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x T^ Áv MYXSJWX NM O�\z] J NM �[NJQM ~ª��� T T T T T T T T T T T T T w�
� T^ �vXMS�JLLMO NM �[NJQM JSWX\] zXW|RM T T T T T T T T T T T T T T T }Z� Tx �[NJQM JSWX\] zXW|RM NM ÔK MK M�J�NMJNÕ T T T T T T T T T T T T T }Z� T� �z�[NJQM JSWX\] zXW|RM NM Ô� T^w}��wÕ T T T T T T T T T T T T T T U�� T� �[NJQM JSWX\] zXW|RM MvXWMS NM ÔK MK M�J�NMJNÕ T T T T T T T T T U ^� Tw �z�[NJQM JSWX\] zXW|RM MvXWMS NM Ô ^w}��w������Õ T T T T T T T Ux� T} �[]�SMOOW[v N {Rv P�\WMS NM �[RSSWMLO ¾^� T}x¤[¿ � ORS Rv ����^�£Ì T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T �x
� T^ �Sz|RMv�M N {J��JSWXW[v NMO LMXXSMO Mv �SJvÖJWO T T T T T T T T T Z�� Tx �\W�SM] MvX NM × WQMv�SM RXWLWOJvX LJ �Lz ­u¹ºuÁ� T T T T T T Z�� T� × WXMOOMO �[]�JSzMO NM |RML|RMO �\W� SM] MvXO �JS KL[ �O ORS Rv����ÂVWvRY T T T T T T T T T T T T T T T T T T T T T T T T T T T T ZU� T� �S[X[�[LM N {z�\JvQM NM �Lz NM � WÃ M�£MLL] Jv T T T T T T T T T T ^^^� Tw ªWQvWP�JXW[v NMO �\J]�O N {Rv �MSXWP�JX Ñ Tw�Z T T T T T T T T T ^xw� T} «RML|RMO WNMvXWP�JXMRSO N {JLQ[SWX\] MO MX vR] zS[O JOO[�WzO T T ^xU� TU ¹[XJXW[vO RXWLWOzMO NJvO ���ª ^Z} T T T T T T T T T T T T T T T T ^�x� T� � zO[LRXW[v NMO �[v¬ WXO LWzO � LJ ] WQSJXW[v N {Rv �~ T T T T T T ^�w
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~LQ[SWX\] M N {yR�LWNM zXMvNR T T T T T T T T T T T T T T T T T T T T T ^U�RWOOJv�M ] [NRLJWSM Sz�RSOW�M �JS �JSSzO T T T T T T T T T T T T T T T x ^IMOX NM �SW] JLWXz NM ¤ WLLMS�� JKWv T T T T T T T T T T T T T T T T T T T xx^ �J�X[SWOJXW[v NM �[LLJSN T T T T T T T T T T T T T T T T T T T T T x}x ÛÜÝÞßàáâãä Üßå æãç ãÞãèÜ T T T T T T T T T T T T T T T T T T T T T ��� àáâãä Üßå æãç ãÞãèÜ T T T T T T T T T T T T T T T T T T T T T T T T �}� ÛÜÝÞßéææêëìâÞãíãîãÞê T T T T T T T T T T T T T T T T T T T T T T T ��w å ïîðäñç ÜßéææêëìâÞãíîÜ T T T T T T T T T T T T T T T T T T T T T T �x} ÛÜÝÞßå ïîðäñç ÜßòêäêæáÞÜìæ T T T T T T T T T T T T T T T T T T T �wU �[NJQM JSWX\] zXW|RM T T T T T T T T T T T T T T T T T T T T T T T U�� �z�[NJQM JSWX\] zXW|RM T T T T T T T T T T T T T T T T T T T T T T U�Z �z�W�S[|RM NM LJ ­¯I T T T T T T T T T T T T T T T T T T T T T T U}^� ~ LQ[SWX\] MO NM £R�] Jv N�vJ] W|RM � �[]�SMOOW[v MX Nz�[] ��SMOOW[v T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T UU^^ Vµ¯ � �[]�SMOOW[v MX Nz�[]�SMOOW[v T T T T T T T T T T T T T T � ^^x � WOXJv�M N {Rv �[NM T T T T T T T T T T T T T T T T T T T T T T T T ^}�
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DESTINATIONSOURCE CANAL

PERTURBATION

øùú û ^ ° ª�\z] J �[vNJ] MvXJL NR �[NJQM
V {zXRNM NM LJ XSJvO] WOOW[v NM ] MOOJQMO MvXSM Rv z] MXXMRS MX Rv NMOXWv J�XJWSM �WJ Rv �JvJL NM �[]]RvW�JXW[v WvXS[NRWX LMO |RMOXW[vO ORW�JvXMO �� VM �JvJL � MS] MX NM XSJvO] MXXSM NMO OWQvJRY ¾O[R�MvX Rv OWQvJL zLM��XSW|RM KWvJWSM¿ T �L O {JQWX JL[SO NM XSJvO�[S] MS LM ] MOOJQM � z] MXXSM ¾�JSMYM]�LM Rv XMYXM Mv �SJvÖJWO¿ Mv RvM Oz|RMv�M NM OWQvJRY � [v �JSLM NM

