We illustrateit onthe problemof computingtherankof a matrix.

In thefollowing, A denotesxmatrix of dimension: x n with coeficientsin afield K. Forthe
sakeof simplicity, K is assumedanfinite.

1.4.1 Randomizationto suppressdependencies

Therankof a matrix canbe computedusinga standardpivoting Gaussiarelimination. Similarly
to 1.24,this resultsin analgorithmwith parallelcost:

O.(n,n*)  O(n,n?) (1.33)

On the contraryto triangularsystemsolving, the computationscheme(DFG) is relatively un-
known: coeficientsto modify aredeterminedat eachsteponly oncethe pivot elementhasbeen
chosen.

In [8], randomizations usedin orderto reducethe whole problemto a fixed DFG on which
parallelizatiortechniquegsanbeapplied.Thealgorithmis basedn thefollowing characterization
of therank: rank A) = r iff thereexist two non-singulamatrices.. andC' suchthatthe principal
minor of dimension- in LAC' is non zerowhile principalminorsof dimensionlargerthanr are

SNotethat,if K is notlargeenoughthis mayrequireto work in anextensionof K [24].
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zero. Moreover, 1. andC' canbe takenat randomwith a high probability of successthe useof
theorem? to evaluatethis probabilityrequiresto expressthe problemasa polynomialidentity.
Let d;( L, C) denotethe principalminor of dimensiorn of L AC. Dueto multi-linearity of the
determinanty; is a polynomialof degree2n with indeterminated.; ; andC;; (1 < 1,57 < n).
Previousrankcharacterizatioteadsto thefollowing polynomialidentities:

This suggestshe following Monte-Carloalgorithmto computer:

1. Choosetwo randomnon-singulamatrices/, and C' with coeficientsin a finite subsetof
cardinalc of K;

2. Compute:M = LAC,
3. For1 <i < n, computed; = def M;) andletd, = 1;

4. Returns = Max,—o,.. .{k/di # 0}.
(Notethatstep3 and4 maybereplacedy alogarithmicsearchto computes).

In ary case;s < r. Theprobabilityof error, which occurswhens < r, correspond$o executions
wheretheevaluationd, of polynomiald, is zeroalthoughé,., of degree2n, is notidenticallyzero.
Fromtheorem?, this probability is boundedby 22. Choosinge = 4n resultsin a Monte-Carlo
algorithmwith probabilityof errorlesserthan?.
Arithmetic costis dominatedby the computatiornof the n determinantsif Chistos/’'s method
[11] is used this costis:
O,(log*n,n*th) (1.35)

In orderto improve efficiencgy, determinatiorof s may be computedusinga logarithmicscheme
insteadof thepreviousbruteforcemethod.Usinganefficientrandomizedlgorithmto computehe
determinantfor instancaherandomizedneof KaltofenandPan[33], the parallelcostbecomes

O.(log’n,n* logn), (1.36)

From Monte-Carlo to Las Vegas. The building of a Las Vegasalgorithmfrom a Monte-Carlo
onemainly consistdn verifying thatthe outputis a correctsolutionto theinitial problem.Sucha
verificationis easyfrom the previousalgorithm;it suficesto verify thatall columns(resp.rows)
of thematrix M = LAC arelinearcombination®f s independentolumns(resp.rows)in M, s
beingthe outputof thealgorithm.

Considetthe following splitting for M, thefirst block M;; beingof sizes x s:

(1.37)

M:lMH M12]‘

M21 M22

My, is anon-singulamatrix. Let X = My, M' andY = M;;' M;,; notethat X andY"* areof
size(n — s) x s. SinceL andC' arenon-singular A is of rank s iff thelast(n — s) rows and



whma T AW Vel WWfiVilaml R P W T W ol Vel ol e Vi Wi VT § Vel G e TV W8 VT e = NS

columnsof M arerespectrely linearcombination®f the s first ones.Thisrelieson the following
identities:
[MQI M22] - X[Mll Ml?]
{ [ M ] _ [ M ] v (1.38)

M22 M12

Assuminga Las Vegasalgorithmto computeM;;" with parallelcostO, (log” n,n“ logn) ([33],
thoseidentitiescanbe verifiedwith a parallelcost:

O.(log? n,n"logn). (2.39)

Thisresultsin anoptimalrandomized_as Vegasalgorithmto computetherank.

In theabove algorithm,randomizations stronglyusedfor preconditionningheinput (compu-
tationon L AC' insteadof A) in orderto suppresslatadependenciethat boundsparallelism. A
naturalquestions thenthe existenceof afastdeterministicalgorithm,i.e. with few dependencies.
In [44], Mulmuley provided sucha deterministicalgorithmfor computingthe rank: it achieves
paralleltime O(log® n) but polynomialinefficieng. Then,randomizatioris requiredto provide
efficiengy.

1.4.2 Randomizationto provide efficiency

Basedon a generalizatiorof a methoddevelopedin [27] for arbitraryfields, Mulmuley algorithm
[44] reduceghe problemof computingthe rankto the computatiorof a characteristipolynomial
in anextensionof thegroundfield K.

In thefollowing, A is assumeagymmetricithisis donewithoutlossof generalitysince

).

Theorem8 [44] Let A be a squae symmetricmatrix over a field K andlet m be the highest
integer suc that =™ dividesthe characteristicpolynomialé 4, (z) = 7, a;(2)z" of the matrix
Az overK(z):

0 A

1
ranl‘(A):§rank< A0

Thenrank A) = n — m.

Deterministicparallelalgorithmsfor computingthe characteristipolynomialin paralleltime
O(log? n) areknown [16, 11] but they have work O(r**1). Evenif we assumean optimal algo-
rithm for computingthe characteristipolynomialwith arithmeticwork O(n*), dueto polynomial
arithmetic,the costof theabove algorithmwould be:

O.(log” n, n“’nlogo(l)n) (1.40)

Sincea;(z) arepolynomialsof degreeO(n), awayto obtainefficiengy is to getrid off polynomial
arithmeticon K usingevaluationatarandomvalue.
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Moreover, efficient O, (log*n, n* log n) randomizedalgorithmareknown for computingthe min-
imal polynomial. Multiplying A, by a randomnon-singularmatrix over K results,with high
probability, in a matrix with distincteigervalues;then,minimal andcharacteristipolynomialare
equal.

Thosetwo stepsof randomizatiomesultin thefollowing efficientMonte-Carloalgorithmfor com-
putingtherank:

1. Choosearandomnon-singulamatrix P;

2. Choosearandomvaluez in K (or in anextensionif A" is toosmall);

3. Computethe minimal polynomialép 4, (z) of thematrix PA.;

4. Returnn — m wherem is the highestintegersuchthatz™ dividesépu, ().

Theparallelcostis then:
O.(log® n,n* logn) (1.42)

whichresultsalsoin anefficient Monte-Carloalgorithm.

Remark. Theabove algorithmis very closeto the onepresentedn 1.4.1;Mulmuley algorithm
caneffectively be consideredsaninefficientdeterministioversionof 1.4.1.Thisis notsurprising
sincebothrandomizedlgorithmssolwe efficiently the sameproblem. However, we have pointed
outtwo differentmotivationsfor the useof randomization.

1.4.3 Conclusion

In the above examples,randomizations usedto provide work-optimalcomputationgrom either
slow or fastbut not efficient deterministicalgorithms.Due to the fact thatonly randomizedalgo-
rithms areknown for computingefficiently the inverseof a matrix in polylogarithmictime [33],

randomizations animportanttool in parallelcomputeralgebra.

