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Cerapportcontientlesdeuxpremierschapitresdututoriel “ParallelComputerAlgebra”donńe
aucolloqueannueldecalculformel ISSAC (Juillet97,Hawaii) parJean-LouisRochetGillesVil-
lard. Il décritlesbasespourla construction,l’analyseetla programmationd’algorithmesparall̀eles
surdesarchitecturesdistribuées.Utilisantlestechniques̀ala basedel’algorithmiqueparall̀elesyn-
chronePRAM, il montrecommentellespeuvent êtreappliqúeesà la constructiond’algorithmes
parall̀elesqui conduisent̀a desprogrammesperformantssur desarchitecturesdistribuéesasyn-
chrones.Deuxpointssontalorscritiques: la priseencomptedessurcôuts decommunicationet
d’ordonnancement.

Le premierchapitreprésentelestechniquespermettantla constructiond’algorithmesefficaces.
Dif férentscritèresdoivent êtreminimisés: le nombred’opérationsqui doit resterprochedu nom-
bre optimal d’opérationssur unemachineséquentielle,le tempsparall̀ele minimal (i.e. sur un
nombreinfini de processeurs)pourpermettrequele tempsd’exécutiondiminuelorsquele nom-
bredeprocesseursaugmente(onparled’extensibilit́e),le volumedecommunicationspourlimiter
leur surcôut surunearchitecturedistribuée. Pris sépaŕement,cesdifférentscritéresconduisent̀a
desalgorithmesfondamentalementdifférents.Un algorithmeefficacedoit alorsréaliserun bon
compromisentrecescritères,pris deuxà deuxou dansleur ensemble;il estsouventbaśe surun
couplageentrecesdifférentsalgorithmes:on parledepoly-algorithmesou d’algorithmesencas-
cade.
Dif férentsexemplesillustrent les techniquesde basepour construiredesalgorithmesefficaces
réalisantdescompromisintéressants.Lesalgorithmessontrepŕesent́espardesgraphesdeflotsde
donńees.Leur programmationestexplicitéeà partir d’un langageabstrait,ATH (Asynchronous
TasksHandling).

Le deuxìemechapitreétudiel’ordonnancementde tels algorithmessur unearchitecturedis-
tribuéeasynchrone(mod̀eleLogP).Le casle plusgéńeraloù le grapheestinconnu(lestâchesqui
le constituentsontconstruitesen coursd’exécutionet sontde duréesinconnues)estsṕecifique-
mentétudíe. Un algorithmed’ordonnancementen-lignequi assuredesexécutionsoptimalespour
un algorithmeparall̀eleefficacetel ceux étudíesdansle chapitre1 estexplicité. En conclusion,
le langageATHAPASCAN qui permetl’impl émentationd’un tel ordonnancementestprésent́e. Ce
langage(implément́eparunebibliothèqueC++) estuneréalisationconcr̀etedu langageATH.
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Parallel efficient algorithms
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4 CHAPTER1. PARALLEL EFFICIENTALGORITHMS

Parallelalgorithmicis a successfultheory. Severalmethods,techniquesandparadigms,which
arepresentedin severalbooksandsurveys [60, 5, 30, 38,35, 20,41, 28,39, 45] have beendevel-
opedto build powerful theoreticalalgorithms.Furthermore,they standasa basisfor implementa-
tion of performantprogramsoneffectiveparallelarchitectures.Thosegeneraltechniquesoverflow
computeralgebraframeworkevenif arithmeticandalgebraiccomputationsareof specificinterest.

In thischapter, weintroducethemaintechniquesinvolvedin thebuildingof parallelalgorithms.
They areillustratedonelementarycomputeralgebraproblems.TheunderlyingmodelisPRAMbut
thedata-flow graphrepresentationis alsointroduced.It is usedto describeexecutionsof a parallel
algorithmand to defineits cost. Threefactorsareherepreponderant:parallel executiontime,
numberof operationsandgranularitywhich is relatedto therequiredvolumeof communications.
An efficientalgorithmrealizesacompromisesolutionbetweenthosethreefactors.

The organizationof the chapteris as follows. Section1 describesthe local PRAM model,
the data-flow graphrepresentationandcostanalysis.Following sectionsillustrate,usingsimple
examples,themaintechniquesinvolvedin thebuilding of:� section2: acoarsegranularityalgorithmfrom a finegrainoptimalone;� section3: a fastoptimalalgorithmfrom a very fastbut nonoptimalone;� section4: a very fast optimal randomizedalgorithmfrom a deterministicbut non optimal

one.

Finally, in thelastsection,we give anoverview of paralleltime complexity, focusingon boolean-
arithmeticcircuitswhicharecommonlyusedin computeralgebra.

1.1 PRAM, DFG and costanalysis

TheParallelRandomAccessMachine(PRAM) [18, 4] is themostcommonexecutionmodelused
to build andanalyzeparallelalgorithms.Its major featureis to be independentfrom thenumber
of processorsused. In this sectionwe focuson the local PRAM modelintroducedin [38]. Cost
analysistakesinto accountbotharithmeticandcommunicationcomplexities.

In thefollowing,
�

denotesanalgorithmand
���

its restrictionfor inputof size �����
	 .
1.1.1 The PRAM model

A LocalParallelRandomAccessMachine(PRAM) is setof:� an (infinite) numberof processors�
�������������
��������� , eachindexed by an integer (processor
identifier or pid in short). Eachprocessoris a RAM (RandomAccessMachine[2]) and
getsits own localmemorywhichcontainsits own pid.� a global(or shared)memory. Eachprocessorcancopydatafrom theglobalmemoryinto its
own local memory:this operationis calledglobal read or read in short. Conversely,
eachprocessorcancopyadatafrom its own localmemoryinto theglobalone:thisoperation
is awrite operation.
Initially, the input dataareavailablein globalmemory. At theendof thecomputation,the
outputdataarealsostoredthere.



1.1. PRAM, DFGAND COSTANALYSIS 5� A programthatconsistsin a finite sequenceof RAM elementaryinstructions,extendedby
theglobalelementary(i.e. singleword location)readandwrite instructions.� a global clock that ensuresa synchronousmodeof computation.After initialization (first
top), processorsarereadyto executethe first instructionof the program. At eachtop (or
step), eachprocessorexecutesthenext RAM instructionin theprogram.Thusit performs
eitheranelementaryarithmeticoperationwithin its localmemoryor anaccessto theshared
memory(reador write).
Theprogramterminateswhenprocessorwith pid 0 executesthehalt instruction.

Notethattheprogrammaycontainbranchinginstructionseventuallydependingon thepid value.
Dueto branchinginstructions,at a giventop,processorsmayexecutedifferentinstructions(Mul-
tiple InstructionMultiple Data– MIMD – type).

Shared Memory
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Figure1.1: ThelocalPRAM executionmodel

Semanticsof accessin shared memory. Dueto thesynchronousmodeof computation,seman-
tics of global memoryaccessis simpleandonly dependson the behavior when,at a sametop,
severalprocessorsconcurrentlyaccedeto asamesinglelocationin thesharedmemory.

At a sametop, two processorscan’t performbotha readanda write in thesamelocation.But
concurrentread(or concurrentwrite) accessmaybeallowed,dependingon thePRAM:� anEREW-PRAM (Exclusive ReadExclusive Write) doesnot allow concurrentaccessto a

singlelocation.



6 CHAPTER1. PARALLEL EFFICIENTALGORITHMS� a CREW-PRAM (ConcurrentReadExclusive Write) allowsonly concurrentreadaccess.� a CRCW-PRAM (ConcurrentReadConcurrentWrite) allows concurrentaccess(all in the
samemode,eitherreador write).

Whena concurrentwrite operationis performedinto a singlelocationin thesharedmemory, dif-
ferentsemanticsareconsidereddependingon the reductionoperationperformedto producethe
final value:� COMMON: all processorshave to write thesamevalue.If not,anerroris produced.� ARBITRARY: anarbitraryprocessorwritesits value.� PRIORITY: theprocessorwith theminimumpid writesits value.� CUMULATIVE: the sumof all the concurrentvaluesis written. The additionoperation

(definedbetweensingle locationvalues)is assumedto be associative. Furthermore,it is
assumedto becommutative; this ensures,a semanticindependentfrom thepidsof thewrit-
ing processorslikewise concurrentreadand commonor arbitrarywrite operations.This
concurrentwrite modeis alsocalledcombining[41].

As detailedfurther, thosedifferentvariantsof thePRAM arerelatively closedto eachothers:
eachonecansimulatetheotheronewith smalloverheads[14, 41,28].

Dynamic task creation Theabovedefinitionpresentstwo drawbacks:� it assumedthat,afterinitialization,anunboundednumberof processorsstartexecution;� dynamiccreationof parallelismhasto bedescribedin theprogramusingbusy-waiting;this
meansthattheschedulingof theprogramis completelydescribedin theprogram.

In orderto addressthissecondpoint, in theinitial definitionfrom [18], only theprocessorwith pid
0 startsexecutionof theprogram.To generateparallelism,anelementaryfork � e � instruction
is defined. Whena processor� executesthis instruction,an inactive processor��� is reset. The
accumulatorof � (which maycontainan addressin thesharedmemorywheresomeparameters
arestored)is first copiedinto theoneof ��� . Thepid of ��� is thenput into theaccumulatorof � .
Thisallows � and ��� to latercommunicatevia thesharedmemory.
At thenext step,� executesthefollowing instruction(theonethatfollowsthefork) and ��� starts
theexecutionof theprogramat theinstructionlabelede.
Usingfork, dynamictaskcreationismadepossible,scheduling(allocationof inactiveprocessors)
beingensuredby thePRAMmachine.However, thismodificationimpliesthatany PRAMprogram
thatusesapolynomialnumber���
���! of processorstakesatime "��$#�%�&'�
	 to beexecuted,forbidding
the building of constanttime algorithms;if an algorithmis involved during the executionof a
program(e.g. insidethebodyof a loop), this overheadmayeasilybeavoided. Analysisof costs
in thischapteraremadeunderthepreviousmodel,thuswithout takinginto accounttaskallocation
overhead.
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RandomizedPRAM To supportexecutionof randomizedalgorithms,thePRAM is extendedin
thefollowingway. A new random instructionis introducedthatallowseachprocessorto generate
(in onetop)a randombit (or a randomnumberthatfits in a singlememorylocation).

Randomgenerations(i.e. random instructions)performedby aprocessorduringtheexecution
areassumedto be independentrealizationsof anuniform law. Moreover, generationsperformed
in parallelata giventopby differentprocessorsarealsoassumedto beindependent.

1.1.2 Executionof a PRAM program and data-flow graphs

Being given the input data,the executionof a PRAM programmay be representedas a direct
acyclic graph. Verticescorrespondto instructionsthatareexecuted(onevertex, oneinstruction)
andedgesto precedencerelationsbetweeninstructions.

Basically, dueto thesynchronicityof thePRAM, if ( (resp. ) ) is thevertex representingan
instructionexecuted1 at step * (resp. *,+.- ), thenthereis anedgefrom ( to ) . If we forgetextra
synchronizationdue to the machinemodel,synchronizationsrequiredby the algorithmitself to
ensurecorrectnessof theexecutioncorrespondto theorderingof accessinto alocationin memory.
This orderingcanberepresentedby the (macro)data-flow graph(DFG) relatedto theexecution.
DFGisdirectacyclic andbipartitewith nodesets/1032�4 � ���������!4 �65 correspondingto instructions(4
meaningjob) and78092;: � ���������<:>= 5 correspondingtosingleassignmentdata( : meaningtransition).
An edgegoesfrom :@? (resp. 4�A ) to 4�A (resp. :@? ) if 4�A is a read(resp.write) instructionof theglobal
datarelatedto :@? .

In this DFG, any memoryaccess,eitherglobal or local, is representedby an edgebetween
a location(representedby a transitionnode)andan instruction(a job node)that requirestheac-
cess.Exceptfor transitionsrelatedto input, immediateancestorsof eachtransition : ? arewrite
instructions:only oneon anexclusive-write PRAM, eventuallymoreon a concurrent-writeone.
Conversely, its immediatesuccessors(exceptfor transitionsrelatedto output)arereadinstructions:
only oneonanexclusivePRAM,eventuallymoreonaconcurrent-readone.Thismeansthatwhen
all immediatesuccessors(job nodes)of a transitionhave beenexecuted,the locationrelatedto it
in globalmemorymaybegarbaged.

Let usconsidertheDFG relatedto a treecomputationscheme.As anillustration,we consider
two algorithmsthat solve the iterated product2 problem: it consistsin computingthe product
of � elements. In order to exhibit parallelism,multiplication is assumedto be associative and
commutative. A balancedbinarytreeschemegivesanalgorithmthatworksonanEREWPRAM;
relatedDFG is shown in figure1.2.a. On a CUMULATIVE-ERCW PRAM all productsmaybe
performedconcurrentlyandcumulatedon asharedlocation(fig. 1.2.b).

This graphdefinesa precedencerelation, denotedB , betweeninstructionnodesin / . Let4 � ��4;C be two nodesin / ; 4 � BD4;C if thereis a pathin DFG from 4 � to 4;C . In the following, we
will considerthe subgraphEGF�H�I��J/K��BL	 of EMFNH , whereonly arithmeticinstructionsand their
precedencerelationsarerepresented.

Remark 1. The data-flow descriptionof the algorithmis roughly equivalentto a straight-line
program [32].

1Instructionscorrespondingto O and P maybeexecutedby differentprocessors.
2alsocallediteratedsumwhenanadditionlaw is considered
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Figure1.2: DFG of two iteratedproducts:(a)EREW(b) cumulative-ERCW

Remark 2. Notethatsymmetryof input (resp.output)edgesto a transitionnodeassumescom-
mutativity of access.This is verified for any concurrentwrite (resp. read)accessdefinedon the
PRAM.

1.1.3 DescribingPRAM algorithms: ATH language

PRAM standsas an abstractmodel virtualizing any parallel architecture. In order to describe
PRAM algorithms,weneedanelementaryprogramminglanguagewhich leadsto aneasydescrip-
tion of algorithms.

Sincetheevaluationof aparallelalgorithmis directlyrelatedto theanalysisof DFG,asequen-
tial descriptionshouldbesufficient thanksto theimplicit appearanceof data-dependencies:each
readaccessto a locationgetsthevalueput by the last write in a sequentialexecution. However,
two characteristics,whichdonotappearin a sequentialdescription,areto betakeninto account:� two levels of memoryaccessaredistinguished:local andglobal. Global memoryaccess

supportCUMULATIVE-CRCWsemantics.� theelementaryunit of instructionis theblock. A block is a sequenceof elementaryRAM
instructions.A block is executedin sequential;it takesbenefitof local access.

In thefollowing, we consideranextensionof thebasicPRAM basiclanguageintroducedin [18]
basedon thosetwo considerations.This abstractlanguageis calledATH, an acronym for Asyn-
chronousTasksHandling.