âïëáü ÜT VM NMOXWvJXJWSM N[WX ýXSM �J�JKLM NM Nz�[NMS LJ Oz|RMv�M NM OWQvJRYSMÖRO � [RS � [R�[WS LWSM LM ] MOOJQM z] WO T� � JvO Rv O[R�W N {MÃ �J�WXz � LJ Oz|RMv�M NM OWQvJRY N[WX ýXSM LJ �LRO�[RSXM � [OOWK LM T uv O {WvXzSMOOM N[v� � NMO �[NJQMO |RW ] WvW] WOMvX LJ XJWLLM NMLJ Oz|RMv�M z] WOM � [v �JSLM NM âïçþ æÜÝÝãïä T� VM ] MNWR] �MRX WvXS[NRWSM NMO MSSMRSO � �MSXJWvO OWQvJRY z] WO � MR�MvXýXSM � MSNRO [R JLXzSzO L[SO NM LJ XSJvO] WOOW[v T � JvO �M �JO � � [RS |RM LM NMOXW�vJWXJWSM �RWOOM Nz�[NMS �[SSM�XM] MvX LM ] MOOJQM SMÖR � [v RXWLWOM NMO �[NJQMOO� z�WP|RMO � � MS] MXXJvX NM ëêÞÜâÞÜæ� �[WSM âïææãü Üæ LMO MSSMRSO T uv �JSLM NMâïëÜ ëêÞÜâÞÜìæÿ âïææÜâÞÜìæT� VM �JvJL MOX QzvzSJLM] MvX �JSXJQz �JS � LR OWMRSO z] MXXMRSO MX NMOXWv J�XJWSMO T �[RS |R {Rv z] MXXMRS �RWOOM Mv�[�MS Rv ] MOOJQM |RW vM �RWOOM ýXSMLR |RM �JS Rv NMOXWvJXJWSM O� z�WP|RM ¾KWMv |RM LJ Oz|RMv�M NM OWQvJRY JOO[��WzM O[WX � WOWK LM �JS N {JRXSMO WvNW� WNRO¿ � LM ] MOOJQM N[WX ýXSM âæðþ Þê QS��M �Rv �[NJQM O� z�WP|RM T VJ âæðþ Þïü æáþ � ãÜ zXRNWM NMO �[NJQMO MX NMO �S[X[�[LMO� MS] MXXJvX NM �[]]RvW|RMS NMO ] MOOJQMO NM ] JvW�SM OM�S�XM � NM Ýãüä Üæ NMON[�R] MvXO [R N {áìÞ� ÜäÞã� Üæ Rv z] MXXMRS T
VJ X\z[SWM NMO �[NMO MX OMO XS[WO N[] JWvMO N {J��LW�JXW[v |RM O[vX LJ �[]��SMOOW[v � LJ NzXM�XW[vÂ�[SSM�XW[v N {MSSMRSO MX LJ �S��X[QSJ�\WM RXWLWOMvX L {JL�Q�KSM LWvzJWSM MX LMO � [L�v�] MO � L {JSWX\] zXW|RM � NMO zLz] MvXO NM LJ X\z[SWM NMO
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�[S�O PvWO MX |RML|RMO zLz] MvXO NM �S[KJKWLWXzO � NM X\z[SWM NMO QSJ�\MO MX NM] JvW�RLJXW[v NMO �\J�vMO NM O�]K[LMO TVM �SM] WMS �\J�WXSM NM �M �[RSO �SzOMvXM LMO [RXWLO ] JX\z] JXW|RMO MO�OMvXWMLO RXWLWOzO T � JvO LM NMRYW�] M �\J�WXSM � v[RO �SzOMvX[vO LM �[v�M�X NM�[NM MX NMO �S[�SWzXzO �[vNJ] MvXJLMO SMLJXW�MO � LJ Nz�\W� SJKWLWXz �RWO � v[ROXMS] Wv[vO �M �\J�WXSM �JS RvM MO|RWOOM NR ] z�JvWO] M RXWLWOz � [RS �JOOMS NRXMYXM JRY v[]KSMO T VMO XS[WO �\J�WXSMO ORW�JvXO � �[vOJ�SzO SMO� M�XW�M] MvX �LJ X\z[SWM NM L {Wv�[S] JXW[v MX NM LJ �[]�SMOOW[v � � LJ �S��X[QSJ�\WM MX JRYNzXM�XW[v MX �[SSM�XW[v N {MSSMRSO � �SzOMvXMvX NMO SzORLXJXO X\z[SW|RMO �[vNJ�] MvXJRY MX LMO JLQ[SWX\] MO QzvzSW|RMO |RW Mv Nz�[RLMvX T �\J�Rv NM �MO XS[WO�\J�WXSMO MOX WLLROXSz �JS RvM RXWLWOJXW[v �SJXW|RM NJvO LM �[vXMYXM NMO XzLz��[]]RvW�JXW[vO T
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�JvO �M LW�SM � v[RO JLL[vO ] JvW�RLMS NM XS�O QSJvNO v[]KSMO T VMO JLQ[�SWX\] MO � MS] MXXJvX NM LMO ] JvW�RLMS �SMvvMvX Rv �MSXJWv XM]�O Nz� MvNJvXNM LJ XJWLLM NM �MO v[]KSMO T ~ WvOW � RvM ] MORSM � [RS MOOJ�MS NM �SzNWSM LMXM]�O NM �JL�RL MOX NM �[]�XMS LM v[]KSM N {[� zSJXW[vO JSWX\] zXW|RMO |R {WLOvz�MOOWXMvX T ¹[RO N[vvMS[vO JRXJvX |RM � [OOWK LM �MXXM ] MORSM NJvO LJ ORWXMNR �\J�WXSM JWvOW |RM LM XM]�O ] WO Mv �SJXW|RM ORS NMO MYM]�LMO �[v�SMXO T� JvO �MXXM OM�XW[v � v[RO N[vv[vO |RML|RMO zLz] MvXO JOXS[v[] W|RMO NM�[]�JSJWO[v � JPv N {J�[WS RvM WNzM NMO [SNSMO NM QSJvNMRS Mv À MR �

�kg¥¥m dml `cqÈbml ¹[RO �[vOWNzS[vO NMO v[]KSMO MX LMRS XJWLLM � O[WX Mv�\W� SMO � O[WX Mv KWXO T ~ WvOW � Rv v[]KSM
m
�[OOzNMSJ dlog[10](m)e �\W� SMO MX

dlog[2](m)e KWXO T �JS MYM]�LM � ^x� KWXO �[vX �Z �\W� SMO � w ^x KWXO �[vX ^ww�\W� SMO MX ^�x� KWXO O[vX SM�SzOMvXJKLMO �JS ��Z �\W� SMO T
�em¥¥m mla ¥k � gamllm kfaem¥¥m dml cbd g`kamebl � ~RÀ[RSN {\RW v {W]�[SXM|RML �� MOX �JNMv�z � JR ] [WvO ^ �£Ì � � {MOX���NWSM |R {WL M� M�XRM ^ ] WLLWJSN¾
109 ¿ N {[� zSJXW[vO �JS OM�[vNM T  XWXSM NM �[]�JSJWO[v � LJ �WXMOOM LJ �LRO�JvXJOXW|RM NM L {RvW�MSO MOX �MLLM NM LJ LR] W�SM � 300000

Í] ÂO
= 3.108 ]ÂO T �LvM �JRX |RM NWY ] WLLWJSNW�] MO NM OM�[vNM � LJ LR] W�SM � [RS XSJ�MSOMS RvM � W��MNM � ] �XSMO ! yX KWMv � � MvNJvX �M XM]�O L� � �[XSM [SNWvJXMRS J N[v� M�M�XRz^� [� zSJXW[vO ! ! ! uv �MRX N[v� NWSM |RM îÜÝ ïæëãäáÞÜìæÝ áâÞìÜîÝ âáîâì îÜäÞ "îá èãÞÜÝÝÜ ëÜ îá îìç ã#æÜT yv [RXSM OW L {[v ORWX LJ L[W NM ¤ [[SM � �MXXM �WXMOOMXMvN � N[RKLMS X[RO LMO ^� ] [WO T

�kg¥¥m ma $�m dm ¥¦e`g�mbl ¤ JLQSz �MXXM �WXMOOM �zSWXJKLM] MvX JOXS[v[�] W|RM � LJ XJWLLM NMO v[]KSMO |RM L {[v ] JvW�RLM SMOXM zv[S] M T yv M�MX � SWMv|RM � [RS �[]�XMS ÀRO|R {� Rv v[]KSM NM �Z �\W� SMO WL �JRX zvR] zSMS
1039v[]KSMO T �[RS �M �[v�JWv�SM |RM � {MOX zv[S] M � �JL�RL[vO L {�QM NM L {RvW�MSO
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Mv OM�[vNMO �

Univers = 15 milliards ∗ 365.25 ∗ 24 ∗ 60 ∗ 60 ≈ 5.1017 secondes~WvOW � Rv [SNWvJXMRS �JNMv�z � ^ �£Ì ] MXXSJWX �LRO NM NMRY ] WLLW[vO NM �[WOL {�QM NM L {RvW�MSO � [RS OW]�LM] MvX �[]�XMS ÀRO|R {� Rv v[]KSM NM ÔOMRLM] MvXÕ�Z �\W� SMO ! «RJvX � Rv v[]KSM NM ^ww �\W� SMO ¾�[RSJ]]MvX RXWLWOz Mv �S���X[QSJ�\WM¿ � � {MOX X[RX OW]�LM] MvX LM �JSSz NR v[]KSM N {zLM�XS[vO �[vXMvRONJvO L {RvW�MSO T yv M�MX � N {J�S�O ª T ¤RLLMS % � v[XSM RvW�MSO �[vXWMvNSJWX Mv�W�S[v
3.1012 QJLJY WMO �\J�RvM SMv�MS] JvX QS[OO[ ] [N[ x�� ] WLLWJSNO N {zX[WLMO T�[]]M v[XSM O[LMWL � �OM � LJ L[R�\M

2.1030 ÍQ MX |R {Rv zLM�XS[v vM � �OM |RM
0, 83.10−30 ÍQ � [v [KXWMvX �

Univers = (2.1030/0, 83.10−30) ∗ 200.109 ∗ 3.1012 ≈ 1084 electrons¹[RO JLL[vO �[WS NJvO LJ ORWXM �[]]MvX XSJ�JWLLMS J�M� NM XMLO v[]KSMOMvXWMSO T
��& ' ()*��+� � ,��-+.*)+-/�� ����

Z
�

012 10 3 456789:;< = >?@A48=<
V {JLQ[SWX\] M N {yR�LWNM � MS] MX NM �JL�RLMS LM

pgcd
NM NMRY v[]KSMO Mv�XWMSO T VM �SWv�W� M MOX OW]�LM � OW J MX K O[vX NMRY MvXWMSO J�M� b < a

MX [vX RvNW�WOMRS �[]]Rv
d
JL[SO

a − b
�
a − 2b

�T T T O[vX JROOW NW� WOWK LMO �JS
d
TªW

a−nb = 0
�MLJ OWQvWPM |RM J MOX NW� WOWK LM �JS K MX LM �S[KL�] M MOX N[v�SzO[LR T �[RS WXzSMS L {JLQ[SWX\] M [v �SMvN

n = a/b
¾W TM T LM |R[XWMvX MvXWMS NMLJ NW� WOW[v NM

a
�JS

b
¿ � [v J JL[SO

a− nb = a
][N

b
T uv �SMvN JL[SO �M SMOXMMX [v WX�SM LM �S[�zNz Tuv WX�SM N[v� LJ �[v�XW[v

G
ORW�JvXM �

G :

[

a
b

]

7−→
[

0 1
1 −a

NW�
b

] [

a
b

]

yXJvX N[vvzO
a
MX

b
� L {JLQ[SWX\] M N {yR�LWNM � MS] MX NM XS[R�MS

g = pgcd(a, b)MX JROOW
x
XMLO |RM � x.b ≡ g (mod a)

T��mq¨¥m B �zXMS] Wv[vO LM
pgcd

NM wxx MX �w� T uv �JL�RLM OR��MOOW�M] MvX �
(a) 522
(b) 453
(c) 522 − 453 = 69 (a − b)
(d
¿

453 − 6 ∗ 69 = 39 (b − 6c)
(e) 69 − 39 = 30 (c − d)
(f) 39 − 30 = 9 (d − e)
(g) 30 − 27 = 3 (e − 3f)
(h) 9 − 9 = 0 (f − 3g)

T
CDEEF GHHIII JKLEMNLOMP JQNR HSNMTKUVLHWNWNU JDER U



hs� � ¥pqm`al d ¦kbgaoqpagrem dk`l
Z
s h©

V {[KXMvXW[v NM LJ �JLMRS � JSSýXM L {JLQ[SWX\] M MX � MOX N[v� LM
pgcd

NM wxxMX �w� T �[RS XS[R�MS
x
MX

y
XML |RM

x × 522 + y × 453 ≡ �Q�N ¾wxx ��w�¿ � [vz�SWX LMO ] JXSW�MO �[SSMO� [vNJvX � L {WXzSJXW[v J�M� LJ �[v�XW[v
G
� [v J �

[

3
0

]

=

[

0 1
1 −3

] [

0 1
1 −3

] [

0 1
1 −1

] [

0 1
1 −1

] [

0 1
1 −6

]

[

0 1
1 −1

] [

522
453

]

=

[

46 −53
−151 174

] [

522
453

]

uv [KXWMvX JWvOW −151 × 522 + 174 × 453 = 3
T � {[Å

d = 3
�
x = −151

MX
y = 174

TV {JLQ[SWX\] M N {yR�LWNM zXMvNR yy �W�NMOO[RO SzJLWOM �M �JL�RL Mv vM OX[��ÍJvX |RM LJ �SM] W�SM LWQvM NM
G
T �L J� M�XM LMO �JSWJKLMO

x, y
MX

d
NM �JÖ[v ��zSWPMS Mv O[SXWM � d =

�Q�N ¾
a, b

¿ MX
ax + by = d

T
XYZ[ \\ ]^Y_ `a b_acdce f g ^Y_ `a b_acdce h g b_acdcei [ g b_acdcei j g b_acdcei k l mZn ] hoop l m[ o f q j o r q k o r qsct`c m\\ ] h g f u h g [ g j g k l qb_a avw o j qj o k qk o avw x ]f y h l z k qss

~ �\J|RM zXJ� M � LM NW� WOMRS zXJvX OR� zSWMRS � x � LM �LRO QSJvN NMO v[]KSMO� MSN JR ] [WvO ^ KWX T VM v[]KSM N {zXJ� MO MOX N[v�
O(log2(a + b))

T ~ �\J|RMzXJ� M � [v �JWX RvM ]RLXW� LW�JXW[v MX Rv �JL�RL NM |R[XWMvX�SMOXM NM �[{X
O(log2

2 p)
T VM �[{X X[XJL MOX N[v� ] JÀ [Sz| �JS

O(log3
2 p)

T VJ PQRSM ^T^ NM LJ�JQM ^� N[vvM RvM MOXW] JXW[v NR XM]�O NM �JL�RL ] [�Mv �[RS �JL�RLMS LM
pgcdNM NMRY v[]KSMO �\[WOWO JR \JOJSN MvXSM

1
MX

10n �[RS
n = 1, · · · , 100000ORS Rv �MvXWR] ��� � U�w¤£Ì J�M� LJ KWKLW[X\�|RM �¤� } � RvM KWKLW[X\�|RMN {JLQ[SWX\] MO z�SWXO Mv �~~ � MS] MXXJvX NM �JL�RLMS J�M� NMO MvXWMSO NM XJWLLM|RML�[v|RM �^U� T