1.5 Parallel time complexity and NC Classification

An efficient parallelalgorithmachieves polynomialspeed-upvithin anoptimal (or nearoptimal)
numberof operations.Obtainingboundson the paralleltime requiredto solve a given problem
within areasonableumberof operationss thenof fundamentainterest.Moreover, asdetailedin
previous sectionsyery fast parallelbut inefficient algorithmsmay be of practicalinterestif they
canbecoupledto anefficientbut slow algorithm.

In theframework of parallelcompleity, NC' class[13] whichincludespolynomialsequential
time problemgthathave a polylogarithmicparalleltime playsanimportantrole [35]. The parallel
modelusedin the formal definitionof N is log-uniformfamily of boolearcircuits[53]. NC* is
the classof problemsthatcanbe solved by sucha family with depthO(log” ») and»®(") boolean
gate$. Forinstanceintegerarithmetic(+, —, x andEuclideardivision)liesin NC'. Introduction

’Gatescomputeboundedan-inboolearoperationgor, andandnot) andhave unboundedan-out[26]. Extensions
to unboundedan-in gatedeadsto classAC' [29].
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of gatesthat deliver in outputa randombit allows to definecorrespondingandomizedclasses:
RNC for Monte-CarlocircuitsandZ N C' for Las Vegasones.ProblemsP-complete[28, 49, 35|
arein NC only iff NC' = P; amongthem,the monotonecircuit valueproblem(MCVP) consists
in the evaluationof a boolearcircuit, roughlyequivalentto a DFG with booleamodesasdefined
in this chapter The integer greatescommondivisor remainsan openquestion;only sub-linear
O(1555) algorithmsareknown [34, 35].

The algebraicextension[61] of this primitive modelallows to build circuitswhich gatescom-
pute arithmeticoperationgn an algebraicdomain. A gatetestingnullity (? = 0) is introduced
in orderto mix booleanand arithmeticoperations.For instanceN C# (F standsfor field) is the
classof problemsthatcanbe solved by log-uniformfamily of circuitswhosegatesperformarith-
metic operationdn ary field, i.e. +, —, x, / and? = 0. Compleity of basiccomputeralgebra
problemshasbeenextensvely studied[8, 13, 59, 60, 35, 45]. Polynomialarithmetic(+, —, x
andEuclideandivision) liesin NC [45]. An importantclassis D ETr which containsproblems
N(C'-reducibleto the determinanbf a matrix; matrix poweringis completefor DETr. DETg
is includedin NC%. Most of linearalgebraproblemdlie in NC#%: rank,null-spaceminimal and
characteristigpolynomial,gcd of mary polynomials[8, 44], Hermitenormalform of polynomial
matriceqg31], SmithandsymbolicJordanforms[52, 58,57, 21]. Notethatthoseproblemsadmit
anoptimalO.(log* n, W,(n)) parallelalgorithmby usingrandomizatioj33, 23,24, 45]. Though,
in certaincasessomegenerakechniquesireknown to remove randomneswithoutincreasinghe
work [42], no work optimal deterministicalgorithmswith poly-logarithmictime are known for
thoseproblems.

As it appeargor mostcomputeralgebraproblemsstudiedin this chaptey parallelalgorithms
oftenappearsarestructuratiorof sequentiabnes takinginto accountalgebraigropertiesof the
arithmeticoperationanvolved. Although evaluationof a booleancircuit is P-complete several
algorithmshave beendevelopedto evaluatearithmeticDFGs (alsocalledstraight-lineprograms)
taking benefitof the underlyingstructure.In a semi-ring,DFG thataretreescanbe evaluatedin
O(log n) time without increasinghe numberof operationgperformed9]. Any DFG performing
n operationsn a semi-ringand whoseoutputsare of arithmeticdegre€ d canbe evaluatedin
O,(log nlog(nd),n’) [32]. This resulthasbeenextendedto DFGs performingoperationsn a
lattice [51]. A moregeneralsimulationof a RAM machineon a PRAM one[43] shaws thatary
DFG canbeevaluatein parallelonanunboundechumberof processorwith polynomialspeed-up.

1.6 Conclusion

This chapteroverviensthe PRAM frameavork (executionmodelandmainalgorithmictechniques)
in which parallelalgorithmsarebuilt andanalyzed.The macrodata-flav graph(DFG) relatedto
theexecutionplaysacentralrole: it describeslata-dependenciégtweerblocksof instructions.
Abstractmeasuresisedto analyzealgorithmsare depthandwork; arithmeticandcommuni-
cation costsaredistinguished.The onecorrespond$o operationgerformed(macro-instructions
nodes)while the otherto accesdn the sharedmemory(datadependenciesodes). Arithmetic
work and depthhave beenusedfor mary yearsto analyzeperformance®f parallelalgorithms

8In sucha DFG, ary outputmay be equivalently seenasa polynomialwhoseindeterminatesirethe inputs. The
arithmeticdegreeis thenthe maximaldegreeof polynomialscorrespondingo the outputs.
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[9, 55, 35,28, 6]. Dueto experimentakonstraintstherelevanceof communicationgosts(i.e. to-
tal communicatioriraffic — work - andtotal communicationslelay)hasbeenpointedoutto obtain
practicalperformanfprogramg5, 19]. Sinceminimizing communication®verheadandminimiz-
ing paralleltime areantagonistgoodtrade-ofs have beenstudiedfor severalcommonalgorithms

[47, 1, 48]. Thegranularity definedasthe arithmetic-to-communicatioworksratio, appearssa
goodparameter
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In orderto analyzeperformancef algorithmsaformal modelis neededo takethe costsinto
account. The succesof the PRAM modelis mainly dueto the fact thatit doesnot attemptto
represenary parallelarchitecturdut canbe mappedntovariousones.Moreover, the simulation
on arealisticmachinecanbe madeefficient (up to a constantelatedto the granularity),provided
mary processorsf thePRAM aremappedntoasingleprocessoof ahostmachine. Thissuccess
is broughtto evidenceby the fact thatmostof the tricks usedto optimize practicalperformances
whenprogrammingpn a givenarchitecturearerelevantto algorithmictechniqueshataretheoret-
ically justifiedonthe PRAM model.

Givenanalgorithm(let ussaya macrodata-flav graph— DFG — aspresentedh chapterl) and
a particularmultiprocessoarchitecturethe problemthenis reducedo:

¢ find agood(thebest)scheduleof the DFG;
¢ implementtheresultingalgorithmin a programmindanguage.

Only now, the performanceof the program,i.e. the completiontime of an execution, may be
determined. Assumingfixed the initial algorithm, the machineandthe input, this performance
dependdirectly on the schedulingstratgy. Tuning the programammountsto improving the
schedulat implements.

This chapterpresentghe main techniquesisedto scheduledata-dependenciegaph(DFG)
on a given architecture.As presentedn chapterl, a DFG is the abstractrepresentatiof the
executionof a particularprogramon a specificinput dataz. A fine graindescription(elementary
instruction,elementarydatadependeng is unrealisticfor executionsrequiringhoursof compu-
tationtime. We will thusassumethat arithmeticnodesof the DFG correspondo sequencef
instructions: eacharithmeticnodeis thenweightedby the numberof elementaryinstructionsit
performs.

Arithmeticdepth7'(z) andwork W, (z) areevaluatedakinginto accouninodesweights.7'(x)
is a lower boundof the minimal time requiredby ary schedulagnoringcommunicationgimes.
W, (z) is theexactnumberof operationsequiredby asequentiaéxecutionof thealgorithm.Since
thebestschedulenayreplicatesomearithmeticnodesn orderto minimizecompletiontime, note
that\W,(z) is alsoalower boundon the numberof operationgerformedby ary schedule.