Blocksof instructionsaredefinedasproceduresbodies.Theexecutionof suchablockis called
a task. Tasksmaybe orderedeitherin sequenceusingsynchronousprocedurecall or in parallel
usingasynchronousprocedurecalls (prefixed by fork). In this last case,precedencerelations
betweentasksare definedin a naturalway, accordingto shared-datadependenciesthat appear
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in a sequentialexecutionof the program. Datadependenciesconcerninglocal dataarethennot
consideredin therelativeDFG.

Figure1.3 gives two differentrecursive programsfor the iteratedproductusinga C++-like
langauage.Version(a) workson anEREWPRAM andis relatedto theDFG presentedin figure
1.2.a. Version(b) works on a CUMULATIVE-ERCW; the correspondingDFG is presentedin
figure1.2.b.

Product(a : in E,
b : in E,
c : out E)

begin
c.Write( a.Read()*b.Read() );

end

IterProd( n : in integer,
a[1..n] : in array of shared E,
res : out shared E)

begin
if(n==1)
res.Write( a[1].Read() );

else
tmp1i, tmp2 : shared E;

fork IterProd(n/2, a[1..n/2], tmp1);
fork IterProd(n-n/2, a[n/2+1..n], tmp2);
fork Product(tmp1, tmp2, res);

end if
end

IterProd( n : in integer,
a[1..n] : in array of shared E,
res : out shared E )

begin
if(n==1)

res.Cumul<*>( a[1].Read() );
else

fork IterProd( n/2, a[1..n/2], res );
fork IterProd( n-n/2, a[n/2+1..n], res );

end if
end

(a) (b)

Figure1.3: ATH codeof two iteratedproducts:(a)EREW, (b) cumulative-ERCW. Data in shared
memoryare explicitly declared by the prefixshared. Notationx.f() meansthat functionf
is calledon thedatain sharedmemoryx. In program (b), the functioncall x.Cumul � * � ( v
)specifiesa cumulative concurrentwrite on the datain sharedmemoryx; the commutativeand
associativebinary functionimplementingtheoperation is *.

1.1.4 Time, work and communicationcosts

Considera PRAM program.In thefollowing, � denotesthesizeof theinput. Thearithmeticcost
is characterizedby:� theparallel time 7L�!�,	 whichcorrespondsto thenumberof executedsteps;� thearithmeticwork QRI����,	 , i.e. thewholenumberof operationsperformed.

Thosequantitiesare independentof the numberof processorsandthusmay be defineddirectly
from theDFGdescriptionof theexecution.

Definition 1 Theparallel time 7S���
	 is themaximaldepthof DFG(T ) for anyinput T of size� :7L�!�,	U0 VXWZY[�\^]$[�]!_ � EG`@ab:@c
�JEMFNHdIe�!Tf	<	 (1.1)
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Thearithmeticwork QRIZ�!�,	 is thenumberof instructionnodesof DFG(T ) for anyinput T of size� : QgI;���
	h0 ViWZY[�\^]$[�]!_ �kjMl �>EGF�HdIe��Tf	<	 (1.2)

Thearithmeticcostis denoted: ��I;��7S���,	m��QRI����,	@	 (1.3)

Similarly, thecommunicationcostis characterizedby two factors:� the communicationdelay3 npo �!�,	 , i.e. the maximalnumberof global memoryaccessper-
formedby aprocessor;� thecommunicationwork QRqr���
	 , i.e. thewholenumberof globalmemoryaccessperformed.

The PRAM programimplementsa schedulingof the DFG on an infinite numberof processors:
any accessto thelocalmemoryoneachprocessoris notconsideredasacommunication.Thus,the
communicationcostmayvarydependingon thenumberof processorsusedin theprogram.
To definecommunicationcostwith respectto a parallelalgorithm(independentof a numberof
processors,andsomoregeneralthantheprogramthatimplementsit), we will referto its DFG.

Definition 2 Thecommunicationwork Qgq<�!�,	 is themaximalnumberof edgesfor anyinputof size� : QRq<���
	s0 VXWZY[�\^]t[�]!_ � jGu �JEMFNH���Tf	@	 (1.4)

Thecommunicationdelay npo ���,	 is themaximallengthof a pathin EGF�H froman inputdatato an
outputone: npo �!�,	h0 VXWZY[�\^]$[�]!_ � EG`@ab:@c
�JEMFNH��!Tv	@	 (1.5)

Thecommunicationcostis denoted: ��qr� npo ���
	r��QRqr���
	<	 (1.6)

In orderto comparearithmeticandcommunicationcosts,thegranularityw
���
	 is defined.

Definition 3 Thegranularityw
���
	 is theratio betweenthearithmeticandcommunicationworks:

w
�!�,	h0 QRIZ�!�,	QRq<�!�,	 (1.7)

Remark. Previouscostsaredefinedat for DFGswith unit time instructionsandunit sizetransi-
tions.For generalnonunit sizeDFGs(denotedasmacrodata-flow graphs),costsareweightedby
thesizeof eachnode:eitherthenumberof elementaryinstructionsfor a job nodeor the sizeof
relateddatafor a transitionnode.Macrodata-flow graphswill bespecificallystudiedin chapter2.

3 x
y�z|{~} is calledcommunicationcomplexity in [28].
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1.1.5 Efficient algorithms

Let � beanalgorithmwith cost 7L�!�,	r��QgI;���
	r� npo �!�,	r��Qgq<�!�,	 . Let QR���!�,	 bethework of thebest
known (sequential)algorithmthatsolvesthesameproblem.

Thebuilding of a parallelalgorithmto solve a givenproblemmaybeaimedat differentdirec-
tions:� either finding the smallestamountof time requiredto solve a problem. In this context,

the class � n of problemsthat may be solved in parallel time 7S���,	�0�#�%�& �,�|�! � usinga
polynomialnumberof processorsQgI��!�,	h09� �,�|�! playsa centralrole.� or building anefficientprogramthat leadsto solve largerproblemsin a reasonableamount
of time takingbenefitof theability to useseveralprocessors,let ussay a . Here,arithmetic
andcommunicationoverheads(i.e. Q I ���
	 and Q q ���
	 ) areto becarefullytakeninto account
in orderto guaranteeefficientexecutions.

A commontrade-off [38] consistsin building parallelalgorithmsthat:� have polynomialspeed-up, i.e.7L�!�,	U0.�N�>Q � ���
	>��	 with ���9-e� (1.8)� arework-preserving, i.e. Q I ���
	s09���JQ � �!�,	<	m� (1.9)

The inefficiency� measuresthearithmeticoverhead:

�f�!�,	h0 QRIZ�!�,	Q � ���
	 � (1.10)

� requirefew communications, i.eQ q ���,	h03���>Q I ���
	 � 	 with ���3-�� (1.11)

Suchanalgorithmis alsosaidlocal or of coarse-granularityor with polynomialgranularity
(notethat w
�!�,	h09"��!�f�b	 with ���3- ).

Definition 4 � is said:� fastif it achievespoly-logarithmicparallel timewith a polynomialnumberof operations,i.e.7S���
	U0�#�%�& �
���! � and QRIZ�!�,	h0�� �
���! .� optimal if it is fastandhasconstantinefficiency.� efficient if it hasa polynomialspeed-upanda constantefficiency.

In order to not absolutelyrejectfastalgorithmsinvolvinga smalloverheadin arithmeticopera-
tions,fastalgorithmswith poly-logarithmicinefficiencywill beconsideredasefficientalso.
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In thefollowing, somemaintechniquesthatleadto thebuilding of anefficient andof coarse-
granularityalgorithmareoverviewed. It turnsout thatminimizing time without preservingwork
(i.e. building � n algorithm)is of specificinterest:� algorithmictechniquesinvolvedfor botharevery close;� it givesa lowerboundon thebestparalleltime thatmaybeachieved;� aninefficientbut fastalgorithmmaysuccessfullybecoupledto a slower but efficientoneto

build a fasterprogram.

1.1.6 Example

Weillustratethepreviousdefinitionsontheiteratedsumalgorithmpresentedin figure1.3.a.Scalar
productof two vectorsis directly reducedfrom iteratedsum;it maybeappliedto performmatrix
multiplicationin a semi-ring.

Iterated sum

For theEREWalgorithmpresentedin figures1.3.aand1.2.a(balancedtreecomputationscheme),
we assume��0�� = : 7L�!�,	U0�#|%e&��QgI;���
	s0�����- npo ���,	h0�#|%e&p�G+�-Qgqr���
	U09������- (1.12)

Thisalgorithmis optimalsinceits costis – asymptotically– a lowerbound.
As a consequence,thescalarproductof two vectorsis computedon anEREWwith cost:��IZ�$#�%e&��k�r�
	 and ��qr�t#|%e&p�k�r�
	r� (1.13)

On a semi-ring, + is commutative. Thus,on a cumulative-CRCWPRAM, this problemmay
becomputedwith parallelcost(fig. 1.2.a):��I;�<-��r�,	 and ��qr�<-��r�,	m� (1.14)

However, the descriptionof the computationscheme(cf programin fig. 1.3.b) may require��I;�t#|%e&p�k�r�
	 .
Matrix product

Considerthe problemof computinga squarematrix product n 0 �L�
in a semi-ring(i.e. using

only + and � operations).
Let � bethedimensionof thematrices:since n A \ � 0�� �? _ � � A \ ? � ? \ � , theproblemreducesto � C

independentscalarproducts.Using1.13,weobtaina parallelalgorithmwith cost:��I;�t#|%e&p�k�r����	 and ��qr�t#|%e&p�k�r����	r� (1.15)

Since Q � ���
	U03����� � 	 [37], this algorithmis efficient.
However, w
���
	�0D���<-Z	 andit is not coarse-granularity. Besides,it canbeseenthat, if u is a

field (or ring), theabove algorithmis not efficient (polynomialinefficiency) neithertheoretically
since QR�s03���!� C<� �@��� 	 [15, 45] norpracticallysince ����� C<�   � 	 algorithmsareof practicaluse[3, 40,
17]. We will seein following sectionshow to overcomethoseproblems.
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1.1.7 RelationsbetweenPRAMs

Weconsiderthecostof theexecutionof aparallelalgorithm(definedonaCUMULATIVE-CRCW
PRAM for instance)onagivenPRAM with afixednumberof processorsandwith its own seman-
tics for accessin sharedmemory. Two casesaredistinguished:whenthenumberof processorsis
decreasedandwhenmemoryaccessarerestricted.We considerhereonly arithmeticcosts. The
mainconsequenceis theexistenceof optimal– within aconstantfactor– simulationsof aCRCW
algorithmthatusesanunboundednumberof processorsonanEREWmachinewith afixednumber
of processors.

Theorem1 Fine grain simulation with fewer processors- Brent’s principle [9, 28]. Let �
be an algorithm that can be implementedto run in (arithmetic)parallel time 7 and work QgI
on a givenPRAMwith an unboundednumberof processors.If each local accesscorresponds
to a global one,then � can be scheduledon the samePRAM,but with a processors,to run in
(arithmetic)parallel time 7¢¡��!�,	 :£ QRI;���,	a ¤¦¥ 7¢¡;�!�,	 ¥�§ QRI;���,	a ¨ +©7S���,	 (1.16)

It canbenotedthat this fine grainsimulationdoesnot takeinto accountadditive costdueto the
computationof theschedule[12, 22].

Remark. In chapter2, theorem10 gives a more generalsimulation result with analoguous
bounds. It consistsin a constructive coarsegrain simulationfor DFGswherearithmeticnodes
mayrepresenta sequenceof elementaryinstructions.

Theorem2 Simulation with restricted accessin global memory [28, 38]. Let � bean algo-
rithm thatcanbeimplementedto run in (arithmetic)parallel time 7¢¡ ona CUMULATIVE-CRCW
PRAMwith a processor. Then, � canbe implementedon an EREWPRAMwith a processorsto
run in time �N�!7¢¡
#�%�&Ua�	 .
1.2 Incr easinggranularity

Efficientparallelalgorithmsrequirenear-optimalwork;obviously, thecarefulanalysisof thesmall-
estdepthDFGinducedby a sequentialalgorithmamongthebestis thenof practicalinterest.

As amajorexample,sequentialalgorithmsbasedonapartitioningof theprobleminto – many –
independentsubproblemshave intrinsic parallelismif partitioningand merging (to recover the
global solution)stepsareeitherparallelor of neglectedcost. This situationappearsfrequently
in numerousdivide&conqueralgorithms(let us say parallel divide&conquer). As a computer
algebrainstance,modularmethodsbasedon Chineseremaindercomputations[2, 10] amountto
thisscheme.

Oncea finegrainfastparallelalgorithmis built, increasinggranularityis requiredto obtainan
efficientalgorithmwith coarse-granularity. In thissection,thetechniqueconsistingin stoppingthe
recursivesplittingis illustratedonthematrixproductproblem;weproveanoptimalgranularityfor
thisproblem.
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1.2.1 Parallel divide and conquer

Let usconsidertheexampleof matrix multiplicationusinga standardbi-dimensionalblock algo-
rithm: ª � �>� � � C� C � � C>CL«

ª � �>� � � C� C � � C>CL« 0
ª � �>� � �>� + � � C � C � � �>� � � C + � � C � CJC� C � � �>� + � C>C � C � � C � � � CU+ � C>C � CJCL« � (1.17)

All blockmatricesproducts,of dimension�,¬;� , canbemultiplied in parallel.Applying recursively
thissplittingschemeleadsto a parallelalgorithmwith cost:��IZ�$#�%�&'�­�r� � 	®��qr�t#|%e&p�k�m� � 	 (1.18)

Notethat,sincecoefficientadditionisassociative,eachentryin theoutputmatrixmaybecomputed
asan iteratedsumof � values. This allows the wholecomputationto takea time #�%e&p� (instead
of #�%e& C � if additionswhereperformednaively at eachstep).This remarkappearsdirectly on the
DFG descriptionfor a CUMULATIVE-CRCW PRAM 1.4: all final sumsaremadein O(1) time.
But thesplittingprocess,which involvesnoarithmeticoperationbut recursiveforks (cf fig. 1.3.b),
requires���$#�%e&��,	 time usingrecursive forks4. Anothertechniqueto obtain ��IZ�$#�%�&��k�m� � 	 consists
in pipeliningadditions[1].

Remark. The samestrategy appliedto Strassen’s algorithmleadsto a parallelalgorithmwith
cost: ��I;�t#|%e&��k�r��¯^°J±!²e��	®��qr�t#|%e&p�k�m��¯^°>±>²e��	 (1.19)

Optimal in work (on a semi-ring),this algorithmhasgranularity w
���
	³0´�N�@-Z	 : it is roughly
equivalentto arecursiveversionof 1.15).In thenext section,wedetailhow to increasegranularity
in orderto build anefficientalgorithmwith coarse-granularity.