012 12 �:�67�;< =< �<7;�9
ª[WX

n ≥ 2
Rv MvXWMS T uv v[XM

Z∗
n

L {MvOM]KLM NMO MvXWMSO � [OWXW�O � LRO� MXWXO |RM
n
MX �SM] WMSO J�M�

n �
Z∗

n = {x ∈ N : 1 ≤ x < n
MX

pgcd(x, n) = 1}.��TL R TVUUTOML KUWNMVEDR TL FNOM UT QKUQOU �T U �V��TMLT RN�OUN N�E O� QN�E
O(log2 p. log2

2 log2 p. log2 log2 log2 p)
J� �NVM � U �OMU DEEF GHHIII JW�O JNMWHW�OUVLEHFMN�OQEVN�HW�ORF JDER U
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Nombre de chiffres

øùú û ^T^ ° ~LQ[SWX\] M N {yR�LWNM ORS Rv �MvXWR] ��� � U�w¤£Ì J�M� �¤�T

VM �JSNWvJL NM
Z∗

n

MOX v[Xz
φ(n)

T VJ �[v�XW[v
φ
MOX J�� MLzM �[v�XW[v N {yR�LMS T �JS MYM]�LM � OW

p
MOX �SM] WMS �

ϕ(p) = p − 1
T � M LJ ] ý] M ] JvW�SM �NJvO

Z/pkZ
� OMRLO LMO ]RLXW� LMO NM

p
vM O[vX �JO �SM] WMSO J�M�

p
T �LO O[vX

{p, 2p, 3p, . . . , pk−1p} T ~ WvOW ϕ(pk) = pk − pk−1 = (p − 1)pk−1 T yvPv � OW mMX
n
O[vX �SM] WMSO MvXSM MRY � LMO MvXWMSO �SM] WMSO J�M�

mn
O[vX �\J�Rv NMOMvXWMSO �SM] WMSO J�M�

m
]RLXW� LWzO �JS �\J�Rv NMO MvXWMSO �SM] WMSO J�M�

n
MXOMRLM] MvX �MRY L� � N {[Å L {[v XWSM

ϕ(mn) = ϕ(m)ϕ(n)
T ~R PvJL � [v [KXWMvXLJ �S[� [OWXW[v ORW�JvXM �� bc¨bgpapl hs �� � ������� �� ��� � �� ¡ ¢ïãÜäÞ p1, . . . , pn

ëÜÝ Üä ÞãÜæÝþ æÜç ãÜæÝ áîïæÝ£
∀(k1, . . . , kn) ∈ N, ϕ

(

∏

pki
i

)

=
∏

(pi − 1)pki−1
i

~WvOW � � [RS �JL�RLMS
ϕ(n)

� WL �JRX OJ�[WS �J�X[SWOMS
n
T� JvO

Z∗
n

� X[RX zLz] MvX
x
J Rv Wv�MSOM � Mv M�MX � �[]] M x

MOX �SM] WMS J�M�
n
� L {WNMvXWXz NM ­MÌ[RX JOORSM L {MY WOXMv�M NM NMRY MvXWMSO NM OWQvMO [�� [OzO

uMX
v
¾
1 ≤ |u| < n

MX
1 ≤ |v| < x

¿ � XMLO |RM �
u.x + v.n = 1

uv J JL[SO
u.x ≡ 1

][N
n
� W TM T

u = x−1 ][N n
T uv J�� MLLM

u ãäèÜæÝÜ ëÜ xçïëìîï n
T V {MYWOXMv�M NM

u
][vXSM |RM

Z∗
n

� ]RvW NM LJ L[W NM ]RLXW� LW�JXW[v] [NRL[
n
� MOX Rv QS[R� M �[]]RXJXW� PvW T VM �JL�RL NM

u
OM �JWX QS��M �L {JLQ[SWX\] M N {yR�LWNM zXMvNR T
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�opcb¤qm h ¥�opcb¤qm d ¦�e¥mb ¦ s ¢ïãÞ a ìä êîêç ÜäÞ §ìÜîâïä§ì Ü ëÜ Z∗
n ¨©ä á ª aφ(n) ≡ 1 çïëìîï n ¨� bme�m s ª[WX

a
Rv zLz] MvX |RML�[v|RM NM

Z∗
n

T ~ L[SO � L {MvOM]KLM NMO �S[NRWXO�JS
a
�
Ga = {y = ax

][N
n
�[RS

x ∈ Z∗
n}

MOX Mv �JWX zQJL �
Z∗

n

T yv M�MX �|RML |RM O[WX
y ∈ Z∗

n

� [v � MRX � [OMS
x = a−1y

�RWO|RM
a
MOX Wv�MSOWK LMMX SM�W�S[|RM] MvX OW

a
MX

x
O[vX Wv�MSOWK LMO ] [NRL[

n
JL[SO LMRS �S[NRWXL {MOX JROOW ¾

(ax)−1 = x−1a−1 ][N n
¿ T ~ WvOW � �[]] M �MO NMRY MvOM]KLMO O[vXzQJRY � LMO �S[NRWXO SMO� M�XW�O NM X[RO LMRSO zLz] MvXO O[vX JROOW zQJRY ] [NRL[