Similarly, transitionnodesmay correspondo a comple datastructure(not a single word);
eachtransitionnodeis weightedby the size of the datait correspond$o. Communicatiordelay
C4(z) andwork W, (z) arealsoevaluatedaccordingly Ignoringarithmetictime, Cy(z) is anupper
boundon the minimal communicatioriime requiredby the bestscheduldor aninfinite numberof
processorsiV. () isanupperboundonthenumberof remoteaccesgcommunicationsperformed
by ary schedule.

As straightenedn the previous chaptestheinitial parallelalgorithmis assumedkfficient,i.e.
W,(n) = ©(Ws(n) whereW(n) is thetime of the bestknown (uniform) sequentiaklgorithm,n
beingthesizeof theinput. Moreover, in orderto makeperformancevaluationwith = in input, we
assumehatthereexistsa constantk” suchthat:

Va,|z| >no: Wylz) < KWy(x) (2.1)

Note that, for a giveninput z, DFG, may be known only after completion: instructionsor
transitionsnodesandedgesaredynamicallybuilt. In the languageATH introducedin chapterl,
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thosenodesare createdeitherby executionof af or k instructionor by accesgo a shareddata.
Similarly, the costof ary instructionnode(resp. size of datarelatedto ary transition)is known
only aftercompletionof theinstruction(resp.communication).In sucha generakontet, DFG,
hasto be scheduledusing an on-line algorithm. Relatedto a functional programmingmodel,
mostof computeralgebraalgorithmspresentsucha dynamicbehaior; we thusfocuson on-line
schedulingalgorithms.

Organizationof the chapteris asfollows. In thefirst section,specificcharacteristicef asyn-
chronoudistributedarchitecturesirerecalled.Costsof basicoperationsaremodeledoy the LogP
modelintroducedin [15]. Basicmechanismsllow parallelanddistributed programming:com-
municationsthreads remotememoryaccessand synchronizationsools. In the secondsection,
the schedulingof aPRAM algorithmon sucha machineis discussedApproachesnay be distin-
guishedn two classesThefirst one[54, 28] is basedn the simulationof a PRAM machineon a
givenarchitecturethe executionof the parallelalgorithmis managedria the simulation. Global
synchronizatiorandemulationof the sharednemory which areat the basisof the PRAM model,
arekey points. The secondone[26, 51, 38, 50, 5, 19] is basedon the direct schedulingof the
DFG. The executionof the algorithmis handledby a schedulingalgorithm. Both approacheare
motivatedby the availability of provably goodapproximationalgorithmsto solve the underlying
theoreticaproblemgpermutatiorrouting[48, 42, 55, 40] or DAG off-line andon-linescheduling
[29, 49,13,36,47,14,8, 6, 30).

Thelast sectionfocuseson on-line schedulingalgorithmswhich areof maininterestin computer
algebra.We firstly recallupperandlower boundson the competitve-ratiowithout takinginto ac-
countschedulingandcommunicatioroverheadsAs a corollary, we thenexhibit alist-scheduling
algorithmwhich achiezesoptimalsimulationof ary efficientPRAM algorithm,takinginto account
thoseoverheads.Finally, we overview someprogramminganguage®r librariesbasedon those
approachedpcusingon the onesuitedto computeralgebraalgorithms.We describean effective
implementatiorof the theoreticallanguageATH introducedin chapterl, ATHAPASCAN, which
achiezesprovably performances.

2.1 Asynchronousdistrib uted architectures

2.1.1 Realistic modelsof distrib uted architectures

Thereis an apparentornvergencein the field of distributedarchitecturesvhich are similar to a
networkof workstations A parallelmachineconsistsn a setof independenprocessorsgachwith
considerabldéocal memory linked by aninterconnectiometwork. Fundamentadlifferenceswith
thePRAM modelarethefollowing (compare2.1to 1.1in 1):

e asynchrony: eachprocessoworksindependentlyith its own local memory;thereareno
globalsynchronization.

e contention: the networkis aresourcevith boundedaccess.

Like thelocal PRAM introducedn chapter, two levelsof accessnaythenbedistinguishedlocal
andremoteaccesgparallelmachinesareoften calledNUMA for non-uniformmemoryaccesy.

Notethatthis non-uniformityappearslsoat the processolevel betweercacheandRAM access.
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Interconnection Network

Figure2.1: Generalstructureof a distributedarchitecture Differenceswith the PRAMpresented
in chapterl are the absencef a global sequenceand contentiorfor accesgo the network.
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Costsof remoteaccessaremainly characterizety two factors:
e bandwidth: therateatwhich eachprocessocanaccessnemory;

¢ latency: thetime betweemmakinga remoteaccessequestindreceving thereply. Lateny
accountdor resourcallocation(solving contentionon network)anddurationof communi-
cation(relatedto physicaldistance).

The networkbandwidththatis available on recentparallelcomputery> 1 GB/s on SGI Power
Challenge,Cray T3E, SUN HPC) and even on local networks(typically 1 Gb/susing Mirynet
connectionor DEC Memory Channel)is becominglarge enoughcomparedo the bandwidthto
local memory;thusit appeardessandlessasa bottleneck. However, lateny is a more serious
problemsinceit is boundedoy physicallimits.

Severalvariationsof the PRAM modelhave beenproposedn orderto takeinto accounthose
practicalconstraint$15]: memorycontentior[40,54,42,45],asynchrog [27], memoryhierarchy
[3, 34], lateny andbandwidth[47, 1]. Consideringhat point-to-pointcommunications a basic
primitive,themodelLogPproposedn [16] characterizeadistributedarchitecturdoy thefollowing
parametergfig. 2.2):

L : latency anupperboundonthedelayincurredin communicatingnunit sizedata(i.e. asmall
numberof words)from its sourceto its destinationanextensionto longermessagekasalso
beendeveloped[2].

o : overheadthetime aprocessors engagedn thetransmissioror receptionof amessage;

g . gap minimumtime interval betweerconsecutie messagéransmissionsr receptions.
Thereciprocalof g correspondso the availablecommunicatiorbandwidthperprocessorit
is denotedr in [47].

P : thenumberof processors

This modelhasbeensuccessfullyusedon differentarchitectureso predictthe executiontime
of someparallelalgorithms[16, 20]. As a consequencelassicabalancedreeschemesisedon
the PRAM to performiteratedsumor broadcasappeaiasnonoptimal[41].

As a conclusionthe portability of a parallelprogramcannotbe achievedif the characteristics
of thetargetarchitecturearenot takeninto account.Notingly, thecommunicatiorparameterghat
arepartly modeledoy LogP, have significantinfluenceon the performances.

2.1.2 Basicprogramming tools

Reliablemessage-passir@pmmunications the lowest-level featurerequiredfor programminga
distributedarchitecturelt allowsbothto exchangedatabetweerprocessorghebasicfunctionality
of the PRAM shared-memoryandto expresssynchronizatior(the functionality ensuredoy the
sequenceof the PRAM).

Sincel0 years,several messagdasicinterfaceshave beenbuilt on top of the low level ones
provided on ary specificarchitecturesn orderto allow portable programming. Most famous
onesare PVM [24] and MPI [53]. MPI hasbeenstandardized18] andis nowadaysavailable
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Figure2.2: Communicatiorcostparameters the LogP model.

on ary distributed architectureor network of workstations. Basic featuresof MPI are point-to-
point and(blocking) collective communicationsgommunicatiorcontexts (communicators user

defineddata-types.Other extensionsconcernremotememoryaccessparallelinput and output
(MPI-F), actve messageanddynamicprocessontrol.