1.2.2 Minimizing communicationwork

Obtaininga coarse-granularityalgorithmrequiresto minimizecommunications.Thiscanbedone
by stoppingtherecursive parallelsplitting processat a givendepth,let ussaywhensub-matrices
areof sizelesserthan µ (i.e. depth ¶|·e¸�¹ º ). Operations– resp. sumsandproducts– on matrices
of dimensionµ arethenperformedsequentially, usinganoptimalalgorithm– resp.in time »�¼�½
¾�¿
and »�¼!½�À;¿ –. Thecostis then:»�Á�Â@µ ÀhÃ ¶�·�¸p½kÄr½ ÀrÅ »�ÆhÇ~µ ¾ Ã ¶|·e¸ ½ µ Ä ½ Àµ�È (1.20)

which givesanalgorithmwith granularityÉ
¼!½,¿�Ê.µ . We thusobtaina parallelefficientalgorithm
with arbitrary(polynomial)granularity.

Theorem3 For any É , ¶�·e¸ÌË!Í À ½ÏÎ8ÉÐÎÑ½ , two ½�ÒR½ matricescanbemultipliedby an algorithm
of granularity É with parallel cost:»�Á�Â�É À Är½ À Å »�ÆhÇZÉ ¾ Ã ¶|·e¸�½­Ä ½ ÀÉ ÈgÓ

4Notethatthebruteforceprogram(fig. 1.4)whichperformsiteratively fork instructionsrequiresÔUÕ�Ö|×eØ�Ù!×eØ<Ú !



1.2. INCREASINGGRANULARITY 15

CumulProductTerm( a : in E,
b : in E,
c : out E )

begin
c.Cumul<+>( a.Read()*b.Read() );

end

MatrixProduct( n : in integer;
a : in array[1..n,1..n] of E,
b : in array[1..n,1..n] of E,
c : out array[1..n,1..n] of E )

begin
i, j, k : local integer;

for i = 1..n loop
for j = 1..n loop

for k = 1..n loop
fork CumulProductTerm( a[i,k], b[k,j], c[i,j] );

end loop
end loop

end loop
end

* * * * * * * * *

* * * * * * * * *

* * * * * * * * *

c13 c21 c32

c31

c33

c23

c22

c12

c11

a11 a12 a13 a21 a22 a23 a31 a32 a33

b11 b21 b31 b12 b22 b13 b23b32 b33

Figure1.4: DFGof themultiplicationof two ÛGÒ¦Û matrix (cumulative-CRCW)

Thepreviousalgorithm1.20provestheupperbound. Ü .
Thefollowing theoremgiveslowerboundsfor communicationcosts.It showsthattheprevious

algorithmachievesanoptimalcommunicationdelayandanoptimalgranularityamongalgorithms
thatachieve anoptimalcommunicationdelay.

Theorem4 Let Ý bean efficientparallel algorithmthat multipliestwo matricesof dimension½
in time Þ using ¼ Ã ÄbÒp¿ onlyandperforming ß�¼!½ À ¿ operations.Then,àpá Ê9âãÂ@Þ ¾ Í À Ã ¶|·e¸p½ Å ä ÆåÊ�â8Ç ½ Àà Ë�Í ¾á È�Ó
Since Ý is efficient, Þ Ê »�¼�½
æJ¿ with çéè Û ; by reductionfrom iterative sum, we thus haveàpá Ê�â�¼t¶�·�¸p½,¿ .
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Kerr [37, 1] shows the lower bound â�¼�½ À ¿ on the arithmeticwork. Since Ý performs ß�¼�½ À ¿
operations,its executioncanbescheduledin time ß�¼!Þê¿ usingë�Ê ¹�ìí processors.Let î�ï , ðSÎ9ñUÎ©ë ,
be thenumberof sharedmemoryaccessperformedby processorñ . We thenhave ä Æ�Ê®òGóïõô Ë î�ïand

àpá�ö�÷XøZù ó ïõô Ë î�ï . To obtaina lowerboundon ä Æ and
àpá

, we usethefollowing lemma[1, 25]:
if a processorreadsat most î elementsof input matricesandcomputesat most î partialsumsof
their product,thenthis processorcancomputeno more than î À Í ¾ multiplicative termsfor these
partialsums.
Applying thislemmato ëúï whichreadsor writesatmost î�ï elementsandsinceâ�¼�½ À ¿ multiplicative
termsareto becomputed,we have: óû ïõô Ë î À Í ¾ï Ê9â�¼�½ À ¿ Ó (1.21)

Boundingî�ï by
àpá

andreplacingë by ¹�ìí leadsto:àpá Ê9âãÂ@Þ ¾ Í À Å Ó (1.22)

Noticing that ò ó ïõô Ë î À Í ¾ï Î à Ë!Í ¾á ò ó ïõô Ë î�ï , weobtain:ä ÆUÊ9â9Ç ½ Àà Ë!Í ¾á È (1.23)

whichconcludestheproof Ü .

Recursivemultiplication algorithms. A similar studycanbeappliedto otherrecursive matrix
multiplication algorithms(e.g. Strassen).It also lead to efficient parallelalgorithmswith both
polynomialspeed-upandpolynomialgranularitythat leadto performantimplementations[17].

1.2.3 Conclusion

In this section,we have studiedthe DFG of a sequentialalgorithm,basedon a divide&conquer
scheme,thatcontainsinherentparallelism.By haltingtherecursive processin orderto minimize
communications,we have exhibiteda family of efficientparallelalgorithmswith arbitrarycoarse-
graingranularity.

Dueto its practicalinterest,this techniquehasbeensuccessfullyappliedto variousproblems.
Oneof significantinterestin computeralgebrais thediscreteFouriertransform.Thedirectanalysis
of theFFT algorithmleadsto aparallelalgorithmwith cost:»�Á;¼t¶|·e¸�½­Är½�¶|·e¸p½,¿ü»�Æ<¼t¶|·e¸�½­Är½�¶|·e¸p½,¿ Ó
A clusteringof elementaryinstructions(blockclusteringonthefirst ý^þJÿ ¹¾ stepsandcyclic clustering
on thelast ý^þ>ÿ ¹¾ steps,cf fig. 1.5) leadsto analgorithmwith parallelcost[41, 39]:»�Á;¼�� ½�¶�·e¸p½­Är½�¶�·�¸�½
¿ »�Ær¼�� ½UÄr½
¿ Ó
Thisalgorithmhaspolynomialspeed-up,optimalwork andachievesalsooptimalgranularity[1].
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Figure 1.5: DFG of the EREW ������� 	�

����	���	�
�����	�� FFT algorithm of 16 points. Thereare� � 	 arithmetictasks(representedby squareboxesembeddingelementaryoperationsandlocal
dependencies),eachcorrespondingto a sequentialFFT computationon � 	 points. For any task
on theleft, shareddatadependenciesimply a precedencerelationwith the � 	 taskson theright.
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Theresultingalgorithmis basedoncouplingavery fastparallelalgorithm,optimalin timebut
requiringmany communications,to a sequentialonewhich minimizescommunication.Suchan
algorithmiscalled“poly-algorithm”; thetechniquethatunderliesthiscouplingiscalled“cascading
divide&conquer”.

Cascadingdivide&conquermaybeappliedin a moregeneralcontext, by couplinga very fast
parallel algorithm, yet requiring many operations,to a slower one which performsan optimal
numberof operations.This techniquemakesthebuilding of very fastalgorithmsattractiveevenif
therequirednumberof operationsis larger.

1.3 Breaking data-flow dependenciesby redundancyand cas-
cadingdivide&conquer

It mayappearthat DFGsrelatedto a sequentialalgorithmcontaindata-dependenciesthatbound
parallelism.Introducingredundantcomputationsmay thenallow to breakdependenciesin order
to minimize parallel time. Cascadingdivide&Conquermay thenbe usedto obtainan optimal
arithmeticwork. In thissectionwe illustratethis techniqueon thecomputationof thesolutionof a
triangularlinearsystempresentedin [46]. We focusoncommunicationcosts.

Let � bean ½éÒ¦½ nonsingulartriangularmatrix with coefficientsin a field � . We assumeby
convenience½�Ê�� � . Let ! a vectorin � ¹ . We considerthecomputationof "�Ê��$# Ë ! .
1.3.1 DFG of the bestsequentialalgorithm

Thesimpleforwardsubstitutionalgorithmhassequentialcost ä&% ¼�½
¿hÊ ß�¼!½f¾�¿ . Directanalysisof
its DFG(seefig. 1.6)givesits parallelcost:»�Á;¼�½­Är½ ¾ ¿ »�Ær¼!½kÄr½ ¾ ¿rÄ (1.24)

which leadsto analgorithmwith polynomialspeed-upbut smallgranularityÉ
¼�½
¿hÊ3»�¼<ðZ¿ .
If entriesof � arein globalmemoryafter initialization, we have ä Ær¼�½
¿SÊDâ�¼!½f¾�¿ . In a view

to minimizing the communicationsinvolved by the algorithmitself, in the following we do not
considertheaccessto � in thecommunicationwork ä Æ<¼!½,¿ .

In orderto increasegranularity, we considera divide&conquerversionof this algorithm[7].
Let � , ! and " bedividedinto blocks:�8Ê ' � ËJË (� ¾ Ë � ¾J¾$) !�Ê ' ! Ë! ¾*) "iÊ ' " Ë" ¾$) Ó (1.25)

Here � ËJË is of size +ÐÒ,+ , " Ë and " ¾ areof size + . We have:� Ë>Ë " Ë Ê�! Ë and � ¾>¾ " ¾ Ê-! ¾/. � ¾ Ë " Ë Ó (1.26)

where " Ë and " ¾ arecomputedrecursively usingthesamealgorithm; � ¾ Ë " Ë is computedusinga
scalarproduct(see1.13).Notethattheuseof a pipelineschemeleadsto thepreviousparallelcost
1.24.
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Update( x : out E,
a : in E,
y : in E )

begin
x.Cumul<+>( -a.Read()*y.Read() );

end

FinalDivision( x : in and out E,
a : in E )

begin
x.Write( x.Read() / a.Read() );

end

TriangularSolve ( n : in integer,
a : in array[1..n, 1..n] of E,
b : in array[1..n] of E,
x : out array[1..n] of E )

begin
i,j : local integer;

for i = 1..n loop
x[i].Cumul<+>( b[i].Read() );
fork FinalDivision(x[i], a[i,i]);
for j = (i+1)..n loop

fork Update(x[j], a[j,i], x[i]);
end loop

end loop
end

b1 a11

X1 a31

a21

b2

a22

-*

/

-*

+

/

X2 a32

-*
b3

a33

/

X3

X2

X3+

Figure1.6: DFGfor thesolvingof a 021,0 nonsingulartriangularmatrix

We may thenstoptherecursive splitting whenmatricesareof size 34153 , andusesequential
algorithms(triangularsysteminversionandmatrix-vectorproduct)onmatricesof sizelesserthan3 . Theresultingparallelcostis: � � �6	737�8	:9;� ��<>=?	:37� 	 93A@ (1.27)

which leadsto analgorithmwith granularityB:�C	D�/EF�G�63H� .
Theorem5 For any IKJML , a triangular nonsingularlinear systemcanbesolvedby an efficient
parallel algorithmof coarsegranularity 	7N in time �O�C	DPCQRN�� .
Choosing3AES	 N EUT?�C	D� in 1.27provestheupperbound. V .

1.3.2 Breakingdependencies

The linear time lower boundon previousalgorithmtime comesfrom thedependency in formula
1.26betweencomputationsof W P and W 9 . This dependency maybebrokenby directly computing
theinversesof thetriangularnonsingularmatricesX P�P and X 9�9 .
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Considerthe matrix � split in four blocksof dimension½DY�� (1.25with +ãÊ®½�YZ� ). Thenwe
have: � # Ë Ê ' � # ËË>Ë (. � # Ë¾>¾ � ¾ Ë � # ËË>Ë � # Ë¾J¾ ) (1.28)

From theorem3, the productof two matricesof dimension ½ is computedwith parallel cost»�Á;¼t¶|·e¸p½kÄr½�À�¿ . In thefollowing, wewill referto thiscost.
To computethe inverseof � from 1.28,we first computerecursively andin parallel � # ËË>Ë and� # Ë¾>¾ . Then we computethe last block of �$# Ë by performingsequentiallytwo parallel matrix

products.Theparallelcostfor inverting � is then:»\[U¼C]_^�É ¾ ½kÄr½ À ¿ »�ÆpÇ�]_^�É ¾ ½kÄ ½ À¶|·e¸ Ë!Í À ½ È (1.29)

Once�$# Ë is computed,"�ÊU�$# Ë ! canbecomputedwith thesamecost.However, evenif polylog-
arithmic in time, this algorithmhaspolynomialinefficiency. In the next paragraph,we useit on� Ë>Ë in 1.26in orderto decreaseparalleltime.

Remark. Theabove algorithmis efficient for computingtheinverseof a nonsingulartriangular
matrix. Notethatby usingfastmatrixmultiplication,theparallelcostis reducedto » Á ¼t¶�·�¸ ¾ ½kÄr½a`Ì¿
with b.èU� Ó Û�c [46]. Besides,if computationsareperformedsequentiallywhenthedimensionsof
thematricesarelesserthan µ ö ½ æ , ¼Jçpè3ðZ¿ , theobtainedalgorithmis efficientandhaspolynomial
speed-upandpolynomialgranularity.

1.3.3 Cascadingdivide&conquer to minimize time

Thepreviousalgorithmis notefficientbut maybecombinedto therecursivesequentialalgorithm
(formula1.26).Thetrick is to useit onsmalldimensionmatrices(let ussay + ) whentheoverhead»�¼C+ À ¿ due to the fast inversionof sucha matrix becomesneglectiblecomparedto coefficients
updates(roughly ½:+ ). This leadsto thefollowing algorithmof Pan&Preparata[46].

Theorem6 Thesolutionof a nonsingulartriangular systemcanbecomputedin»�Á;¼�½ Ë�Í ¾ ¶�·�¸p½kÄr½ ¾ ¿
usinga standard ½ À matrixmultiplicationalgorithm.
If a fast ½ ` multiplicationis usedthentheparallel costis:»�ÁZ¼!½�d ` #6¾�e Í d ` # Ë e ¶�·e¸ ¾ ½­Är½ ¾ ¿ Ó
Thefollowing 1.27,let � besplit in ½ ¾ YZ+ ¾ blocksof size + Ò&+ . Though,notethata directcom-
putation(seetheorem1.27) leadsto a paralleltime »N¼!½ Ë!Í ¾ ¶�·e¸ ¾ ½
¿ . To avoid the ¶|·e¸�½ overhead
factorin theparalleltime,weproceedby gatheringcomputationon ¶�·�¸ ¾ + blocks.
Let µ�ÊU+�¶�·e¸�+ ; thematrix � maybeseenassplit in ¼�½DY;µ�¿�¾ blocks,eachblockconsistingin ¶�·e¸ ¾ +
sub-blocksof dimension+ (cf fig. 1.7).
We usethesequentialiterativealgorithmon the ¼�½DY;µ�¿�Ò ¼�½�Y µ�¿ coarsegrainmatrix. At step ñ , we
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of size h.log(h) * h.log(h)
n/h.log(h) blocks

log(h) blocks
of size h * h

Figure1.7: Splittingusedfor +�ÊUc , +�¶|·e¸\+�ÊU� f , ½XÊUg�h
have to invert the triangularsystemcorrespondingto the diagonalblock ¼�ñ@ÄrñJ¿ . For this compu-
tation,we first invert concurrentlythe ¶|·e¸�+ diagonalsub-blocksof this block. Then,we update
otherssub-blocksof "¢ï . At theendof thestep,blocks "Ri , for jlk�ñ , areupdated.
Thealgorithmis thefollowing:

Initialization.
Let � besplit into ½�Y µ blocks mgï�n i of dimensionµ ( µ�ÊU+�¶�·�¸�+ ). For ðNÎojXÎ8ñpÎ8½DY;µ , letmgï
n i besplit into ¶|·e¸\+ÐÒX¶�·�¸�+ block p º n qï�n i of dimension+ .
Let " beinitialized to ! andsplit accordingto � .

for ñkÊ ð Ó�Ó ½DY;µ do

1. for jGÊ.ð Ó|Ó ¶�·�¸>+ do

fork Â�p i6n iï�n ï Å # Ë Ê invert¼Cp i6n iï�n ï ¿ .
UsingfastinversionandBrent’sprinciple,thecostis »�ÁZ¼$¶�·e¸ ¾ +
Ä8+ À ¶�·�¸�+f¿ .