n �
∏

x∈Z∗
n

x =
∏

y∈Ga

y =
∏

x∈Z∗
n

ax

uS � �[]]M LJ ]RLXW� LW�JXW[v MOX �[]]RXJXW�M NJvO
Z∗

n

� [v � MRX JL[SO O[SXWSLMO
a
NR �S[NRWX � MX �[]] M WL � J

φ(n)
zLz] MvXO NJvO

Ga
[v [KXWMvX LJ �[S]RLMORW�JvXM ] [NRL[

n �
∏

x∈Z∗
n

x = aφ(n)
∏

x∈Z∗
n

x

VJ �[v�LROW[v �WMvX JL[SO NR �JWX |RM LMO zLz] MvXO NM
Z∗

n

zXJvX Wv�MSOWK LMO �LMRS �S[NR WX L {MOX JROOW MX N[v� � Mv OW]�LWP JvX � [v [KXWMvX
1 = aφ(n) ][N n

T
2 VM X\z[S�] M NM �MS] JX OM NzNRWX NWSM�XM] MvX NR X\z[S�] M N {yRLMS NJvOLM �JO [Å

n
MOX Rv v[]KSM �SM] WMS T

�opcb¤qm � ¥�opcb¤qm dm Îmbqka ¦ s ¢ ã p ÜÝÞ þ æÜç ãÜæ£ áîïæÝ þïìæ ÞïìÞ
a ∈ Zp

ª ap ≡ a çïëìîï p ¨� bme�m s ªW
a
MOX Wv�MSOWK LM � JL[SO LM X\z[S�] M N {yRLMS v[RO N[vvM

ap−1 ≡ 1][NRL[
p
T yv SM]RLXW� LWJvX �JS

a
[v [KXWMvX LJ SMLJXW[v NzOWSzM T VM OMRL v[v�Wv�MSOWK LM NM

Zp
OW

p
MOX �SM] WMS MOX

0
T � JvO �M �JO � [v J W]] zNWJXM] MvX

0p ≡ 0 mod p
T

2

012 1« �:�67�;< A:8¬68­
VM X\z[S�] M �\Wv[WO � � MS] MX NM �[]KWvMS �LROWMRSO �[vQSRMv�MO ] [NRL[NMO v[]KSMO �SM] WMSO MvXSM MRY � � [RS [KXMvWS RvM �[vQSRMv�M ] [NRL[ LM�S[NRWX NM �MO v[]KSMO T

�opcb¤qm i s ¢ïãÜäÞ m1, . . . , mn
ëÜÝ ÜäÞãÜæÝ þ ïÝãÞã® Ý þ æÜç ãÜæÝ Üä ÞæÜ Üì¯ ¨° îïæÝ£ þ ïìæ ÞïìÝ æêÝãëìÝ a1, . . . , an
ãî Ü¯ ãÝ ÞÜ ìä ìäã§ìÜ x ≤ ∏

mi
ÞÜî §ìÜ îÜÝæÜÝÞÜÝ ëÜ x çïëìîï îÜÝ mi

âï±äâãëÜäÞ áèÜâ îÜÝ ai
ª x ≡ ai mod mi ¨� bme�m s ¹[RO �S[�zN[vO Mv NMRY XM]�O � v[RO ] [vXS[vO N {JK [SN L {MY WOXMv�MNM

x
�RWO L {RvW�WXz T uv �[OM

M =
∏

mi
MX

Mi = M
mi

T ~ L[SO
Mi

MX
mi

O[vX�SM] WMSO MvXSM MRY T VM X\z[S�] M N {yR�LWNM v[RO JOORSM JL[SO L {MY WOXMv�M NM
yiXML |RM

yiMi ≡ 1 mod mi
T ¹ [RO � [O[vO MvORWXM

x =
∑n

i=1 aiyiMi mod M
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MX WL MOX �J�WLM NM �zSWPMS |RM

x
JWvOW NzPvW �[v�WMvX ! yv M�MX � � [RX X[RX

i
�

x ≡ aiyiMi mod mi
�RWO|RM

mi
NW�WOM X[RO LMO

Mj
J�M�

j 6= i
T ¤ JWO JL[SOLJ NzPvWXW[v NM

yi
N[vvM

x ≡ ai.1 ≡ ai mod mi
T �L v[RO SMOXM � �S[R�MSL {RvW�WXz NM

x
T ªR��[O[vO |R {WL Mv MY WOXM NMRY �

x1
MX

x2
T ~ L[SO

x2 − x1 ≡ 0
mod m1

MX
x2 − x1 ≡ 0 mod m2

T �[v�
x2 − x1 = k1m1 = k2m2

�[RS�MSXJWvO
k1
MX

k2
T uS �

m1
MX

m2
O[vX �SM] WMSO MvXSM MRY � N[v� � LM X\z[S�] MN {yR�LWNM v[RO WvNW|RM L {MY WOXMv�M NM

u
MX

v
XMLO |RM

um1 + vm2 = 1
T � [v�

u(x2 − x1) = k1um1 = k1(1 − vm2) = uk2m2
� �M |RW �S[R�M |RM

k1 =
m2(uk2 + vk1) = k′

1m2
T ~ Wv OW

x2 − x1 = k′
1m2m1

MX N[v�
x2 − x1 ≡ 0

mod m1m2
T yv �S[�zNJvX �JS Sz�RSSMv�M � �[]] M

mi+1
MOX �SM] WMS J�M� LM�S[NRWX

m1m2 . . .mi
� [v Mv NzNRWX |RM

x2 − x1 ≡ 0 mod M
� [R Mv�[SM |RM

x2 ≡ x1 mod M
� �M |RW ] [vXSM KWMv L {RvW�WXz T

2�M X\z[S�] M v[RO � MS] MX NM �JL�R LMS LJ �[v�XW[v N {yRLMS NM LJ ] JvW�SMORW�JvXM �
ϕ(pe1

1 . . . pek
k ) =

k
∏

i=1

pei
i (pi − 1)