In orderto hide the communicationateny by arithmeticcomputationsiwo tools may be
used: asynchronousommunicationsind threads. Threadsare lightweight processesvhich re-
quire a small overheadfor context switching. They are handleddirectly in the sourceprogram:
a standardnterface,POSIX, hasbeendefined[10]. Threadshave firstly beendefinedfor con-
currentprogrammingand efficient use of SMPs(SharedMemory Processorpn a single node.
Sincethreadsaccesgoncurrentlythe samememoryspace synchronizatiortoolsareprovidedfor
atomicity, suchaslocksandsemaphoregsometimesnonitors).

Threadsarewell suitedto hide lateny on a distributedarchitecturewhena threadwaits for
the resultof a communicationjt may be preemptecand a readyone scheduled.Thus, several
portableprogrammingnterfaceshave beenbuilt to couplea message-passirigprary (usuallynot
thread-safeandathreadibrary (availableon asinglenode),providing aneasywayto the userfor
lightweightremoteprocedurecallsor active messagef21, 46, 9.

2.1.3 Sharedvirtual memory

On mary distributed architecturesremotememoryaccessare possible: they provide a virtual
sharedmemoryanalogougo the one of the PRAM. On suchmachinesspecifichardwareallows
to loadtransparenthalocal or remotedatain the cacheof a processorin orderto hidethelateny
of remoteaccessprefetchingandmulti-threadings used.

Thesimulationsof the PRAM sharednemoryon a distributedarchitecturaisehashfunctions
(randomlychosenfrom a universalclass)to map sharedmemorycells onto the onesof the ar
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chitecture(i.e. memorymodules)[48, 42]. Thedelayof a simulationis the time requiredfor a
singleaccess.lt is relatedto the evaluationof the hashfunction, the memorycontention(when
several acces3o a samemoduleoccur),andthe routing time if the networkis not complete.In
[48], a simulationwith delay©(log p) of an EREW PRAM on a butterfly networkis given. In
[40], randomizedsimulationsof EREW and CRCW PRAMs on a distributedarchitecturewith a
completeinterconnectiometwork(contentionis not takeninto accountjarepresentedvith delay
O(log log plog™ p). Notethat,concerninghe CRCW PRAM, this simulationis at a factorlog™ p
from optimal.

In orderto obtainoptimal simulations,suchdelaysareto be hiddenby arithmeticcomputa-
tions. The key ideais parallelslacknesg42, 55, 40]: it consistsin simulatinga PRAM with »n
processor®n a distributedarchitecturewith fewer processorg < n. Thesimulationis optimal
(time-pocessopptimal) if thedelayfor anaccesss proportionato  /p. Forinstancetheprevious
mentionedsimulation[40] leadsto time-processooptimal simulationof an EREW PRAM with
n = plog log plog™ p processorsnadistributedarchitecturevith lessthanp processorsNotethat
parallelslacknesss alsoinvolved whenusingasynchronousommunicationsndthreadso hide
lateng.

Onthecontraryof communications;emoteaccess$o sharednemorydo not basicallyallow to
synchronizecomputations.In the PRAM, sucha synchronizatiormechanisms provided by the
global sequencerOn distributed architecturesintrinsically asynchronoussynchronizatiortools
classicallyusedarecommunicationdpcksandsemaphores.

2.2 How to schedulea DFG

Being given an algorithm, the problemconsideredhereis to schedulethe DFG relatedto the
executionon input dataon a distributed architecture.The goal is to obtainan optimal schedule
relatedto the DFG.

2.2.1 Schedulingcostof a DFG

Computingsuchan optimal scheduleis a difficult problem. Even if communicationcostsare
ignoredandtheDFGfixed(i.e. nodynamictaskcreation)with tasksof known duration,computing
anoptimalschedulas N P-completeanddecidingwhetherthelengthof the optimalschedulas a
giveninteger!/ is co-N P-completg23]. However, on machineswith p identicalprocessorghere
areseveralpolynomialalgorithmswith boundedcompetitive ratio, the mostfamousonebeinglist-
schedulind29]. Moreover, evenon non-uniformmachinesgpproximatioralgorithmsareknown
[52, 30].

Computinga scheduleamplies an overheadn the executiontime; this schedulingoverhead
is governedby the time requiredto computethe schedulétself (i.e. the costof the scheduling
algorithm)andto realizethis schedulg(i.e. the mappingof tasks,preemptionmigration). The
schedulingoverheads includedin the executiontime 7),(z) of the algorithmwith input = on the
targetmachine.

Definition 5 (Notation) Beinggivena sdedulingalgorithms, theexecutiontimeof analgorithm
with input z ona madinewith p identicalprocessorsisingthe scheduledeliveedby s is denoted
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TG (z).
P
Theminimumexecutiontime overall schedulingalgorithmss is denoted/ ()

Whenthereis no confusionabouts, 7'*)(z) is denotecby 7,,(z).

The costof computinga schedulds directly relatedto the size of the DFG, i.e. the number
of tasksanddependenciess contains.Note thatthosecostsaredifferentfrom the arithmeticand
communicationworks consideredn the previous chapterwhich take into accountthe number
of operationsperformedin eachtask and the numberof communicationgelatedto eachdata
dependeng(transition).

Definition 6 Let DFG(z) be the macio data-flowgraph correspondingo the executionof a par-
allel algorithmon an unboundechumberof processorsWe definethefollowing measues:

e N,(z)isthenumberof tasknodesn DFG,(z);
e N,(z) is thenumberof transitionnodesn DFG;(z);

e N;(z) is themaximaldegreeof a tasknodein D F'G(z); the degreeis the numberof input
andoutputedgeson a tasknode(to or fromatransitionnode).

ThesdedulingcostsS, of DFG(z) is:
S(z) = (Na(z), No(z) + Ni())

Notethatothermeasuremaybeconsideredn theanalysiof aschedulinglgorithm.Forinstance,
otherparametersonsideredn [7] arethe maximumnumberof edgesbetweenary pair of nodes
andthewidth of DF G, (), i.e. themaximumnumberof tasksthatmaybe executedconcurrently

ThefinertheDFG,thelargerits schedulingcostis andthusthemoreexpensve thecomputation
of its schedulewill be. Similarly to granularity the regularity p is definedas the ratio of the
arithmeticwork to the sizeof the DFG.

Definition 7 Theregularity p(z) is definedby:

Wa(x)
)= N+ No(w)

A PRAMalgorithm(or equivalentlyits relatedDFGs)if saidof polynomialregularity iff:

p(x) = |z|'"* with ¢ > 0.

Notation. In the following, we will considerthe executionof a given algorithmon a given p
processorsnachinewith an arbitraryinput = of sizen. Thus,all notationsareimplicitly related
to = andn. Forinstance N, will denoteN,(z), the numberof tasknodesin the macrodata-flav
graphrelatedto the executionon anunboundedumberof processorsvith z in input.
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2.2.2 Off-line and on-line scheduling

The DFG correspondingo theexecutionmaybe partially determinedat compiletime by dataflow
analysisof thecodeof thealgorithm,or maybediscoreredduringthe execution(dependingnthe
valueof computeddata)andcompletelyknown only afterthe endof the execution.Dependingpn
this knowledgeof the DFG, theschedulingcanbe thencomputedff-line or on-line.

Static allocation of tasksto processors.

Whenthe DFG correspondingo the executioncanbe analyzedat compile-time,it is possibleto
find a goodscheduleby hand,may be usingstaticschedulingools. Theresultof the scheduling
is to assigneachtaskof the DFG to one processoror moreif replicationis required). On a
givenprocessartasksaresequentiallyordered in orderto respecprecedencestatadependencies
betweerthemareemulatedy accesdo shareddatain the local memory Whentasksareplaced
on differentprocessorsgata-dependencigse. acces3o dataand precedenceelations)may be
emulatedn two differentways:

e By communication.The datacorrespondingo a write-readdependenchasthento be ex-
plicitly sentfrom thewriting taskto the readingone. This operationcorresponds$o a phys-
ical global copy of the data; locally unreferencediatahave to be deleted(local garbage
collection).