2. for jGÊ.ð Ó|Ó ¶�·�¸>+ do
update" i ï in parallel" i ï Ê Ârp i6n iï
n ï Å # Ë Âr" i ï . ò i # Ëq ô Ë p iCn qï�n ï " qï Å
Scalarproductareperformedin parallel:thus "Ìï is computedwith acost »�ÁZ¼$¶�·e¸ ¾ +
Ä8+�¾Ì¶�·�¸�+f¿ .

3. for jGÊ�ñ Ã ð Ó|Ó ½DY;µ fork update"si in parallel"si�ÊS"Ri . mtiCn ïu"Ìï
Performingscalarproductin parallel,thecostis »�ÁZ¼$¶�·e¸�+
Är½:+�¶|·e¸�+f¿ .

Thefinal costis : »�ÁZ¼!½�¶�·�¸ ¾ +7Y µfÄr½�Y µ ÷iøZù ¼C+ À ¶�·�¸�+,Äm½7+�¶�·e¸\+f¿<¿ . Sinceµ�ÊU+�¶|·e¸\+ , it reducesto:» Á ¼�½�¶�·e¸�+7Y�+
Ä ÷iøZù ¼�½:+ ¾ Är½ ¾ ¿@¿rÄ
andtheoptimalvaluefor + is thelargeronethatleadsto awork ä Á�¼�½
¿sÊ.»N¼!½f¾�¿ . Thus,wechoose+�Ê9½ Ë!Í ¾ andweobtaintheupperbound.
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Thesametechniqueis appliedto obtaintheupperboundwhena fastmatrix multiplicationalgo-
rithm is used. Ü
1.3.4 Applications in linear algebra

Many linearalgebraalgorithmsarebasedonaGaussianeliminationscheme:linearsystemsolving,
normalforms(Hessenberg, Smith,Frobenius,symbolicJordan).Sucha schemeprovidesparallel
algorithmswith polynomialspeed-up:at eachstep,a transformationis computedthatcanthenbe
appliedin parallel to eachcoefficient of the matrix. For instance,solving a non-singularlinear
systemusingstandardGaussianeliminationleadsto a parallelalgorithmwith cost:»�Á;¼�½­Är½ À ¿ »�Æ<¼!½kÄr½ ¾ ¿ (1.30)

Moreover, very fastdeterministicalgorithms(polylogarithmicparalleltime) areknown for most
problems[45, 24, 58, 57] but they areoften inefficient ( ä Á ¼�½
¿�Ê ½av d Ë e ä % ¼�½
¿ ). For instance,
solvinga non-singularlinearsystemcanbecomputedin parallelwith cost:»�Á;¼C]_^�É ¾ ½kÄr½ ÀxwRy ¿ (1.31)

with z Ê ð�Y�� in characteristiczero[16, 50] and z Ê ð in thegeneralcase[11]. Applying thesame
cascadingdivide andconquerstrategy leadsto sub-linearparallelalgorithmswith optimal5 work
[46]: »�ÁZ¼!½ Ë!Í�{ ¶�·�¸ ¾ ½­Är½ À ¿ Ó (1.32)

Remark. Thesametechniqueappliedon Strassenformulation[56] (which maytakebenefitof
fast »�¼�½ ¾x| Àx}C~ ¿ matrix multiplicationalgorithms),doesnot succeedin thebuilding of a sub-linear
algorithmwith paralleltime ½H� , ��è3ð .
1.3.5 Conclusion

In thisparagraph,we have usedbi-dimensionalblockmatrixpartitioningin orderto:� increasethegranularityto build polynomialspeed-upalgorithmswith polynomialgranular-
ity; thetechniqueusedis cascadingdivideandconquerwith a sequentialalgorithmin order
to decreasecommunicationcosts.� decreaseparalleltimewhile preservingthework; thetechniqueusedis cascadingdivideand
conquerwith avery fastbut inefficientalgorithmin orderto makethecomputationfaster.

In [46], thesametechnique,calledwork-preservingspeed-up, is appliedto several linearalgebra
algorithms:LU factorization,inversion,quasi-inversion,solutionof linearstructuredsystems.

5relatively to thestandardÔ�Ö�×eØmÚ sequentialalgorithm
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1.4 Randomization to decreasetime or preservework.

Whenanalgorithmhasaboundeddegreeof parallelismor apolynomialefficiency, randomization
mayhelpin orderto eitherdecreasetimeor preservework,eventuallyboth.Thissectionillustrates
bothaspectson thecomputationof therankof amatrix.

In computeralgebra,randomizationis mostoften introducedvia theverificationof a polyno-
mial identity by evaluationon a randomvalue. Testingwhethera polynomialis identicallyzero
candeterministicallybe solved by evaluatingthe polynomial,representedasa straight-linepro-
gram,at a sufficient numberof points. However, dependingon thedegreeandon thenumberof
indeterminates,sucha deterministictestcanrequireahugenumberof evaluations.Following the-
orem,dueto Schwartz[54], usesrandomizationin orderto reducethisnumberwhile boundingthe
probabilityof failure.

Theorem7 [54, 28] Let ��¼C" Ë Ä Ó�Ó�Ó Ä�" ¹ ¿ be a polynomialin the variables ¼6"Ìït¿ , ðgÎüñNÎ´½ , over
a field � . Let � bea finite subsetof � with cardinal � . Let ¼6z Ë Ä Ó�Ó�Ó Ä�z ¹ ¿ bea vectorselectedat
randomin � ¹ . If � is not identicallyzero then

Prob ¼���¼Cz Ë Ä Ó�Ó�Ó Ä8z ¹ ¿@¿UÊ ( ¿pÎ deg ¼��S¿� Ó
Oncea problemis reducedto the verificationof a polynomial identity, this theoremallows

to build a Monte-Carloalgorithmto solve it (for an introductionon Monte-CarloandLasVegas
algorithms,see[36]). It is sufficient to build a parallelalgorithmthatevaluatesthepolynomialat
a giveninput point. By choosingthis point at randomin a largeenoughfinite subset6 we obtaina
Monte-Carloalgorithmwhoseprobabilityof error is at most ð�Y�� . This techniquemaybeapplied
in a very large framework [36, 28] andis commonlyusedin computeralgebra[45] to build fast
algorithmswith optimalwork. We illustrateit on theproblemof computingtherankof a matrix.

In thefollowing, � denotesamatrixof dimension½ÐÒ�½ with coefficientsin afield � . For the
sakeof simplicity, � is assumedinfinite.

1.4.1 Randomizationto suppressdependencies

Therankof a matrix canbecomputedusinga standardpivoting Gaussianelimination. Similarly
to 1.24,this resultsin analgorithmwith parallelcost:»�Á;¼�½­Är½ À ¿ »�Æ<¼!½kÄr½ ¾ ¿ (1.33)

On the contraryto triangularsystemsolving, the computationscheme(DFG) is relatively un-
known: coefficientsto modify aredeterminedat eachsteponly oncethe pivot elementhasbeen
chosen.

In [8], randomizationis usedin orderto reducethewholeproblemto a fixedDFG on which
parallelizationtechniquescanbeapplied.Thealgorithmis basedonthefollowing characterization
of therank: rank¼C�L¿hÊU� if f thereexist two non-singularmatrices� and

à
suchthattheprincipal

minor of dimension� in ��� à is nonzerowhile principalminorsof dimensionlarger than � are

6Notethat,if � is not largeenough,this mayrequireto work in anextensionof � [24].
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zero. Moreover, � and
à

canbe takenat randomwith a high probabilityof success:theuseof
theorem7 to evaluatethis probabilityrequiresto expresstheproblemasapolynomialidentity.

Let ��ï�¼��pÄ à ¿ denotetheprincipalminor of dimensionñ of ��� à . Dueto multi-linearity of the
determinant,��ï is a polynomialof degree �e½ with indeterminates�­ï�n i and

à ï�n i ( ð1Î�ñ<Ä6j�Î ½ ).
Previousrankcharacterizationleadsto thefollowing polynomialidentities:� ï��Ê ( ðSÎ�ñhÎU�� ï Ê ( �Nè�ñUÎ8½ (1.34)

Thissuggeststhefollowing Monte-Carloalgorithmto compute� :
1. Choosetwo randomnon-singularmatrices � and

à
with coefficients in a finite subsetof

cardinal� of � ;

2. Compute:m Ê���� à ;

3. For ðSÎ8ñUÎ9½ , compute�eï
Ê det¼�mgï$¿ andlet ����Ê ð ;
4. ReturnîLÊ Maxº ô��;n |�|�| n ¹s� µHYZ� º �Ê (�� .

(Notethatstep3 and4 maybereplacedby a logarithmicsearchto computeî ).
In any case,îGÎU� . Theprobabilityof error, which occurswhen îMè�� , correspondsto executions
wheretheevaluation��� of polynomial ��� is zeroalthough��� , of degree��½ , is not identicallyzero.
From theorem7, this probability is boundedby ¾ ¹Æ . Choosing��Ê�f~½ resultsin a Monte-Carlo
algorithmwith probabilityof errorlesserthan Ë¾ .Arithmetic costis dominatedby thecomputationof the ½ determinants.If Chistov’s method
[11] is used,this costis: »�Á;¼C]_^�É ¾ ½kÄr½ ` w Ë ¿ (1.35)

In orderto improve efficiency, determinationof î maybe computedusinga logarithmicscheme
insteadof thepreviousbruteforcemethod.Usinganefficientrandomizedalgorithmto computethe
determinant(for instancetherandomizedoneof KaltofenandPan[33], theparallelcostbecomes»�ÁZ¼6]�^�É À ½­Är½ ` ¶�·e¸p½
¿rÄ (1.36)

From Monte-Carlo to Las Vegas. Thebuilding of a LasVegasalgorithmfrom a Monte-Carlo
onemainly consistsin verifying thattheoutputis a correctsolutionto theinitial problem.Sucha
verificationis easyfrom thepreviousalgorithm;it sufficesto verify thatall columns(resp.rows)
of thematrix m Ê���� à arelinearcombinationsof î independentcolumns(resp.rows) in m , î
beingtheoutputof thealgorithm.

Considerthefollowing splitting for m , thefirst block m ËJË beingof size î Ò¦î :m Ê ' m Ë>Ë m Ë ¾m ¾ Ë m ¾J¾ ) Ó (1.37)m Ë>Ë is a non-singularmatrix. Let � Ê�m ¾ Ë m # ËË>Ë and � Ê�m # ËËJË m Ë ¾ ; notethat � and ��� areof
size ¼!½ . îe¿SÒ î . Since � and

à
arenon-singular, � is of rank î if f the last ¼!½ . îe¿ rows and
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columnsof m arerespectively linearcombinationsof the î first ones.This relieson thefollowing
identities:  ¡¢ ¡£¥¤ m ¾ Ë m ¾>¾�¦ Ê-� ¤ m Ë>Ë m Ë ¾x¦' m Ë ¾m ¾>¾$) Ê ' m Ë>Ëm Ë ¾$) � (1.38)

Assuminga Las Vegasalgorithmto computem # ËË>Ë with parallelcost » Á ¼t¶|·e¸ ¾ ½kÄr½a`'¶|·e¸p½,¿ ([33],
thoseidentitiescanbeverifiedwith aparallelcost:»�Á;¼t¶�·�¸ ¾ ½kÄr½ ` ¶|·e¸�½,¿ Ó (1.39)

This resultsin anoptimalrandomizedLasVegasalgorithmto computetherank.
In theabovealgorithm,randomizationis stronglyusedfor preconditionningtheinput (compu-

tationon ��� à insteadof � ) in orderto suppressdatadependenciesthat boundsparallelism. A
naturalquestionis thentheexistenceof a fastdeterministicalgorithm,i.e. with few dependencies.
In [44], Mulmuley provided sucha deterministicalgorithmfor computingthe rank: it achieves
parallel time »N¼$¶�·�¸ ¾ ½
¿ but polynomialinefficiency. Then,randomizationis requiredto provide
efficiency.

1.4.2 Randomizationto provide efficiency

Basedon a generalizationof a methoddevelopedin [27] for arbitraryfields,Mulmuley algorithm
[44] reducestheproblemof computingtherankto thecomputationof a characteristicpolynomial
in anextensionof thegroundfield � .
In thefollowing, � is assumedsymmetric;this is donewithout lossof generalitysince

rank¼C�S¿UÊ ð� rank Ç ' ( ���� ( ) È¦Ó
Theorem8 [44] Let � be a square symmetricmatrix over a field � and let p be the highest
integer such that "§� dividesthe characteristicpolynomial ¨8[H©
¼6"v¿�Ê´ò ¹ïõôs�«ª ï!¼C¬b¿­" ï of the matrix�¯® over �1¼C¬b¿ : �¯®�Ê±°²²²²³

ð ¬ (( ... ¬ ¹ # Ë
´¶µµµµ· � Ó

Thenrank¼C�L¿ Ê9½ . p .