yv M�MX � v[RO J�[vO �R |RM
ϕ(p) = p−1

OW
p
MOX �SM] WMS � WL MOX �J�WLM NM �[WS|RM

ϕ(pe) = pe − pe−1 �RWO|RM X[RO LMO v[]KSMO v[v �SM] WMSO J�M� pk O[vXLMO ]RLXW� LMO NM
p
�LRO � MXWXO |RM

pk � MX LM X\z[S�] M �\Wv[WO v[RO � MS] MXNM �[v�LRSM |RM
ϕ(n1n2) = ϕ(n1)ϕ(n2)

�RWO|RM
m
�SM] WMS J�M�

n1n2
MOXz|RW�JLMvX �

m mod n1
MOX �SM] WMS J�M�

n1
MX

m mod n2
MOX �SM] WMS J�M�

n2
� OW

n1
MX

n2
O[vX �SM] WMSO MvXSM MRY T

yvPv � Mv �[]KWvJvX LM X\z[S�] M N {yRLMS MX LM X\z[S�] M �\Wv[WO � [v � MRX[KXMvWS RvM SMLJXW[v NM �[vQSRMv�M �[]]RvM � X[RO LMO zLz] MvXO NM
ZnL[SO|RM

n
MOX LM �S[NRWX NM NMRY v[]KSMO �SM] WMSO T � {MOX Rv SzORLXJX NM� W�MOX � ª\J] WS MX ~NLM] Jv � � L {[SWQWvM NM LJ �S��X[QSJ�\WM � �LM� �RKLW|RM�ª~ � |RM v[RO �MSS[vO JR �\J�WXSM � T� T

�opcb¤qm � ¥�opcb¤qm ¢  � ¦ s ¢ïãÞ n = pq ìä þ æïëìãÞ ëÜ ëÜì¯ äïç íæÜÝþ æÜç ãÜæÝ ¨ ¢ïãÞ a ìä êîêç ÜäÞ §ìÜîâïä§ìÜ ëÜ
Zn ¨ ©ä á ª ∀k, akφ(n)+1 ≡ açïëìîï n ¨� bme�m s �L � J NMRY �JO � OW a

MOX Wv�MSOWK LM NJvO
Zn
� JL[SO [v J��LW|RMNWSM�XM] MvX LM X\z[S�] M N {yRLMS MX N[v�

aφ(n) ≡ 1 mod n
T yv zLM�JvX � LJ�RWOOJv�M

k
MX Mv SM]RLXW� LWJvX �JS

a
� [v [KXWMvX LJ SMLJXW[v NzOWSzM T � JvOLM NMRYW�] M �JO � [v RXWLWOM NMRY �[WO LM X\z[S�] M NM �MS] JX T yv M�MX �

pMOX �SM] WMS N[v�
ap−1 ≡ 1 mod p

OW
a 6= 0 mod p

T � [v� � Mv zLM�JvX � LJ�RWOOJv�M
k(q−1)

MX Mv SM]RLXW� LWJvX �JS
a
� [v [KXWMvX

akφ(n)+1 ≡ a mod p
TªW

a
MOX vRL LJ SMLJXW[v ] [NRL[

p
MOX W]] zNWJXM T �M LJ ] ý] M ] JvW�SM [v[KXWMvX RvM SMLJXW[v OW] WLJWSM ] [NRL[

q � akφ(n)+1 ≡ a mod q
T �[]]M

pMX
q
O[vX �SM] WMSO MvXSM MRY � WL ORÃ X ] JWvXMvJvX N {J��LW|RMS L {RvW�WXz NRX\z[S�] M �\Wv[WO � � [RS J�[WS

akφ(n)+1 ≡ a mod pq
T

2
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�L O {JQWX NR �JL�RL NM

ab ][N n
[Å

a, b
MX

n
O[vX NMO MvXWMSO � J�M�

a, b < n
T�M �JL�RL vM vz�MOOWXM |RM

log2 n
]RLXW� LW�JXW[vO ] [NRL[

n
T�JS MYM]�LM �

a11 = a × a10 = a × (a5)2 = a × (a × a4)2 = a × (a × ((a)2)2)2

JRXSM] MvX NWX w ]RLXW� LW�JXW[vO ORÃ OMvX � � zLz�JXW[vO JR �JSSz MX x ]RLXW�� LW�JXW[vO TVJ ] zX\[NM QzvzSJLM MOX J�� MLzM êîêèáÞãïä æêâìæÝãèÜ áì âáææê � L {JLQ[�SWX\] M ORW�JvX � Mv �~~ � L {W]�Lz] MvXM � [RS X[RX
n
T VM X�� M ¶·¸¹¶¹º W] ��Lz] MvXM NMO MvXWMSO Mv �Sz�WOW[v WvPvWM T