An importantpointis thatthecompletionof receving instructiongmplicitly implementghe
precedenceelation(synchronization).

¢ By shared-memorgccessCommunicationghatimplementremoteaccessrethenimplicit.
However, the precedenceelationbetweemon local taskshasto be describedisingglobal
synchronizatiortools.

As aresult,beforeexecution,eachprocessogetsits own program. Usually this programis the
samefor all the processordut is parameterizetyy the pid of the executingprocessoin orderto
implementdifferentbehaiors. PYRROS usesthis approachanda specificschedulingalgorithm
which performsa clusteringof tasks[26, 25].

Dynamic allocation of tasksto processors.

In computeralgebraglementaryasksareoftenof unknavn cost.For instancegcostsof arithmetic
operationgonrationals polynomialsor matrices)areusuallyunknovn atcompiletime sincetheir
arerelatedto characteristicef the valuescomputedat executiontime (sizeof the data,degreeof
a polynomial,sparsityof a matrix). Dependingon suchvalues parallelism(i.e. creationof atask)
may be generatediuringthe execution.In sucha case anon-line schedulingalgorithmis used.

Most of on-line schedulingalgorithmsare basedon the following greedyschemecalledlist-
stheduling[4, 11]:

e Whena processorreatesa new task (f or k instructionof the PRAM languageATH), it
storesit in alist of tasks.

2Multi-threadingmay be usedto describea partialexecutionorder
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Note that, theremay exist readytasks,i.e. whoseprecedenceelationsare satisfied,and
non-readytasks,.e. whoseoneof the precedentasksis not completed.

e Whena processobecomesdle (i.e it hasno readytaskto execute),it getsa readytaskin
thelist if any.

Algorithmsvary dependingpnthewaythelist is managedndprocessorputandgettasksin it.

Theprogramthatimplementghealgorithmexpresses functionalparallelism tasksgenerally
correspondo procedureor functioncalls. Non-completedasksor dataare calledfuture. An im-
portantpointconcernghe managementf data,parametersf thetask:they canbesystematically
copiedin a stackcorrespondingo thefunctioncall or passedy a referenceo datain the shared
memory Precedenceelationsbetweentasksmay corresponceitherto datadependenciesr to
taskprecedences.

Schedulingoperations

Theprevioussectionrdoesnotspecifywhichinstructionsaschedulingcanperform,exceptclassical
computationgndthe possibility of executinga basictask— anelementarynodein the DFG—on

aprocessarMigration instructionsallow to suspend taskduringits executionin orderto mapit,

maybelater, on anothemprocessof52, 4]:

e migration restrictedto restart: whena taskis moved to anotherprocessarits execution
restartdrom its beginning;

e migration: whena taskis migratedto anotherprocessarits executionrestartsfrom its last
instructionperformed.

A schedulingalgorithmwith no-preemptionmakesno useof thoseoperations:it hasno control

on ataskonceit hasassignedt to a processqrust gettinginformationwhenthetaskis finished.
Migrationrestrictedo restartdenotedn [52] asno-preemptiorwith restarts is usefulonmachines
whoseprocessorarenotidentical.

2.2.3 Which schedulingalgorithms in computer algebra?

An importantpointis thaton-line andoff-line schedulingalgorithmshave theoreticaffoundations
[29, 22, 35,11, 30]. Thereexist provably goodapproximatioralgorithmsfor bothwith bounded
competitveratio. For both,specificalgorithmsaredevelopedto increaseerformance$or certain
classe®f graphgfor instancereesor SP11graphs-fork-join —).

Of course,performance®f off-line algorithmsare betterwhenthe DFG is known and the
machinefixed. However, sinceon-linealgorithmsmakeno hypothesi®n theexecution(or few for
thedeterminatiorof tasksprecedences)hey canbeusedfor ary classof applicationsandthusare
of generainterest.

Thus, both techniquesare usedin computeralgebra. For instance,block-scatteringnatrix
mapping which canbe consideredsanhand-mad®ff-line algorithm,leadsto nearoptimal per
formancedor linearalgebraproblemdike densematrix multiplicationor inversion(cf chapterl)
overasmallfinite field (e.g. GF(2)) on a distributedarchitecturewith identicalprocessors.
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However, dueto their generalityandtheir closerelationwith functionalparallelism[31, 51],
on-lineschedulinglgorithmsareof specificinterestfor a parallelcomputeralgebrasystemIn the
following we thusfocusof thosealgorithms.

2.3 On-line schedulingalgorithms

2.3.1 Foundationsof on-line scheduling

Theoreticalfoundationof on-line schedulingalgorithmsis dueto Graham[29]. The following
theoremappearshasan arbitrary grain versionof Brent's principle presentedn chapterl. We
recallits proofwhichis thebasisof mostof furtherresults.

Theorem9 [29] If sthedulingoverhead(i.e. the costof computingthe sdheduleand managing
the list of tasks)and communicatiorcostsare not consideed, any list-sdhedulingalgorithm has

1
1 *
< (2-1)
p

competitiveratio (2 — 5), e

A list-schedulingalgorithmis suchthat,at ary time, atleastoneprocessors executinga task.
Then,if atagiventime aprocessors idle thenthereexistsatleastoneprocessowhich executesa
task.Let¢; beoneof thetaskscompletedatdate?, andlet d;, bethedatewhenexecutionof ¢;,
hasbeenstarted.Two casesarise:

1. eitherno processowasidle befored;, .

2. eithertherewasat leastone processordle at a certaindatebefored;,. Let § bethe latest
datebefored;, whena processowasidle. At 4, ¢; wasnot ready(elseit would have been
startedon anidle processor)Thus,thereexistsatask?;, suchthatt;, wasbeingexecutedat
f andt;, < t;,. Letd;, bethedatewhenexecutionof ¢;, hasbeenstarted.

Recursvely applyingthis schemeuntil casel occurs,we build a sequencef taskst;, < ... <
t;, < t; suchthat,atary timewhereaprocessorsidle, thereexist1 <: < k suchthatt;, is being
executedon oneprocessor

Similarly to chapterd, let 7' be the minimal arithmetictime on an unboundecumberof pro-
cessorandlV, bethetotalnumberof operationsThetotalidle timeis definedoy #1 = pT,,—W,.
For1 < i < k, let/; bethedurationof taskt;,. We have: #1 < (p — 1) X%, I; whichleadsto:

k
P, <W.+(p—1)> L.

=1

Besidessincetaskst;,, 1 <: < k areonacritical path:zle [; < T. Thisleadsto:

, 1
Tpgw +(1——)T (2.2)
p P
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We alsohave ' < T'x. Moreover, sincelV/, operationsareto be executedn ary schedule}V/, <

pT. Replacingn 2.2,we obtain: 7}, < (2 — l) Ty 0

As acorollary, we obtalnthefollowmg constructve versionof the simulationof a PRAM with
an unboundechumberof processor®n onewith p. Note thattasksis the DFG are of arbitrary
durations;the only restrictionwhich is respectedn the DFG representatiors thatoncea taskis
ready it canbe executedsequentiallywith nointerruptiondueto synchronization.