Deterministicparallelalgorithmsfor computingthecharacteristicpolynomialin paralleltime»�¼t¶|·e¸ ¾ ½
¿ areknown [16, 11] but they have work »�¼�½ ` w Ë ¿ . Even if we assumeanoptimalalgo-
rithm for computingthecharacteristicpolynomialwith arithmeticwork »�¼�½ ` ¿ , dueto polynomial
arithmetic,thecostof theabove algorithmwouldbe:»�Á;¼t¶|·e¸ ¾ ½kÄr½ ` ½:]�^�É v d Ë e ½
¿ (1.40)

Sinceª ï$¼6¬b¿ arepolynomialsof degree »N¼!½,¿ , awayto obtainefficiency is to getrid off polynomial
arithmeticon � usingevaluationat a randomvalue.
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Moreover, efficient »�Á;¼C]_^�ÉK¾r½kÄr½ ` ¶�·�¸p½,¿ randomizedalgorithmareknown for computingthemin-
imal polynomial. Multiplying �¯® by a randomnon-singularmatrix over � results,with high
probability, in a matrixwith distincteigenvalues;then,minimal andcharacteristicpolynomialare
equal.
Thosetwo stepsof randomizationresultin thefollowing efficientMonte-Carloalgorithmfor com-
putingtherank:

1. Choosearandomnon-singularmatrix � ;

2. Choosearandomvalue ¬ in � (or in anextensionif � is toosmall);

3. Computetheminimalpolynomial ¨;¸R[§¹;¼C"f¿ of thematrix �¯��º ;
4. Return½ . p wherep is thehighestintegersuchthat "»� divides ¨8¸§[ ¹ ¼6"f¿ .

Theparallelcostis then: »�Áe¼t¶|·e¸ ¾ ½kÄr½ ` ¶�·e¸p½
¿ (1.41)

whichresultsalsoin anefficientMonte-Carloalgorithm.

Remark. Theabove algorithmis very closeto theonepresentedin 1.4.1;Mulmuley algorithm
caneffectively beconsideredasaninefficientdeterministicversionof 1.4.1.This is notsurprising
sincebothrandomizedalgorithmssolve efficiently thesameproblem.However, we have pointed
out two differentmotivationsfor theuseof randomization.

1.4.3 Conclusion

In theabove examples,randomizationis usedto provide work-optimalcomputationsfrom either
slow or fastbut not efficient deterministicalgorithms.Dueto thefact thatonly randomizedalgo-
rithmsareknown for computingefficiently the inverseof a matrix in polylogarithmictime [33],
randomizationis animportanttool in parallelcomputeralgebra.

1.5 Parallel time complexity and NC Classification

An efficient parallelalgorithmachievespolynomialspeed-upwithin anoptimal(or nearoptimal)
numberof operations.Obtainingboundson the parallel time requiredto solve a given problem
within areasonablenumberof operationsis thenof fundamentalinterest.Moreover, asdetailedin
previoussections,very fastparallelbut inefficient algorithmsmaybeof practicalinterestif they
canbecoupledto anefficientbut slow algorithm.

In theframework of parallelcomplexity, ¼ à class[13] which includespolynomialsequential
time problemsthathave a polylogarithmicparalleltime playsanimportantrole [35]. Theparallel
modelusedin theformaldefinitionof ¼ à is log-uniformfamily of booleancircuits[53]. ¼ àêº is
theclassof problemsthatcanbesolvedby sucha family with depth »�¼$¶�·e¸ º ½
¿ and ½ v d Ë e boolean
gates7. For instance,integerarithmetic( Ã , . , Ò andEuclideandivision)liesin ¼ à Ë . Introduction

7Gatescomputeboundedfan-inbooleanoperations(or, andandnot) andhaveunboundedfan-out[26]. Extensions
to unboundedfan-ingatesleadsto class½�¾ [29].
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of gatesthat deliver in outputa randombit allows to definecorrespondingrandomizedclasses:¿ ¼ à for Monte-Carlocircuitsand À¯¼ à for LasVegasones.Problems� -complete[28, 49,35]
arein ¼ à only if f ¼ à ÊÁ� ; amongthem,themonotonecircuit valueproblem(MCVP) consists
in theevaluationof a booleancircuit, roughlyequivalentto a DFG with booleannodesasdefined
in this chapter. The integer greatestcommondivisor remainsan openquestion;only sub-linear»�¼ ¹ý^þ>ÿ ¹ ¿ algorithmsareknown [34, 35].

Thealgebraicextension[61] of this primitivemodelallows to build circuitswhichgatescom-
putearithmeticoperationsin an algebraicdomain. A gatetestingnullity ( Â¦Ê ( ) is introduced
in orderto mix booleanandarithmeticoperations.For instance¼ àSºÃ ( Ä standsfor field) is the
classof problemsthatcanbesolvedby log-uniformfamily of circuitswhosegatesperformarith-
meticoperationsin any field, i.e. Ã , . , Ò , Y and Â�Ê ( . Complexity of basiccomputeralgebra
problemshasbeenextensively studied[8, 13, 59, 60, 35, 45]. Polynomialarithmetic( Ã , . , Ò
andEuclideandivision) lies in ¼ à ËÃ [45]. An importantclassis ÅÇÆSÞ Ã which containsproblems¼ à Ë -reducibleto the determinantof a matrix; matrix powering is completefor ÅÇÆSÞ Ã . Å2ÆêÞ Ã
is includedin ¼ à ¾Ã . Most of linearalgebraproblemslie in ¼ à ¾Ã : rank,null-space,minimal and
characteristicpolynomial,gcdof many polynomials[8, 44], Hermitenormalform of polynomial
matrices[31], SmithandsymbolicJordanforms[52, 58,57,21]. Notethatthoseproblemsadmit
anoptimal »�Ær¼t¶|·e¸ ¾ ½kÄ ä&% ¼�½
¿<¿ parallelalgorithmby usingrandomization[33, 23,24,45]. Though,
in certaincases,somegeneraltechniquesareknown to removerandomnesswithout increasingthe
work [42], no work optimal deterministicalgorithmswith poly-logarithmictime areknown for
thoseproblems.

As it appearsfor mostcomputeralgebraproblemsstudiedin this chapter, parallelalgorithms
oftenappearasarestructurationof sequentialones,takinginto accountalgebraicpropertiesof the
arithmeticoperationsinvolved. Although evaluationof a booleancircuit is � -complete,several
algorithmshave beendevelopedto evaluatearithmeticDFGs(alsocalledstraight-lineprograms)
takingbenefitof theunderlyingstructure.In a semi-ring,DFG thataretreescanbeevaluatedin»�¼t¶|·e¸�½
¿ time without increasingthenumberof operationsperformed[9]. Any DFG performing½ operationsin a semi-ringandwhoseoutputsareof arithmeticdegree8 � canbe evaluatedin» Á ¼t¶|·e¸p½�¶�·�¸f¼!½7�b¿mÄr½ À ¿ [32]. This result hasbeenextendedto DFGs performingoperationsin a
lattice[51]. A moregeneralsimulationof a RAM machineon a PRAM one[43] shows thatany
DFGcanbeevaluatein parallelonanunboundednumberof processorswith polynomialspeed-up.

1.6 Conclusion

ThischapteroverviewsthePRAM framework (executionmodelandmainalgorithmictechniques)
in which parallelalgorithmsarebuilt andanalyzed.Themacrodata-flow graph(DFG) relatedto
theexecutionplaysacentralrole: it describesdata-dependenciesbetweenblocksof instructions.

Abstractmeasuresusedto analyzealgorithmsaredepthandwork; arithmeticandcommuni-
cationcostsaredistinguished.Theonecorrespondsto operationsperformed(macro-instructions
nodes)while the other to accessin the sharedmemory(datadependenciesnodes). Arithmetic
work anddepthhave beenusedfor many yearsto analyzeperformancesof parallelalgorithms

8In sucha DFG, any outputmaybeequivalentlyseenasa polynomialwhoseindeterminatesarethe inputs. The
arithmeticdegreeis thenthemaximaldegreeof polynomialscorrespondingto theoutputs.
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[9, 55,35,28,6]. Dueto experimentalconstraints,therelevanceof communicationscosts(i.e. to-
tal communicationtraffic – work - andtotalcommunicationsdelay)hasbeenpointedout to obtain
practicalperformantprograms[5, 19]. Sinceminimizingcommunicationsoverheadandminimiz-
ing paralleltimeareantagonist,goodtrade-offs have beenstudiedfor severalcommonalgorithms
[47, 1, 48]. Thegranularity, definedasthearithmetic-to-communicationworksratio,appearsasa
goodparameter.
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In orderto analyzeperformanceof algorithms,a formal modelis neededto takethecostsinto
account. The successof the PRAM model is mainly dueto the fact that it doesnot attemptto
representany parallelarchitecturebut canbemappedontovariousones.Moreover, thesimulation
on a realisticmachinecanbemadeefficient (up to a constantrelatedto thegranularity),provided
many processorsof thePRAM aremappedontoasingleprocessorof ahostmachine.Thissuccess
is broughtto evidenceby thefact thatmostof thetricks usedto optimizepracticalperformances
whenprogrammingon a givenarchitecturearerelevantto algorithmictechniquesthataretheoret-
ically justifiedon thePRAM model.

Givenanalgorithm(let ussayamacrodata-flow graph– DFG– aspresentedin chapter1) and
a particularmultiprocessorarchitecture,theproblemthenis reducedto:È find agood(thebest)scheduleof theDFG;È implementtheresultingalgorithmin a programminglanguage.

Only now, the performanceof the program,i.e. the completiontime of an execution,may be
determined.Assumingfixed the initial algorithm, the machineandthe input, this performance
dependsdirectly on the schedulingstrategy. Tuning the programammountsto improving the
scheduleit implements.

This chapterpresentsthe main techniquesusedto scheduledata-dependenciesgraph(DFG)
on a given architecture.As presentedin chapter1, a DFG is the abstractrepresentationof the
executionof a particularprogramon a specificinput data É . A fine graindescription(elementary
instruction,elementarydatadependency) is unrealisticfor executionsrequiringhoursof compu-
tation time. We will thusassumethat arithmeticnodesof the DFG correspondto sequenceof
instructions:eacharithmeticnodeis thenweightedby the numberof elementaryinstructionsit
performs.

ArithmeticdepthÊ$Ë6É7Ì andwork Í&ÎÏËCÉ7Ì areevaluatedtakinginto accountnodesweights. Ê�ËCÉ7Ì
is a lower boundof theminimal time requiredby any scheduleignoringcommunicationstimes.Í&Î Ë6É«Ì is theexactnumberof operationsrequiredby asequentialexecutionof thealgorithm.Since
thebestschedulemayreplicatesomearithmeticnodesin orderto minimizecompletiontime,note
that Í Î Ë6É7Ì is alsoa lowerboundon thenumberof operationsperformedby any schedule.

Similarly, transitionnodesmay correspondto a complex datastructure(not a singleword);
eachtransitionnodeis weightedby thesizeof thedatait correspondsto. CommunicationdelayÐ�Ñ ËCÉ7Ì andwork Í&ÒxË6É«Ì arealsoevaluatedaccordingly. Ignoringarithmetictime,

Ð�Ñ ËCÉ7Ì is anupper
boundon theminimalcommunicationtimerequiredby thebestschedulefor aninfinite numberof
processors.Í Ò ËCÉ7Ì is anupperboundonthenumberof remoteaccess(communications)performed
by any schedule.

As straightenedin thepreviouschapter, the initial parallelalgorithmis assumedefficient, i.e.Í&Î Ë6Ó�Ì�ÔÁÕOË�Í&Ö;Ë6Ó�Ì where Í&Ö;Ë6Ó�Ì is thetime of thebestknown (uniform) sequentialalgorithm, Ó
beingthesizeof theinput. Moreover, in orderto makeperformanceevaluationwith É in input,we
assumethatthereexistsa constant× suchthat:Ø ÉDÙ�Ú�É�Ú�Û-ÓHÜ�Ý Í&Î Ë6É7Ì>ÞU×ßÍßÖ8ËCÉ7Ì (2.1)

Note that, for a given input É , DFGà may be known only after completion: instructionsor
transitionsnodesandedgesaredynamicallybuilt. In the languageATH introducedin chapter1,
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thosenodesarecreatedeitherby executionof a fork instructionor by accessto a shareddata.
Similarly, the costof any instructionnode(resp. sizeof datarelatedto any transition)is known
only aftercompletionof the instruction(resp.communication).In sucha generalcontext, DFGà
hasto be scheduledusing an on-line algorithm. Relatedto a functional programmingmodel,
mostof computeralgebraalgorithmspresentsucha dynamicbehavior; we thusfocuson on-line
schedulingalgorithms.

Organizationof thechapteris asfollows. In thefirst section,specificcharacteristicsof asyn-
chronousdistributedarchitecturesarerecalled.Costsof basicoperationsaremodeledby theLogP
modelintroducedin [15]. Basicmechanismsallow parallelanddistributedprogramming:com-
munications,threads,remotememoryaccessandsynchronizationstools. In the secondsection,
theschedulingof a PRAM algorithmon sucha machineis discussed.Approachesmaybedistin-
guishedin two classes.Thefirst one[54, 28] is basedon thesimulationof a PRAM machineon a
givenarchitecture:theexecutionof theparallelalgorithmis managedvia thesimulation.Global
synchronizationandemulationof thesharedmemory, which areat thebasisof thePRAM model,
arekey points. The secondone[26, 51, 38, 50, 5, 19] is basedon the direct schedulingof the
DFG.Theexecutionof thealgorithmis handledby a schedulingalgorithm. Both approachesare
motivatedby theavailability of provably goodapproximationalgorithmsto solve theunderlying
theoreticalproblems(permutationrouting[48, 42, 55,40] or DAG off-line andon-linescheduling
[29, 49,13,36,47,14,8, 6, 30]).
Thelastsectionfocuseson on-lineschedulingalgorithmswhich areof maininterestin computer
algebra.We firstly recallupperandlowerboundson thecompetitive-ratiowithout takinginto ac-
countschedulingandcommunicationoverheads.As a corollary, we thenexhibit a list-scheduling
algorithmwhichachievesoptimalsimulationof any efficientPRAM algorithm,takinginto account
thoseoverheads.Finally, we overview someprogramminglanguagesor librariesbasedon those
approaches,focusingon theonesuitedto computeralgebraalgorithms.We describeaneffective
implementationof the theoreticallanguageATH introducedin chapter1, ATHAPASCAN, which
achievesprovablyperformances.

2.1 Asynchronousdistrib uted architectures

2.1.1 Realisticmodelsof distrib uted architectures

Thereis an apparentconvergencein the field of distributedarchitectureswhich aresimilar to a
networkof workstations.A parallelmachineconsistsin asetof independentprocessors,eachwith
considerablelocal memory, linked by an interconnectionnetwork. Fundamentaldifferenceswith
thePRAM modelarethefollowing (compare2.1to 1.1 in 1):È asynchrony: eachprocessorworksindependentlywith its own local memory;thereareno

globalsynchronization.È contention: thenetworkis a resourcewith boundedaccess.

Like thelocalPRAM introducedin chapter1, two levelsof accessmaythenbedistinguished:local
andremoteaccess(parallelmachinesareoftencalledNUMA for non-uniformmemoryaccess1).

1Notethatthis non-uniformityappearsalsoat theprocessorlevel betweencacheandRAM access.
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P0 M1 P1M0 Mp Pp

Interconnection Network

Figure2.1: Generalstructureof a distributedarchitecture.Differenceswith thePRAMpresented
in chapter1 are theabsenceof a globalsequencerandcontentionfor accessto thenetwork.
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Costsof remoteaccessaremainlycharacterizedby two factors:È bandwidth : therateatwhicheachprocessorcanaccessmemory;È latency: thetimebetweenmakinga remoteaccessrequestandreceiving thereply. Latency
accountsfor resourceallocation(solvingcontentionon network)anddurationof communi-
cation(relatedto physicaldistance).