Theorem 10 Let.A bean ATH PRAMprogramthatrun in (arithmetic)parallel time 7" andwork
W, on a givenPRAMwith an unboundedhumberof processors.Then.4 canbe executedoy an
on-linelist schedulingto runin (arithmetic)parallel time 7,

Max{ WV} ,T} <T,< {Wa + (1 — 3) T} (2.3)
p p P

Theproofis directfrom 2.2. O

TheoremQ is statedn arestrictedversion[4]. In factthebounds2.2 holdsevenif the prece-
dencerelation< consideredy thelist schedulingalgorithmis weakerthantheone <’ considered
for definingthe optimalschedule The proofis directsincewe will alsohavet;, <’ ... <'t;, <’
t;,. Clearly, the sameremarkholdsif durationof tasksis increased.
Thisimpliesthatneitheraddingprecedenceonstraintsuchassynchronizatiorbarriersto obtain
awell structuredDFG norinsertingartificially null operationsn orderto have all tasksof thesame
lengthhelpary on-linealgorithm.

Remark. Thistheoremgeneralize8rent's principle (theoreml in chapterl) to arbitraryDFGs,
i.e. ary ATH programwheretasksare generatedlynamicallywith arbitrary shared-dataepen-
denciesandareof unknavn durations.

2.3.2 Lower boundsfor competitive ratio

A naturalquestionis thento determineif it is possibleto have a bettercompetitve ratio than
(2 — 5) eitheronthesamemodelor by considerindargerclasse®f schedulingalgorithms.
This problemhasbeenstudiedin [52], in whichthefollowing propositionis proved.

Theorem 11 [52] On the p-PRAM,the competitiveratio is lower boundedby (2 — ]l?) for any
schedulingalgorithmof thefollowing classes:

1. Deterministicwith no preemption,
2. Deterministicwith migration;

andis lower boundedy (2 - ﬁ) for anyrandomizeddedulingwith no preemption.

We only sketchthe prooffor thefirst case.The completeprooffor thistheoremis givenin [52].

Thead\ersarybuildsthefollowing DFGinstance dueto Grahan{29]. G containsl +p(p—1)
independentasks.Onetaska;, is of lengthp, while othertaskss,, 1 < & < p(p — 1) areof length
1.
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The optimal schedules of lengthp. It executesthe taska; on a given processqrandthe
p(p — 1) unittaskss, onthep — 1 remainingprocessors.

Thelengthof ary scheduleof (¢ is equalto p + ¢, wheret is thetime whenthetaska, starts
its execution. Sincethe tasksdurationsareunknown for the schedulingalgorithm,the adwersary
strat@y will thusconsistin makingt aslargeaspossible.

Thetasksthatareprocessedirst arethenthe p( — 1) unittime tasksgy, thatareexecutedn p — 1
time unitswith noidle time. Then,attimet = p — 1, thetaska; startsits execution.Thelengthof
theobtainedschedulas then2p — 1, which provldesthe desiredower bound. O.

As a consequencajeitherpreemptionnor randomizationcan improve consequentlhyperfor
mancesomparedo list-scheduling.

In orderto increasdhe competitve ratio, it is thenrequiredto useadditionalinformationson
the DFG suchasits shapeor durationof its tasks.

For instancewe considetthecasewhereall tasksareindependenandsortedaccordingo their
durationsnotethatonly the orderingis known but notdurations.n this casetheon-lineLPT list-
schedulingalgorithmthatassignghetaskof maximaldurationwhenaprocessobecomesdle has

competitve-ratio[29][12]:
. 4 1 1 p—1
Min { (g - 5) ) (1 + N, T)} (2.4)

Notethatif noinformationis givenonthedurationstasks,thenthefactthatthey areindependent
is of no helpto decreaséhe competitve ratio (2 — Ylj) (cf theadwersaryconsideredn the proof of
theoremll).

Remark. List schedulingalgorithmsareinvolvedasa basiclevel in on-lineapproximatioralgo-
rithmsusedfor otherkind of machinesuchas[52, 30]:

¢ uniform machines:processorspeedsare constaneanddiffer eachonefrom a constantun-
known factor;

¢ non-uniformmachines:ihereare no relationbetweenprocessorspeedsthe durationof a
taskvariesdependingon the processowhich executest.

In this case at leastmigrationrestrictedto restartis requiredin orderto guaranteea competitve
ratio [52].

2.3.3 Communicationsand schedulingoverheads

Previous theoremsdo not takeinto accountneitherthe costof tasksallocation(i.e. scheduling
overheadheithercommunicationsequiredfor accessn sharednemory

Severalauthorshave consideredhetheoreticainfluenceof thoseoverhead®n list scheduling
algorithmsin orderto provide provably optimalon- Iineschedulingalgorithms In [13] Coleand

sors;this algorithmis usedto implementhefirst optimalalgorithmfor list- ranklng[37 39] In[6],
Blelloch, GibbonsandMatiasstudytheschedulingpf nestedine graincomputationsmplemented
in thelanguageNEsL [5]. Blumofe andLeisersongive an optimal list-schedulingalgorithmfor
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strict multi-threadeccomputation$[8, 7], basedon randomizedwvork-stealing;this algorithmis
in the kernelof the Cilk languagg38]. Any of thoseschedulingalgorithmsrestrictsto a shapeof
DFG anddo nottakeinto accounicontentionproblems.

In thissectionwe give anearoptimalschedulingalgorithmfor any DFG shapebut with restric-
tionsonthearithmeticandcommunicatiorcosts.We prove that,if input sizeis largeenough effi-
cientandcoarse-granularitPRAM algorithmg cannearoptimally be scheduledn a distributed
architecture.

We assumehatthetargetmachineis a distributedarchitecturewith p identicalprocessorsin
orderto takeinto accountcommunicatiorcostsand contention,we referto the LogP model(cf
section2.1.1). The durationbetweerthe sendingandthe receptionof a small messagéi.e. one
word)is boundeddy o = 2g + 20 + L.

Furthermorewe assumehata sharednemoryis simulatedon the architecturewith the help
of hashingfunctions(seesection2.1.3);thedelayoccurringfor ary accessn the sharednemory
is boundedy h. Notethath is relatedto the numberof processorg no slacknesss used.

Like in chapterl, let C'; and W, denoterespectrely the communicatiordelay andwork in-
volvedby thealgorithm.

Theorem 12 Let.A bean ATH PRAMprogramthathasparallel arithmeticcost(7", W, ), commu-
nicationcost(Cy, W) andsdedulingcost(N,, N,). ThenA canbeexecutedo run in parallel
time7), (includingsdedulingandcommunicatioroverheads):

T, <

p—1

W, + hW, (
ey
p_

1
1— —1) (T + Cy) + 40 NyN, (2.5)

Theproofis basedn anadaptatiorof the schemeusedin theoren®.
We considethereanimplementatiorof alist schedulingon p — 1 processorsndexedpy, . .. p,_;.
Thelastprocessar,, handleghelist of tasksandassigngasksto otherprocessors.

For thesakeof simplicity, we restrictthe proofto thecasewhereary sharedsariableis written
only onceandthenreadonly once;oncereadacceshiave beencompletedthe spaceelatedto the
sharedlatais garbagedThis correspond#o thecaseof anEREWprogramwith single-assignment
variables.

Whena processop; completeghe executionof atask,it sendsa messageo p, andwaitsfor
receving anew readytaskto performfrom py.

Whenaprocessop; createsanew task(f or k instruction)it asynchronouslgendgo p, amessage
of sizeboundeddy N, thatdefinesall datadependenciesf the new task(i.e. the shareddatathat
it will readbeforeits executionor write afterits completion).

Processop, manages list ) of readytasksanda list 7 of idle processorsFor this purpose,
it usestwo arrays: one, A, storesthe task nodescreatedand not completed;the other B, the
descriptorsof the allocatedsharedvariables.Any descriptorin B pointsto the taskthatrequires
the correspondinghareddatain reading. Pointersfrom B to A areupdatedat taskcreationand
taskcompletion.Whenataskin A is no morepointedto by ary elementn B, it is putin Q). The
costof this arithmeticcomputatioron p, is proportionako N, but independentrom p ando: we
neglectit comparedo (p — 1)o N, N,.

3Thereis alwaysadependenchetweerathreadandoneof its ancestoandaccesso sharedlataarenotconsidered.
4i.e. with polynomialspeed-upconstantnefficieny andW, (n) = We(n) with € < 1 (cf chapterl).
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Whenp, recevesa messag®f taskcompletion,it first updates4 and B, putting new ready
tasksif ary in . It putsthe processoin /. Then,while therearereadytasksin ¢ andidle
processorsn /, it getsataskfrom ¢) anda processofrom /, removesthemfrom the lists and
asynchronouslgendsa messagassigninghetaskto the processorthe lengthof the messagées
at most/V;. For thewhole execution,the computatiortime on p, neededor the managemenof
thoselistsis proportionalto N, andindependentrom p, V; ando: we alsongylectit comparedo
(p—1)oN,Ny.

Notethatdueto contentionaprocessowhichis idle maywaitatmost(p — 1)o NV, afterp, has
assigned new taskto it andbeforeit recevesit. Conversely whena processocompletestask,
processor, recevesthecorrespondingnessagatmost(p — 1)o N, topsafter

Moreover, let [; be the length of the taskt;, 1 < ¢ < N,; let ¢; be the numberof — unit
size — shareddatahandledby ¢; (i.e. reador written duringits execution). From the point of
view of py, a processop; is saididle whenit is in thelist /. Thus,the processoexecutingt; is
consideredasactive (i.e. notidle) whenit is notin thelist 7, i.e. from the momentp, hassentt;
to it anduntil p, recevesthe correspondingaskcompletionmessagethis durationis boundedy
li + hci + 2Nd(p — 1)0‘

Let #17 bethetotalidle time seenfrom p, on processorg,,...,p,_1. Let T, bethelengthof the
schedulewe have:

N,
(p— DT, <#1+ Y (li + hei + 2Na(p = 1)0) (2.6)
=1
We now follow the schemeof theorem9. Let ¢;, bethelasttaskcompletionmessageecevedby
po atdate”), andlet d;, bethedatewhenp, hasassigned;, . Two casesarise:

1. eitherno processowasidle for p, befored;, .

2. ortherewasatleastoneprocessoidle for p, atacertaindatebefored;, . Let § bethelatest
datebefored;, whenaprocessowasidle. At 4, ¢; wasnot ready(elseit would have been
assignedn anidle processor)Thus,thereexistsataskt;,, t;, < ¢;,, suchthatt;, hasbeen
assignedy p, beforef andwhosecompletionmessagéasbeenrecevedby p, afterd. Let
d;, bethedatewhenp, hasassigned,, .

Recursvely applyingthis schemeuntil casel occurs,we build a sequencef taskst;, < ... <
t;, < t; suchthat,atary time whena processors idle, thereexists1 < : < k suchthatp, has
assigned;, to a processorndhasnot receved the correspondingompletionmessagget. We
thushave: #1 < (p — 2) S5, (L, + hej, + 2N4(p — 1)0). Besidessincetaskst;,, 1 < i < k are
onacritical path: Y°F_; 1;, < T'andy>%_, ¢;, < €, whichleadsto:

#1 < (p—2)(T + hCy+ 2N, Na(p — 1)o) (2.7)

whereT denotegheminimal arithmetictime on anunboundechumberof processors.
Let W, = ZfV;l [; be the arithmeticwork and W, = ZfV;I ¢; be the communicationwork.
Replacing2.7in 2.6leadsto:

(p—1T, < (p—=2)(T+hCyq)+ W, +hW.+4N,Ny(p—1)o

which concludeghe proof. O
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As a corollary we considera coarse-granularitgfficient PRAM algorithmwith polynomial
regularity and boundeddegree. For the correspondindFG, this implies that for an input = of
largeenoughsize:

¢ polynomialspeed-upp7' (notethatp is fixed)is neglectedcomparedo W,;

¢ polynomialgranularity: sincep andk areassumedonstanttaking a sufficient large size
instancdeadsto neglectphC; andh W, comparedo W,;

e polynomialregularity: 4N, N o (notethatos and NV; arebounded)s alsoneglected..

This leadsto thefollowing result.

Theorem 13 Let A bean efficientATH PRAMprogramthat haspolynomialgranularity, polyno-
mial regularity andandboundeddegree(N, = O(1)).
Then,for anye > 0, executiontimeof A on a distributedarchitectule with p processorss asymp-

totically boundedoy:

To(z) < (1+¢) I/Za.

Thistimeincludescommunicatiorand sthedulingoverheads.

To obtainan nearoptimal schedulingalgorithm,we useslacknesswe considerthe executionof
the previous schedulingalgorithmon a machinewith ¢ identicalprocessorsy > p. Takinginto
accountthe above remarks executiontime includingcommunicatiorandschedulingoverheadss
boundedy:

W,
q—1
We cannow emulatethis machineon the onewith p processorszorrespondingxecutiontime is

T(x) < (140

ne) < (4ne < a+a(1-1) L

Choosing; enoughargerthanp andconsiderindargesizeenoughinputdataconcludeshe proof.
O

Anotherway to obtainnearoptimal simulationconsistan usinga distributedlist-scheduling
stratgy. A classicalexampleis randomizedwvork-stealing whena processobecomesddle, it
selectauniformly at randoma processoto steala task. Whena processocreatesatask,it keeps
it locally. Sucha stratey is theoreticallystudiedin [7]. Asymptotic boundsare givenin the
framework of strict multi-threadedcomputations.Othervariantsexport taskswhenexceedinga
certainnumberof taskcreations.
Suchlist schedulingstratgjiesarevery popularin parallelfunctionallanguagesuchasMultilisp
[32] or Prolog[17].

In thelastsection,we turn to an effective implementatiorof the ATH languagewhich allows
thebuilding of theDFG andthustheeffective useof theabove provably optimalon-linescheduling
algorithm.
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2.3.4 Athapascan:asimulation of the ATH PRAM language

ATHAPASCAN [43] is a parallelproceduralanguagejnspiredby Jade[50], thatallows the con-
structionof the DFG of an applicationduring the execution. It thus makespossiblethe use of
provably optimal on-line schedulingalgorithms.We give in this sectionan overvien of the main
featuresf thelanguage.

Similarto the ATH languagentroducedn chapterl, ATHAPASCAN support<CUMULATIVE-
CRCW PRAM algorithms. The building of the DFG is implicit; the f or k operation(called
newt ask in ATHAPASCAN) may take in argumentan optional schedulingstrategy, default
being a distributed list-schedulingalgorithm. Taking benefitof someknowledgeon the graph,
this allowsto choosea well-suitedschedulingalgorithmsuchasblock-scatterindor densamatrix
computation®r DSCfor DAG with known durationg25].

2.3.5 The ATHAPASCAN programming model

The ATHAPASCAN languagsas strictandpara-functionnallt is implementedy a C++ library; it
usesnheritanceandtemplatego provide afriendly andeasy-to-us@nterface.

In ATHAPASCAN, parallelismis expressedby asynchronouproceduresalls,which correspond
to thebuilding of tasks A taskdescribeshe executionof a specificprocedurdwhichis definedby
formal parametersinda block of instructions)with effective parametersTwo parametepassing
modesarepossible:theby valuemodecopiesthe effective parameteinto thelocal memoryof the
taskandthe by referencenodeshareshe dataamongdifferenttasks.