The networkbandwidththat is availableon recentparallelcomputers( Û 1 GB/s on SGI Power
Challenge,Cray T3E, SUN HPC) andeven on local networks(typically 1 Gb/susing Mirynet
connectionor DEC Memory Channel)is becominglarge enoughcomparedto the bandwidthto
local memory;thusit appearslessandlessasa bottleneck.However, latency is a moreserious
problemsinceit is boundedby physicallimits.

Severalvariationsof thePRAM modelhave beenproposedin orderto takeinto accountthose
practicalconstraints[15]: memorycontention[40,54,42,45],asynchrony [27], memoryhierarchy
[3, 34], latency andbandwidth[47, 1]. Consideringthatpoint-to-pointcommunicationis a basic
primitive,themodelLogPproposedin [16] characterizesadistributedarchitectureby thefollowing
parameters(fig. 2.2):á

: latency: anupperboundonthedelayincurredin communicatinganunit sizedata(i.e. asmall
numberof words)from its sourceto its destination;anextensionto longermessageshasalso
beendeveloped[2].â : overhead: thetimeaprocessoris engagedin thetransmissionor receptionof amessage;ã : gap: minimumtime interval betweenconsecutive messagetransmissionsor receptions.
Thereciprocalof ã correspondsto theavailablecommunicationbandwidthperprocessor;it
is denotedä in [47].å

: thenumberof processors.

This modelhasbeensuccessfullyusedon differentarchitecturesto predicttheexecutiontime
of someparallelalgorithms[16, 20]. As a consequence,classicalbalancedtreeschemesusedon
thePRAM to performiteratedsumor broadcastappearasnonoptimal[41].

As a conclusion,theportability of a parallelprogramcannotbeachievedif thecharacteristics
of thetargetarchitecturearenot takeninto account.Notingly, thecommunicationparameters,that
arepartlymodeledby LogP, havesignificantinfluenceon theperformances.

2.1.2 Basicprogramming tools

Reliablemessage-passingcommunicationis the lowest-level featurerequiredfor programminga
distributedarchitecture.It allowsbothto exchangedatabetweenprocessors(thebasicfunctionality
of the PRAM shared-memory)andto expresssynchronization(the functionality ensuredby the
sequencerof thePRAM).

Since10 years,several messagebasicinterfaceshave beenbuilt on top of the low level ones
provided on any specificarchitecturesin order to allow portableprogramming. Most famous
onesarePVM [24] andMPI [53]. MPI hasbeenstandardized[18] and is nowadaysavailable
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Figure2.2: Communicationcostparametersin theLogPmodel.

on any distributedarchitectureor networkof workstations.Basic featuresof MPI arepoint-to-
point and(blocking)collective communications,communicationcontexts (communicators), user-
defineddata-types.Otherextensionsconcernremotememoryaccess,parallel input andoutput
(MPI-F), activemessagesanddynamicprocesscontrol.

In order to hide the communicationlatency by arithmeticcomputations,two tools may be
used: asynchronouscommunicationsand threads.Threadsare lightweight processeswhich re-
quire a small overheadfor context switching. They arehandleddirectly in the sourceprogram:
a standardinterface,POSIX,hasbeendefined[10]. Threadshave firstly beendefinedfor con-
currentprogrammingand efficient useof SMPs(SharedMemory Processor)on a single node.
Sincethreadsaccessconcurrentlythesamememoryspace,synchronizationtoolsareprovidedfor
atomicity, suchaslocksandsemaphores(sometimesmonitors).

Threadsarewell suitedto hide latency on a distributedarchitecture:whena threadwaits for
the resultof a communication,it may be preemptedanda readyonescheduled.Thus,several
portableprogramminginterfaceshave beenbuilt to couplea message-passinglibrary (usuallynot
thread-safe)anda threadlibrary (availableonasinglenode),providing aneasywayto theuserfor
lightweightremoteprocedurecallsor active messages[21, 46,9].

2.1.3 Sharedvirtual memory

On many distributed architectures,remotememoryaccessare possible: they provide a virtual
sharedmemoryanalogousto theoneof thePRAM. On suchmachines,specifichardwareallows
to loadtransparentlya localor remotedatain thecacheof aprocessor. In orderto hidethelatency
of remoteaccess,prefetchingandmulti-threadingis used.

Thesimulationsof thePRAM sharedmemoryon a distributedarchitectureusehashfunctions
(randomlychosenfrom a universalclass)to mapsharedmemorycells onto the onesof the ar-
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chitecture(i.e. memorymodules)[48, 42]. Thedelayof a simulationis the time requiredfor a
singleaccess.It is relatedto the evaluationof the hashfunction, the memorycontention(when
several accessto a samemoduleoccur),andthe routing time if the networkis not complete.In
[48], a simulationwith delay ÕOË�æ
ç�è�éaÌ of an EREW PRAM on a butterfly networkis given. In
[40], randomizedsimulationsof EREW andCRCWPRAMson a distributedarchitecturewith a
completeinterconnectionnetwork(contentionis not takeninto account)arepresentedwith delayê Ë�æ
ç�è>æ
ç�èëé>æ
ç�è?ì§éaÌ . Note that,concerningtheCRCWPRAM, this simulationis at a factor æ
ç�è?ìRé
from optimal.

In orderto obtainoptimal simulations,suchdelaysareto be hiddenby arithmeticcomputa-
tions. The key ideais parallelslackness[42, 55, 40]: it consistsin simulatinga PRAM with Ó
processorson a distributedarchitecturewith fewer processorséoÞ�Ó . Thesimulationis optimal
(time-processoroptimal) if thedelayfor anaccessisproportionalto Ó�í�é . For instance,theprevious
mentionedsimulation[40] leadsto time-processoroptimal simulationof an EREW PRAM withÓtÔoé>æ
ç�è>æ
ç�èëé>æ
ç�è ì é processorsonadistributedarchitecturewith lessthané processors.Notethat
parallelslacknessis alsoinvolvedwhenusingasynchronouscommunicationsandthreadsto hide
latency.

Onthecontraryof communications,remoteaccessto sharedmemorydonotbasicallyallow to
synchronizecomputations.In thePRAM, sucha synchronizationmechanismis providedby the
globalsequencer. On distributedarchitectures,intrinsically asynchronous,synchronizationtools
classicallyusedarecommunications,locksandsemaphores.

2.2 How to schedulea DFG

Being given an algorithm, the problemconsideredhere is to schedulethe DFG relatedto the
executionon input dataon a distributedarchitecture.Thegoal is to obtainan optimal schedule
relatedto theDFG.

2.2.1 Schedulingcostof a DFG

Computingsuchan optimal scheduleis a difficult problem. Even if communicationcostsare
ignoredandtheDFGfixed(i.e. nodynamictaskcreation)with tasksof knownduration,computing
anoptimalscheduleis î å

-completeanddecidingwhetherthelengthof theoptimalscheduleis a
giveninteger ï is co-î å

-complete[23]. However, on machineswith é identicalprocessors,there
areseveralpolynomialalgorithmswith boundedcompetitiveratio, themostfamousonebeinglist-
scheduling[29]. Moreover, evenon non-uniformmachines,approximationalgorithmsareknown
[52, 30].

Computinga scheduleimplies an overheadin the executiontime; this schedulingoverhead
is governedby the time requiredto computethe scheduleitself (i.e. the costof the scheduling
algorithm)andto realizethis schedule(i.e. the mappingof tasks,preemption,migration). The
schedulingoverheadis includedin theexecutiontime Ê»ð�ËCÉ7Ì of thealgorithmwith input É on the
targetmachine.

Definition 5 (Notation) Beinggivena schedulingalgorithm ñ , theexecutiontimeof analgorithm
with input É ona machinewith é identicalprocessorsusingthescheduledeliveredby ñ is denoted
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Theminimumexecutiontimeoverall schedulingalgorithmsñ is denotedÊ ìð ËCÉ7Ì

Whenthereis no confusionabout ñ , Ê¯ò Ö_óð ËCÉ7Ì is denotedby Ê§ð�ËCÉ7Ì .
The costof computinga scheduleis directly relatedto the sizeof the DFG, i.e. the number

of tasksanddependenciesit contains.Notethat thosecostsaredifferentfrom thearithmeticand
communicationworks consideredin the previous chapterwhich take into accountthe number
of operationsperformedin eachtask and the numberof communicationsrelatedto eachdata
dependency (transition).

Definition 6 Let DFG(É ) be themacro data-flowgraphcorrespondingto theexecutionof a par-
allel algorithmonan unboundednumberof processors.We definethefollowingmeasures:È î�Î Ë6É«Ì is thenumberof tasknodesin DFGÎ�ËCÉ7Ì ;È îõô�ËCÉ7Ì is thenumberof transitionnodesin DFGô�ËCÉ7Ì ;È î Ñ ËCÉ7Ì is themaximaldegreeof a tasknodein öÇ÷GøOËCÉ7Ì ; thedegreeis thenumberof input

andoutputedgeson a tasknode(to or froma transitionnode).

Theschedulingcost ù à of DFG(É ) is:ù�ËCÉ7Ì�ÔÁË�î Ñ ËCÉ7Ì�Ù�î�Î�ËCÉ7ÌDúûîõôCË6É«ÌrÌ
Notethatothermeasuresmaybeconsideredin theanalysisof aschedulingalgorithm.For instance,
otherparametersconsideredin [7] arethemaximumnumberof edgesbetweenany pair of nodes
andthewidth of ö2÷Oø¯Î�ËCÉ7Ì , i.e. themaximumnumberof tasksthatmaybeexecutedconcurrently.

ThefinertheDFG,thelargerits schedulingcostisandthusthemoreexpensivethecomputation
of its schedulewill be. Similarly to granularity, the regularity ü is definedas the ratio of the
arithmeticwork to thesizeof theDFG.

Definition 7 Theregularity üaË6É«Ì is definedby:üaË6É«ÌýÔ Í&Î Ë6É«Ìî Î Ë6É7Ì7úûî ô ËCÉ7Ì?þ
A PRAMalgorithm(or equivalentlyits relatedDFGs)if saidof polynomialregularity iff:üaËCÉ7Ì�Ô�Ú É�Ú ÿ ���

with �\Û � þ
Notation. In the following, we will considerthe executionof a given algorithmon a given é
processorsmachinewith an arbitraryinput É of size Ó . Thus,all notationsareimplicitly related
to É and Ó . For instance,î�Î will denoteî�Î�ËCÉ7Ì , thenumberof tasknodesin themacrodata-flow
graphrelatedto theexecutiononanunboundednumberof processorswith É in input.
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2.2.2 Off-line and on-line scheduling

TheDFGcorrespondingto theexecutionmaybepartiallydeterminedatcompiletimeby dataflow
analysisof thecodeof thealgorithm,or maybediscoveredduringtheexecution(dependingonthe
valueof computeddata)andcompletelyknown only aftertheendof theexecution.Dependingon
thisknowledgeof theDFG,theschedulingcanbethencomputedoff-line or on-line.

Static allocation of tasksto processors.

WhentheDFG correspondingto theexecutioncanbeanalyzedat compile-time,it is possibleto
find a goodscheduleby hand,maybeusingstaticschedulingtools. Theresultof thescheduling
is to assigneachtask of the DFG to one processor(or more if replicationis required). On a
givenprocessor, tasksaresequentiallyordered2 in orderto respectprecedences;datadependencies
betweenthemareemulatedby accessto shareddatain the local memory. Whentasksareplaced
on differentprocessors,data-dependencies(i.e. accessto dataandprecedencerelations)maybe
emulatedin two differentways:È By communication.Thedatacorrespondingto a write-readdependency hasthento beex-

plicitly sentfrom thewriting taskto thereadingone.This operationcorrespondsto a phys-
ical global copy of the data; locally unreferenceddatahave to be deleted(local garbage-
collection).
An importantpoint is thatthecompletionof receiving instructionsimplicitly implementsthe
precedencerelation(synchronization).È By shared-memoryaccess.Communicationsthatimplementremoteaccessarethenimplicit.
However, theprecedencerelationbetweennonlocal taskshasto bedescribedusingglobal
synchronizationtools.

As a result,beforeexecution,eachprocessorgetsits own program.Usually, this programis the
samefor all theprocessorsbut is parameterizedby thepid of theexecutingprocessorin orderto
implementdifferentbehaviors. PYRROSusesthis approachanda specificschedulingalgorithm
whichperformsa clusteringof tasks[26, 25].

Dynamic allocation of tasksto processors.

In computeralgebra,elementarytasksareoftenof unknown cost.For instance,costsof arithmetic
operations(onrationals,polynomialsor matrices)areusuallyunknown atcompiletimesincetheir
arerelatedto characteristicsof thevaluescomputedat executiontime (sizeof thedata,degreeof
a polynomial,sparsityof amatrix). Dependingonsuchvalues,parallelism(i.e. creationof a task)
maybegeneratedduringtheexecution.In sucha case,anon-lineschedulingalgorithmis used.

Most of on-lineschedulingalgorithmsarebasedon the following greedyschemecalled list-
scheduling[4, 11]:È Whena processorcreatesa new task (fork instructionof the PRAM languageATH), it

storesit in a list of tasks.
2Multi-threadingmaybeusedto describea partialexecutionorder.
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Note that, theremay exist ready tasks,i.e. whoseprecedencerelationsaresatisfied,and
non-readytasks,i.e. whoseoneof theprecedenttasksis not completed.È Whena processorbecomesidle (i.e it hasno readytaskto execute),it getsa readytaskin
thelist if any.

Algorithmsvarydependingon thewaythelist is managedandprocessorsputandgettasksin it.
Theprogramthatimplementsthealgorithmexpressesa functionalparallelism: tasksgenerally

correspondto procedureor functioncalls. Non-completedtasksor dataarecalledfuture. An im-
portantpoint concernsthemanagementof data,parametersof thetask:they canbesystematically
copiedin a stackcorrespondingto thefunctioncall or passedby a referenceto datain theshared
memory. Precedencerelationsbetweentasksmay correspondeither to datadependenciesor to
taskprecedences.

Schedulingoperations

Theprevioussectiondoesnotspecifywhichinstructionsaschedulingcanperform,exceptclassical
computationsandthepossibilityof executinga basictask– anelementarynodein theDFG – on
a processor. Migration instructionsallow to suspenda taskduringits executionin orderto mapit,
maybelater, onanotherprocessor[52, 4]:È migration restrictedto restart: whena task is moved to anotherprocessor, its execution

restartsfrom its beginning;È migration: whena taskis migratedto anotherprocessor, its executionrestartsfrom its last
instructionperformed.

A schedulingalgorithmwith no-preemptionmakesno useof thoseoperations:it hasno control
on a taskonceit hasassignedit to a processor, just gettinginformationwhenthetaskis finished.
Migrationrestrictedto restart,denotedin [52] asno-preemptionwith restarts, isusefulonmachines
whoseprocessorsarenot identical.