Referenceso shareddataaretypedaccordingto their accessnodes.Four modesaredefined
to accesshareddata:read(al_shar ed_r),write (al_shar ed_w), read/write
(al_shared_r _w) andaccumulation(lal shar ed _cw). The threefirst modesare standard
andareusedin otherparallellanguage$38, 50]. Accumulationis realizedfrom theinitial value
of the objectby incrementationthis incrementations definedby a binary functionf (defaultis
the C++ operator+=) which is assumedo be associativeandcommutative
Thus,ATHAPASCAN allows theimplementatiorof CUMULATIVE-CRCW PRAM algorithms.

Thesemantic®f ATHAPASCAN ° is suchthateachreadingof a sharecddatumgetsthe valueof
thelastupdate(writing) in the sequentiabrderof taskexecutions(depth-firstordering). To make
suchanordereasyto compute ATHAPASCAN doesnot allow sideeffectson sharedvariables.In
thecurrentimplementatiorof ATHAPASCAN, this semanticss implementedn thefollowing way:
ataskbecomesxecutablevhenall the effective parameter¢hatit requiresin read(or read/write)
modehave beenupdatedy thepredecessdaskyrelatveto thesequentiabrderof taskcreations).

2.3.6 Executionmodel of ATHAPASCAN

The control of the executionis basedon the building of a macrodataflow graph. This DFG is
representetby a directagyclic hypergraph,which is distributedamongthe processorsVertices
correspondo tasksand edgesto datadependencieselatedto sharedobjects: hyperedgesare
usedto describeconcurrentwritings and concurrentreadingson sharedobjects. This graphcan

SATHAPASCAN [43] allows otheraccesso sharedobjects:postponedsufiix p) accessllow the expressiorof a
largerdegreeof parallelismandarraysof sharedbjects.
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be labeledwith informationattributes(arithmeticcost for tasksanddata sizefor sharedobject
dependencies)This graphis usedto implementboth the semanticsandthe schedulingof tasks.
Differentschedulingalgorithms(denotedassaeduler$ areavailableand userspecificonesmay
beadded.Therole of theschedulers restrictedo informingthesystemwhereandwhentaskshave
to be executedtakinginto accountsomeinformationavailablefrom the graph. This functionality
makegpossibleheimplementatiorof differentclassicaprovably goodschedulingalgorithmg(list
schedulingETF[11], DSCJ[26], work-stealing38] for example).
Thefollowing rulesdefinethe way anexecutionis handled:

e Thefirst executableaskis theal _mai n() function.
e Duringtheexecutionof atask:

— whenataskis createdcall to theal new t ask directive), the new taskis inserted
into the graph;

— whenataskterminatesshareddatathat it accessedh write or read/writemodeare
updatedThetaskis thenremovedfrom thegraphandthe schedulers informedof new
readytasks(i.e. all sharedbjectsaccesseth reador read/writemodeareavailable).

e Thescheduleanalyzeghegraphto maketaskmappingandstartingdecisions.The system
performstheschedulinglecision.Whenall shareddatarequiredby ataskin read/read-write
modehave beenrecevedattheaffectednode thetaskis startedon theprocessoit hasbeen
assigned.

2.3.7 An exampleof ATHAPASCAN program

Thefigure 2.3 presentsan ATHAPASCAN sourcecodefor the triangularresolutionof AX = B;
thealgorithmis presentedh theabstractanguageATH in chapterl (fig. 1.6). Notethatin ATHA-
PASCAN, all acessmodes(read,write or read/write)are explicitly givenin orderto ensurethat
the sequentiabrderof executioncanbe determinedirectly from taskcreation(al_new.t ask
instruction).

2.4 Conclusion

In this chaptey the on-line schedulingof a parallelPRAM programon a distributedarchitecture
with a boundednumberof processorfiasbeenanalyzed. List-schedulingstratgies, frequently
arisingin parallellanguagemplementationshave theoreticafoundations An optimalsimulation
of a PRAM programwith polynomialspeed-uppolynomialregularity and coarse-granularitys
given; costsof communicationsare considerecunderthe model LogP anda shared-memorys
emulatedusinghashfunctions.

Dueto its experimentaboodperformancefs7, 56], mostof languagesmplementingdynamic
parallelismuseheuristicdbhasednlist-schedulingThey essentiallydiffer ontheshapeof theDFG,
dependingon the programmingmodelthey implement. Thus,the performanceof list scheduling
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struct Update @ public al_task_elem{
Update( int size ) {
set _cost(size*size*size);

}

/1 Performs X += -1/ A*Y

voi d operator() ( al_shared_cwnmatrix<float> > X
al_shared_r<matrix<float> > A
al _shared_r<matrix<float> > Y) {

X.cumul ( - A-read().inverse() * Y.read() );
}
}

struct FinalDivision : public al_task_elem{

Final Division( int size ) {
set _cost(size*size*size);

}

Il Performs X = 1/ A*X

voi d operator() ( al_shared_rwnmatrix<float> > X

al _shared_r<matrix<float> > A) {

X.wite( Aread().inverse() * Xread() );

}
}

struct Triangul arSolve : public al_task {
Triangul ar Sol ve( int nb_elem) {
set _cost(nb_el enfnb_el enl 2);

}
/1 Performs triangular resolution A*X=B
/1 Ais coded such that Aln*i+j] ::= Ali][]j]

voi d operator() (int n,
al_array_of _shared_rp<matrix<float> > A
al_array_of _shared_cw<matri x<fl oat> > X
al_array_of _shared_rp<matrix<float> > B) {
for(int i=0; i<n; i++) {
X[(i].cumul ( B[i].read() );
al new task( FinalDivision(), Xi], Aln*i+i] );
for(int j=i+1; j<n; j++)
al new task(Update(), Xj], Aln*i+], B[jl);

Figure2.3: Triangularresolutionof AX = B
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may vary dependingon this model. For instance,if synchronizationsre authorizedn the lan-
guage(waiting for somefuturevaluefor instance)the schedulinghasto usemigration;if not, no
guarantee€anbegivenon thecompetitve ratio.

We focusin this conclusiononlanguageshatusea provably efficienton-lineschedulingalgo-
rithm. HPF 2 introducedgroupsof independentasksof unknavn durationsvia functioncalls. A
BSP[54] programexecutionconsistan a sequencef superstepseachsetof independentasks.
All sharednemoryaccesperformedat a stepareeffective at the next one.Dynamicloadbalanc-
ing is possiblg54] but requiresaskmigrationin the consideredmplementatiorj28].

Functionallanguagesave beenusing list-schedulingfor a long time. For a surey on par
allelismin functionallanguagessee[33], we just mentionheresomecharacteristidanguages.
Sisal[44 is a data-flav basedanguagewhich definesa fine grain DFG; however, programming
macro-tasksn orderto obtaina coarse-granularitglgorithmis not directly possible. NEsL [5]
providesa nestedparallelmodel: graphscorrespondo recursve n-ary setsof independentasks
with no data-dependenciésit synchronizatiorat thejoin point. Accessareemulatedon a virtual
sharednemory Cilk [7, 38] is inspiredfrom Multilisp andimplementsamodelof strictfunctional
computationn a C-like language Tasksaremappedon the functions;all dataareaccessea the
stack. Functionscan be migratedat a synchronizatiorpoint, explicitly definedin the program.
Migrationsarereducedo acopyof thestack. ATHAPASCAN [19, 43]is inspiredfrom Jadg50]; it
is a C++ library thatimplementsa programmingnodelsimilar to thelanguageATH presentedn
the previouschapter Data-dependenciesedefinedby accesgso a shareddata. Taskscorrespond
to procedurecalls; parametergsanbe passedy valueor by referenceo a shared-dataThis last
modedefinesthe precedence Whena taskis ready it canbe executedtill completionwith no
synchronization.
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