2.2.3 Which schedulingalgorithms in computer algebra?

An importantpoint is thaton-lineandoff-line schedulingalgorithmshave theoreticalfoundations
[29, 22, 35, 11, 30]. Thereexist provably goodapproximationalgorithmsfor bothwith bounded
competitiveratio. For both,specificalgorithmsaredevelopedto increaseperformancesfor certain
classesof graphs(for instancetreesor SP11graphs– fork-join – ).

Of course,performancesof off-line algorithmsare betterwhen the DFG is known and the
machinefixed.However, sinceon-linealgorithmsmakenohypothesison theexecution(or few for
thedeterminationof tasksprecedences),they canbeusedfor any classof applicationsandthusare
of generalinterest.

Thus, both techniquesare usedin computeralgebra. For instance,block-scatteringmatrix
mapping,which canbeconsideredasanhand-madeoff-line algorithm,leadsto near-optimalper-
formancesfor linearalgebraproblemslike densematrix multiplicationor inversion(cf chapter1)
overa smallfinite field (e.g.GF(2))ona distributedarchitecturewith identicalprocessors.
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However, dueto their generalityandtheir closerelationwith functionalparallelism[31, 51],
on-lineschedulingalgorithmsareof specificinterestfor aparallelcomputeralgebrasystem.In the
following wethusfocusof thosealgorithms.

2.3 On-line schedulingalgorithms

2.3.1 Foundationsof on-line scheduling

Theoreticalfoundationof on-line schedulingalgorithmsis due to Graham[29]. The following
theoremappearshasan arbitrarygrain versionof Brent’s principle presentedin chapter1. We
recallits proofwhich is thebasisof mostof furtherresults.

Theorem9 [29] If schedulingoverhead(i.e. the costof computingthe scheduleandmanaging
the list of tasks)and communicationcostsare not considered, any list-schedulingalgorithmhas
competitiveratio

���
	 ÿð�� , i.e. Ê»ð�
�� ��	��é�� Ê>ìð
.

A list-schedulingalgorithmis suchthat,at any time,at leastoneprocessoris executinga task.
Then,if atagiventimeaprocessoris idle thenthereexistsat leastoneprocessorwhichexecutesa
task.Let ����� beoneof thetaskscompletedat date Ê»ð andlet ����� bethedatewhenexecutionof �����
hasbeenstarted.Two casesarise:

1. eithernoprocessorwasidle before� ��� .
2. eithertherewasat leastoneprocessoridle at a certaindatebefore ����� . Let � be the latest

datebefore ����� whena processorwasidle. At � , ����� wasnot ready(elseit would have been
startedonanidle processor).Thus,thereexistsa task ��� � suchthat ���!� wasbeingexecutedat� and ��� �#"$����� . Let ���!� bethedatewhenexecutionof ��� � hasbeenstarted.

Recursively applyingthis schemeuntil case1 occurs,we build a sequenceof tasks ���&%'" þ þÏþ "��� �#"$����� suchthat,atany timewhereaprocessoris idle, thereexist � 
$()
$* suchthat ���&+ is being
executedononeprocessor.

Similarly to chapter1, let Ê betheminimal arithmetictime on anunboundednumberof pro-
cessorsand ÍßÎ bethetotalnumberof operations.Thetotal idle timeis definedby ,.-OÔoé§Ê§ð 	 ÍßÎ .
For � 
/(�
/* , let ï10 bethedurationof task ���&+ . We have: ,2-3
ÁË�é 	 � Ì5476098 ÿ ï10 which leadsto:éRÊ»ð�
�ÍßÎýú-Ë�é 	 � Ì 6: 0;8 ÿ ï10 þ
Besides,sincetasks���&+ , � 
/(�
/* areon acritical path: 476��8 ÿ ï10<
�Ê . This leadsto:Ê»ð�
 Í&Îé ú=� � 	 �é�� Ê (2.2)
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We alsohave Ê>
ÁÊ ìð . Moreover, since Í&Î operationsareto beexecutedin any schedule,ÍßÎ?
é§Ê ìð . Replacingin 2.2,we obtain: Ê»ð�
 � �
	 ÿð�� Ê ìð . @
As acorollary, weobtainthefollowing constructiveversionof thesimulationof aPRAM with

an unboundednumberof processorson onewith é . Note that tasksis the DFG areof arbitrary
durations;theonly restrictionwhich is respectedin theDFG representationis thatoncea taskis
ready, it canbeexecutedsequentiallywith no interruptiondueto synchronization.

Theorem10 Let A bean ATH PRAMprogramthat run in (arithmetic)parallel time Ê andworkÍ&Î on a givenPRAMwith an unboundednumberof processors.Then A canbe executedby an
on-linelist schedulingto run in (arithmetic)parallel time Ê§ð :

Max B3C Í ÎéED Ù�ÊGFH
UÊ»ð�
IC Í Îé úJ� � 	��é�� Ê D (2.3)

Theproof is directfrom 2.2. @
Theorem9 is statedin a restrictedversion[4]. In fact thebounds2.2 holdsevenif theprece-

dencerelation " consideredby thelist schedulingalgorithmis weakerthantheone "#K considered
for definingtheoptimalschedule.Theproof is directsincewe will alsohave ���&%G"#K þÏþÏþ "LKM��� �
"LK����� . Clearly, thesameremarkholdsif durationof tasksis increased.
This impliesthatneitheraddingprecedenceconstraintssuchassynchronizationbarriersto obtain
awell structuredDFGnorinsertingartificially null operationsin orderto haveall tasksof thesame
lengthhelpany on-linealgorithm.

Remark. This theoremgeneralizesBrent’sprinciple(theorem1 in chapter1) to arbitraryDFGs,
i.e. any ATH programwheretasksaregenerateddynamicallywith arbitraryshared-datadepen-
denciesandareof unknown durations.

2.3.2 Lower boundsfor competitive ratio

A naturalquestionis then to determineif it is possibleto have a bettercompetitive ratio than�N��	 ÿðO� , eitheron thesamemodelor by consideringlargerclassesof schedulingalgorithms.
Thisproblemhasbeenstudiedin [52], in which thefollowing propositionis proved.

Theorem11 [52] On the é -PRAM,the competitiveratio is lower boundedby
�N��	 ÿð � for any

schedulingalgorithmof thefollowingclasses:

1. Deterministicwith nopreemption,

2. Deterministicwith migration;

andis lowerboundedby
� �
	 ÿP ð�� for anyrandomizedschedulingwith no preemption.

We only sketchtheproof for thefirst case.Thecompleteproof for this theoremis givenin [52].
TheadversarybuildsthefollowingDFGinstanceø dueto Graham[29]. ø contains� ú\é7Ë�é 	 � Ì

independenttasks.Onetask Q ÿ is of lengthé , while othertasksR 6 , � 
$*S
oé7Ë�é 	 � Ì areof length
1.
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The optimal scheduleis of length é . It executesthe task Q ÿ on a given processor, and theé7Ë
é 	 � Ì unit tasksR 6 on the é 	 � remainingprocessors.
The lengthof any scheduleof ø is equalto éÇúT� , where� is thetime whenthe task Q ÿ starts

its execution.Sincethe tasksdurationsareunknown for theschedulingalgorithm,theadversary
strategy will thusconsistin making � aslargeaspossible.
Thetasksthatareprocessedfirst arethenthe é:Ë�é 	 � Ì unit time tasksR 6 , thatareexecutedin é 	 �
timeunitswith no idle time. Then,at time �>Ô¥é 	 � , thetask Q ÿ startsits execution.Thelengthof
theobtainedscheduleis then

� é 	 � , whichprovidesthedesiredlowerbound. @ .
As a consequence,neitherpreemptionnor randomizationcan improve consequentlyperfor-

mancescomparedto list-scheduling.
In orderto increasethecompetitive ratio, it is thenrequiredto useadditionalinformationson

theDFGsuchasits shapeor durationof its tasks.
For instance,weconsiderthecasewhereall tasksareindependentandsortedaccordingto their

durations;notethatonly theorderingis known but notdurations.In thiscase,theon-lineLPT list-
schedulingalgorithmthatassignsthetaskof maximaldurationwhenaprocessorbecomesidle has
competitive-ratio[29][12]:

Min B?�<UV 	 �V é�� ÙW� � ú �î�Î é 	 �é � F (2.4)

Notethatif no informationis givenon thedurationstasks,thenthefact thatthey areindependent
is of nohelpto decreasethecompetitiveratio

�N��	 ÿðX� (cf theadversaryconsideredin theproof of
theorem11).

Remark. List schedulingalgorithmsareinvolvedasabasiclevel in on-lineapproximationalgo-
rithmsusedfor otherkind of machinessuchas[52, 30]:È uniform machines:processorsspeedsareconstantanddiffer eachonefrom a constantun-

known factor;È non-uniformmachines:thereareno relationbetweenprocessorsspeeds;the durationof a
taskvariesdependingon theprocessorwhichexecutesit.

In this case,at leastmigrationrestrictedto restartis requiredin orderto guaranteea competitive
ratio [52].

2.3.3 Communicationsand schedulingoverheads

Previous theoremsdo not takeinto accountneitherthe costof tasksallocation(i.e. scheduling
overhead)neithercommunicationsrequiredfor accessin sharedmemory.

Severalauthorshaveconsideredthetheoreticalinfluenceof thoseoverheadson list scheduling
algorithmsin orderto provide provably optimalon-lineschedulingalgorithms.In [13], Coleand
Vishkingiveanalgorithmto scheduleÓ independenttasksoptimallyonaPRAM with YZ\[�] Y proces-
sors;thisalgorithmisusedto implementthefirst optimalalgorithmfor list-ranking[37, 39]. In [6],
Blelloch,GibbonsandMatiasstudytheschedulingof nestedfinegraincomputations,implemented
in the languageNESL [5]. Blumofe andLeisersongive an optimal list-schedulingalgorithmfor
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strict multi-threadedcomputations3 [8, 7], basedon randomizedwork-stealing;this algorithmis
in thekernelof theCilk language[38]. Any of thoseschedulingalgorithmsrestrictsto a shapeof
DFGanddo not takeinto accountcontentionproblems.

In thissection,wegiveanearoptimalschedulingalgorithmfor any DFGshapebut with restric-
tionson thearithmeticandcommunicationcosts.We prove that,if inputsizeis largeenough,effi-
cientandcoarse-granularityPRAM algorithms4 cannear-optimally bescheduledon a distributed
architecture.

We assumethat thetargetmachineis a distributedarchitecturewith é identicalprocessors.In
orderto takeinto accountcommunicationcostsandcontention,we refer to the LogP model(cf
section2.1.1). Thedurationbetweenthe sendingandthe receptionof a small message(i.e. one
word) is boundedby ätÔ � ã ú � â ú á

.
Furthermore,we assumethata sharedmemoryis simulatedon thearchitecturewith thehelp

of hashingfunctions(seesection2.1.3);thedelayoccurringfor any accessin thesharedmemory
is boundedby ^ . Notethat ^ is relatedto thenumberof processorsif no slacknessis used.

Like in chapter1, let
Ð Ñ

and Í Ò denoterespectively the communicationdelayandwork in-
volvedby thealgorithm.

Theorem12 Let A beanATH PRAMprogramthathasparallel arithmeticcost ËCÊ�Ù�Í&Î�Ì , commu-
nicationcost Ë Ð Ñ Ù�Í Ò Ì andschedulingcost Ë�î Ñ Ù�î�Î�Ì . Then A canbeexecutedto run in parallel
time Ê ð (includingschedulingandcommunicationoverheads):Ê ð 
 ÍßÎýúT^7Í Òé 	 � ú � � 	 �é 	 � � ËCÊoú Ð�Ñ ÌDú U ä�î Ñ î Î (2.5)

Theproof is basedonanadaptationof theschemeusedin theorem9.
Weconsiderhereanimplementationof a list schedulingon é 	 � processors,indexed é ÿ Ù þÏþÏþ é�ð`_ ÿ .Thelastprocessor, ésÜ , handlesthelist of tasksandassignstasksto otherprocessors.

For thesakeof simplicity, werestricttheproof to thecasewhereany sharedvariableis written
only onceandthenreadonly once;oncereadaccesshavebeencompleted,thespacerelatedto the
shareddatais garbaged.Thiscorrespondsto thecaseof anEREWprogramwith single-assignment
variables.

Whena processoréa0 completestheexecutionof a task,it sendsa messageto ésÜ andwaitsfor
receiving anew readytaskto performfrom ésÜ .
Whenaprocessoréa0 createsanew task(fork instruction)it asynchronouslysendsto é�Ü amessage
of sizeboundedby î Ñ

thatdefinesall datadependenciesof thenew task(i.e. theshareddatathat
it will readbeforeits executionor write afterits completion).

Processoré Ü managesa list b of readytasksanda list - of idle processors.For this purpose,
it usestwo arrays: one, c , storesthe tasknodescreatedand not completed;the other, d , the
descriptorsof theallocatedsharedvariables.Any descriptorin d pointsto the taskthat requires
thecorrespondingshareddatain reading.Pointersfrom d to c areupdatedat taskcreationand
taskcompletion.Whena taskin c is no morepointedto by any elementin d , it is put in b . The
costof this arithmeticcomputationon ésÜ is proportionalto î Ñ

but independentfrom é and ä : we
neglectit comparedto Ë�é 	 � Ì­ä�î�ÎÏî Ñ

.

3Thereis alwaysadependency betweenathreadandoneof itsancestorandaccesstoshareddataarenotconsidered.
4i.e. with polynomialspeed-up,constantinefficiency and e�fhgjilkMmnepoq g1ilk with rtsHu (cf chapter1).
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When ésÜ receivesa messageof taskcompletion,it first updatesc and d , puttingnew ready
tasksif any in b . It puts the processorin - . Then,while thereare readytasksin b and idle
processorsin - , it getsa taskfrom b anda processorfrom - , removesthemfrom the lists and
asynchronouslysendsa messageassigningthetaskto theprocessor;the lengthof themessageis
at most î Ñ

. For thewholeexecution,thecomputationtime on é�Ü neededfor themanagementof
thoselists is proportionalto î�Î andindependentfrom é , î Ñ

and ä : wealsoneglectit comparedtoË�é 	 � Ì�ä�î�ÎZî Ñ
.

Notethatdueto contention,aprocessorwhich is idle maywait atmost Ë�é 	 � Ì�ä�î Ñ
after ésÜ has

assigneda new taskto it andbeforeit receivesit. Conversely, whena processorcompletesa task,
processor

å Ü receivesthecorrespondingmessageatmost Ë�é 	 � Ì­ä�î Ñ
topsafter.

Moreover, let ï10 be the lengthof the task ��0 , � 
 (7
 î�Î ; let vh0 be the numberof – unit
size – shareddatahandledby ��0 (i.e. reador written during its execution). From the point of
view of é�Ü , a processoréa0 is said idle whenit is in the list - . Thus,the processorexecuting ��0 is
consideredasactive (i.e. not idle) whenit is not in the list - , i.e. from themomentésÜ hassent ��0
to it anduntil é�Ü receivesthecorrespondingtaskcompletionmessage:thisdurationis boundedbyï10§úT^Mvh0§ú � î Ñ Ë�é 	 � Ì­ä .
Let ,2- bethetotal idle time seenfrom ésÜ on processorsé ÿ Ù þÏþÏþ ÙCé�ð`_ ÿ . Let Ê§ð bethelengthof the
schedule;wehave: Ë�é 	 � Ì­Ê»ð�
w,.-�ú>xty:0;8 ÿ Ë6ï10§úT^Mvh0§ú � î Ñ Ë
é 	 � Ì­ä�Ì (2.6)

We now follow theschemeof theorem9. Let ����� bethelasttaskcompletionmessagereceivedbyésÜ atdate Ê»ð andlet ����� bethedatewhenésÜ hasassigned����� . Two casesarise:

1. eithernoprocessorwasidle for ésÜ before����� .
2. or therewasat leastoneprocessoridle for ésÜ at a certaindatebefore����� . Let � bethelatest

datebefore ����� whena processorwasidle. At � , ����� wasnot ready(elseit would have been
assignedonanidle processor).Thus,thereexistsa task ���!� , ��� �
"$����� , suchthat ��� � hasbeen
assignedby ésÜ before� andwhosecompletionmessagehasbeenreceivedby ésÜ after � . Let���!� bethedatewhené�Ü hasassigned���!� .

Recursively applyingthis schemeuntil case1 occurs,we build a sequenceof tasks ���&%'" þ þÏþ "��� �3">����� suchthat,at any time whena processoris idle, thereexists � 
z(�
�* suchthat ésÜ has
assigned���&+ to a processorandhasnot received the correspondingcompletionmessageyet. We
thushave: ,2-2
 Ë
é 	T� Ì54H60;8 ÿ Ë6ï{�&+Hú|^Mv}�~+Hú � î Ñ Ë�é 	 � Ì�ä�Ì . Besides,sincetasks���&+ , � 
w()
w* are
ona critical path: 476��8 ÿ ï{�&+�
�Ê and 476��8 ÿ v}�~+�
 Ð Ñ

which leadsto:,.-�
 Ë
é 	T� Ì�ËCÊ ú|^ Ð Ñ ú � î�ÎÏî Ñ Ë�é 	 � Ì�ä�Ì (2.7)

whereÊ denotestheminimalarithmetictimeonanunboundednumberof processors.
Let ÍßÎ Ô 4 xty0;8 ÿ ï10 be the arithmeticwork and Í Ò Ô 4 x�y0;8 ÿ vh0 be the communicationwork.

Replacing2.7 in 2.6 leadsto:Ë
é 	 � Ì�Ê§ð

�Ë
é 	T� Ì8Ë6Ê úT^ Ð Ñ ÌDúûÍ&Î/ú|^«Í Ò ú U î�Î î Ñ Ë�é 	 � Ì­ä
whichconcludestheproof. @
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As a corollary we considera coarse-granularityefficient PRAM algorithmwith polynomial
regularity andboundeddegree. For the correspondingDFG, this implies that for an input É of
largeenoughsize:È polynomialspeed-up:é§Ê (notethat é is fixed)is neglectedcomparedto Í&Î ;È polynomialgranularity: since é and ^ areassumedconstant,taking a sufficient large size

instanceleadsto neglect é�^ Ð Ñ and ^7Í Ò comparedto ÍßÎ ;È polynomialregularity: U î�ÎÏî Ñ ä (notethat ä and î Ñ
arebounded)is alsoneglected..

This leadsto thefollowing result.

Theorem13 Let A bean efficientATH PRAMprogramthat haspolynomialgranularity, polyno-
mial regularity andandboundeddegree( î Ñ Ô ê Ë � Ì ).
Then,for any ��Û �

, executiontimeof A ona distributedarchitecture with é processorsis asymp-
totically boundedby: Ê§ð�Ë6É«Ì�Þ�Ë � ú��8Ì Í Îé�þ
Thistimeincludescommunicationandschedulingoverheads.

To obtainannear-optimalschedulingalgorithm,we useslackness;we considerthe executionof
thepreviousschedulingalgorithmon a machinewith � identicalprocessors,�H� é . Taking into
accounttheabove remarks,executiontime includingcommunicationandschedulingoverheadsis
boundedby: Êt� ËCÉ7Ì�Þ�Ë � ú��8Ì Í&Î� 	 � þ
We cannow emulatethis machineon theonewith é processors;correspondingexecutiontime isÊ§ð�Ë6É«Ì�
�� �é)� Ê � ËCÉ7ÌýÞ�Ë � ú��8Ì � � 	 �� � ÍßÎé�þ
Choosing� enoughlargerthané andconsideringlargesizeenoughinputdataconcludestheproof.@

Anotherway to obtainnear-optimalsimulationconsistsin usinga distributedlist-scheduling
strategy. A classicalexampleis randomizedwork-stealing: whena processorbecomesidle, it
selectsuniformly at randoma processorto steala task. Whena processorcreatesa task,it keeps
it locally. Sucha strategy is theoreticallystudiedin [7]. Asymptotic boundsare given in the
framework of strict multi-threadedcomputations.Othervariantsexport taskswhenexceedinga
certainnumberof taskcreations.
Suchlist schedulingstrategiesarevery popularin parallelfunctionallanguagessuchasMultilisp
[32] or Prolog[17].

In the lastsection,we turn to aneffective implementationof theATH languagewhich allows
thebuilding of theDFGandthustheeffectiveuseof theaboveprovablyoptimalon-linescheduling
algorithm.
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2.3.4 Athapascan:a simulation of the ATH PRAM language

ATHAPASCAN [43] is a parallelprocedurallanguage,inspiredby Jade[50], thatallows thecon-
structionof the DFG of an applicationduring the execution. It thusmakespossiblethe useof
provably optimalon-lineschedulingalgorithms.We give in this sectionanoverview of themain
featuresof thelanguage.

Similar to theATH languageintroducedin chapter1, ATHAPASCAN supportsCUMULATIVE-
CRCW PRAM algorithms. The building of the DFG is implicit; the fork operation(called
new task in ATHAPASCAN) may take in argumentan optional schedulingstrategy, default
beinga distributed list-schedulingalgorithm. Taking benefitof someknowledgeon the graph,
this allowsto choosea well-suitedschedulingalgorithmsuchasblock-scatteringfor densematrix
computationsor DSCfor DAG with known durations[25].

2.3.5 The ATHAPASCAN programming model

TheATHAPASCAN languageis strict andpara-functionnal.It is implementedby a C++ library; it
usesinheritanceandtemplatesto providea friendly andeasy-to-useinterface.

In ATHAPASCAN, parallelismis expressedby asynchronousprocedurecalls,whichcorrespond
to thebuilding of tasks. A taskdescribestheexecutionof aspecificprocedure(which is definedby
formal parametersanda block of instructions)with effective parameters.Two parameter-passing
modesarepossible:theby valuemodecopiestheeffectiveparameterinto thelocalmemoryof the
taskandtheby referencemodesharesthedataamongdifferenttasks.

Referencesto shareddataaretypedaccordingto their accessmodes.Four modesaredefined
to accessshareddata:read(a1_shared_r), write (a1_shared_w), read/write
(a1_shared_r_w) andaccumulation(a1_shared_cw). The threefirst modesarestandard
andareusedin otherparallellanguages[38, 50]. Accumulationis realizedfrom the initial value
of theobjectby incrementation;this incrementationis definedby a binary functionf (defaultis
theC++ operator+=) which is assumedto beassociativeandcommutative.
Thus,ATHAPASCAN allowstheimplementationof CUMULATIVE-CRCWPRAM algorithms.

Thesemanticsof ATHAPASCAN 5 is suchthateachreadingof ashareddatumgetsthevalueof
thelastupdate(writing) in thesequentialorderof taskexecutions(depth-firstordering).To make
suchanordereasyto compute,ATHAPASCAN doesnot allow sideeffectson sharedvariables.In
thecurrentimplementationof ATHAPASCAN, thissemanticsis implementedin thefollowing way:
a taskbecomesexecutablewhenall theeffectiveparametersthatit requiresin read(or read/write)
modehavebeenupdatedby thepredecessortasks(relativeto thesequentialorderof taskcreations).

2.3.6 Executionmodelof ATHAPASCAN

The control of the executionis basedon the building of a macrodataflow graph. This DFG is
representedby a directacyclic hyper-graph,which is distributedamongtheprocessors.Vertices
correspondto tasksandedgesto datadependenciesrelatedto sharedobjects: hyper-edgesare
usedto describeconcurrentwritings andconcurrentreadingson sharedobjects. This graphcan

5ATHAPASCAN [43] allows otheraccessto sharedobjects:postponed(suffix p) accessallow theexpressionof a
largerdegreeof parallelismandarraysof sharedobjects.
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be labeledwith informationattributes(arithmeticcost for tasksanddata sizefor sharedobject
dependencies).This graphis usedto implementboth the semanticsandthe schedulingof tasks.
Dif ferentschedulingalgorithms(denotedasschedulers) areavailableanduser-specificonesmay
beadded.Theroleof thescheduleris restrictedto informingthesystemwhereandwhentaskshave
to beexecuted,takinginto accountsomeinformationavailablefrom thegraph.This functionality
makespossibletheimplementationof differentclassicalprovablygoodschedulingalgorithms(list
scheduling,ETF [11], DSC[26], work-stealing[38] for example).

Thefollowing rulesdefinethewayanexecutionis handled:È Thefirst executabletaskis thea1 main() function.È During theexecutionof a task:

– whena taskis created(call to thea1_new_task directive), thenew taskis inserted
into thegraph;

– whena task terminates,shareddatathat it accessedin write or read/writemodeare
updated.Thetaskis thenremovedfrom thegraphandthescheduleris informedof new
readytasks(i.e. all sharedobjectsaccessedin reador read/writemodeareavailable).È Thescheduleranalyzesthegraphto maketaskmappingandstartingdecisions.Thesystem

performstheschedulingdecision.Whenall shareddatarequiredby ataskin read/read-write
modehavebeenreceivedat theaffectednode,thetaskis startedon theprocessorit hasbeen
assigned.

2.3.7 An exampleof ATHAPASCAN program

Thefigure2.3 presentsan ATHAPASCAN sourcecodefor the triangularresolutionof cL� Ô�d ;
thealgorithmis presentedin theabstractlanguageATH in chapter1 (fig. 1.6). Notethatin ATHA-
PASCAN, all acessmodes(read,write or read/write)areexplicitly given in order to ensurethat
the sequentialorderof executioncanbe determineddirectly from taskcreation(a1 new task
instruction).

2.4 Conclusion

In this chapter, the on-lineschedulingof a parallelPRAM programon a distributedarchitecture
with a boundednumberof processorshasbeenanalyzed.List-schedulingstrategies, frequently
arisingin parallellanguageimplementations,have theoreticalfoundations.An optimalsimulation
of a PRAM programwith polynomialspeed-up,polynomialregularity andcoarse-granularityis
given; costsof communicationsareconsideredunderthe modelLogP anda shared-memoryis
emulatedusinghashfunctions.

Dueto its experimentalgoodperformances[57, 56],mostof languagesimplementingdynamic
parallelismuseheuristicsbasedonlist-scheduling.They essentiallydifferontheshapeof theDFG,
dependingon theprogrammingmodelthey implement.Thus,theperformanceof list scheduling



2.4. CONCLUSION 51

struct Update : public a1_task_elem {
Update( int size ) {

set_cost(size*size*size);
}
// Performs X += -1/A*Y
void operator() ( a1_shared_cw<matrix<float> > X,

a1_shared_r<matrix<float> > A,
a1_shared_r<matrix<float> > Y) {

X.cumul( - A.read().inverse() * Y.read() );
}

}

struct FinalDivision : public a1_task_elem {
FinalDivision( int size ) {

set_cost(size*size*size);
}
// Performs X = 1/A*X
void operator() ( a1_shared_rw<matrix<float> > X,

a1_shared_r<matrix<float> > A) {
X.write( A.read().inverse() * X.read() );

}
}

struct TriangularSolve : public a1_task {
TriangularSolve( int nb_elem ) {

set_cost(nb_elem*nb_elem/2);
}
// Performs triangular resolution A*X=B
// A is coded such that A[n*i+j] ::= A[i][j]
void operator() (int n,

a1_array_of_shared_rp<matrix<float> > A,
a1_array_of_shared_cw<<matrix<float> > X,
a1_array_of_shared_rp<matrix<float> > B) {

for(int i=0; i<n; i++) {
X[i].cumul( B[i].read() );
a1_new_task( FinalDivision(), X[i], A[n*i+i] );
for(int j=i+1; j<n; j++)

a1_new_task(Update(), X[j], A[n*i+j], B[j]);
}

}
}

Figure2.3: Triangularresolutionof cL� Ôwd
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may vary dependingon this model. For instance,if synchronizationsareauthorizedin the lan-
guage(waiting for somefuturevaluefor instance),theschedulinghasto usemigration;if not,no
guaranteecanbegivenon thecompetitive ratio.

Wefocusin thisconclusionon languagesthatuseaprovablyefficienton-lineschedulingalgo-
rithm. HPF2 introducedgroupsof independenttasksof unknown durationsvia functioncalls. A
BSP[54] programexecutionconsistsin a sequenceof super-steps,eachsetof independenttasks.
All sharedmemoryaccessperformedat astepareeffectiveat thenext one.Dynamicloadbalanc-
ing is possible[54] but requirestaskmigrationin theconsideredimplementation[28].

Functionallanguageshave beenusing list-schedulingfor a long time. For a survey on par-
allelism in functional languages,see[33], we just mentionheresomecharacteristiclanguages.
Sisal[44] is a data-flow basedlanguagewhich definesa fine grain DFG; however, programming
macro-tasksin orderto obtaina coarse-granularityalgorithmis not directly possible.NESL [5]
providesa nestedparallelmodel: graphscorrespondto recursive Ó -ary setsof independenttasks
with no data-dependenciesbut synchronizationat thejoin point. Accessareemulatedon a virtual
sharedmemory. Cilk [7, 38] is inspiredfrom Multilisp andimplementsamodelof strict functional
computationin a C-like language.Tasksaremappedon thefunctions;all dataareaccessedin the
stack. Functionscanbe migratedat a synchronizationpoint, explicitly definedin the program.
Migrationsarereducedto acopyof thestack.ATHAPASCAN [19, 43] is inspiredfrom Jade[50]; it
is a C++ library thatimplementsa programmingmodelsimilar to thelanguageATH presentedin
thepreviouschapter. Data-dependenciesaredefinedby accessto a shareddata.Taskscorrespond
to procedurecalls; parameterscanbepassedby valueor by referenceto a shared-data.This last
modedefinesthe precedence.Whena taskis ready, it canbe executedtill completionwith no
synchronization.
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