b_acdce »¼ Z``f_ ^c½Y[¼ tY ]^Y_ `a b_acdce f g ^Y_ `a b_acdce ¾ g ^Y_ `a b_acdce _ l mZn ]¾oopl m eca¼e_ b_acdce ]rl q sct`c mb_acdce [ o »¼ Z``f_ ^c½Y[¼ tY ] f g ¾ y ¿ g _ l q[ o ][z[ l u _ qZn ]¾ u ¿ oo rl [ o ][zf l u _eca¼e_ [ qss
 �\J|RM J�� ML � L {MY� [OJvX

k
MOX NW�WOz �JS x T �L � J N[v�

log2 k
J�� MLO TV[SO NM �\J|RM J�� ML � [v M�M�XRM JR �LRO x ]RLXW� LW�JXW[vO � zLz�JXW[v JR�JSSz NM

d
MX z�MvXRMLLM] MvX ]RLXW� LW�JXW[v �JS

a
T �MO [� zSJXW[vO O[vX �JWXMO] [NRL[

n
� N[v� ORS NMO v[]KSMO NM

log2 n
�\W� SMO T ¤ ý] M Mv RXWLWOJvX LMOJLQ[SWX\] MO NM ]RXW�LW�JXW[v vJÀ�O ¾�MRY �RO � L {z�[LM �SW] JWSM¿ � LM �[{X N {RvMXMLLM ]RLXW� LW�JXW[v MOX

O(log2
2 n)

TVM �[{X PvJL NM L {JLQ[SWX\] M MOX N[v�
O(log2 k log2

2 n)
T VJ PQRSM ^T� � LJ�JQM xx¿ N[vvM RvM MOXW] JXW[v NR XM]�O NM �JL�RL ] [�Mv �[RS �JL�RLMS LMO�RWOOJv�MO N {Rv v[]KSM

a
][NRL[ Rv v[]KSM

b
�\[WOWO JR \JOJSN MvXSM

1
MX

10n �[RS n = 1, · · · , 100000
¾� [RS Mv OJ�[WS �LRO � �[WS �^Z� � OM�XW[v � T} T�¿ T �M�[{X MOX SJWO[vvJKLM �JS SJ�� [SX �

O(log2 n)
|RW MOX LM XM]�O vz�MOOJWSM � [RSLJ LM�XRSM NM

a
[R L {z�SWXRSM NR SzORLXJX T

012 1Á Â�¬�7�986¬ =< ¬6;Ã7<­ µ7<; 8<7­
ªW L {[v vM �[vvJWX �JO N {JLQ[SWX\] M �[RS �J�X[SWOMS Rv MvXWMS

n
Mv XM]�O� [L�v[] WJL

log
O(1)
2 n

� WL MOX SM�Jv�\M SMLJXW�M] MvX �J�WLM NM QzvzSMS Rv v[]KSM�SM] WMS
p
TV J QzvzSJXW[v N {Rv v[]KSM �SM] WMS � MRX ýXSM �JWXM QS��M JR XMOX ORW�JvX�S[� [Oz �JS ¤ WLLMS��JKWv T
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øùú û ^Tx ° �JL�RL NM �RWOOJv�MO ORS Rv �MvXWR] ��� � U�w ¤£Ì J�M� �¤�T

�mla dm n g¥¥mbÄ¢kÈg` ª[WX
n
Rv v[]KSM W]�JWS MX O[WMvX

s
MX

t
XMLO |RM

n − 1 = t2s J�M� t
W]�JWS T �[RS Rv MvXWMS

a < n
|RML�[v|RM � [v J JL[SO

a(n−1) − 1 = at2
s

− 1 = (at − 1)(at + 1)(a2t + 1) . . . (a(2s−1)t + 1).

ªW
n
MOX �SM] WMS � N {J�S�O LM X\z[S�] M NM �MS] JX �

a(n−1)−1 ≡ 0
][N

n
� N[v�° O[WX

at − 1 ≡ 0 mod n
�° O[WX

at2i
+ 1 ≡ 0 mod n

J�M�
0 ≤ i < s

TVM XMOX NM �[]�[OWXW[v NM ¤ WLLMS��JKWv MOX KJOz ORS �MXXM �S[�SWzXz T uv NWX|RM
a
SzROOWX LM XMOX NM �[]�[OWXW[v NM ¤ WLLMS�� JKWv � [RS

n
OW

at − 1 6≡ 0
mod n

MX OW
at2i

+ 1 6≡ 0 mod n
�[RS X[RX

i = 0, . . . , s− 1
T yv M�MX � NJvO �M�JO �

a(n−1)−1 6≡ 0 mod n
� Mv RXWLWOJvX LM X\z[S�] M NM �MS] JX � [v Mv NzNRWX|RM

n
v {MOX �JO �SM] WMS ¾[v NWX JROOW �[]�[Oz¿ TªW
n
MOX W]�JWS MX v[v �SM] WMS � ] [WvO NM

(n − 1)/4
v[]KSMO

a
z�\[RMvXJR XMOX NM �[]�[OWXW[v NM ¤ WLLMS�� JKWv T yv �\[WOWOOJvX

a
JR \JOJSN NJvO

{1, . . . , n − 1} � LJ �S[KJKWLWXz N {z�\[RMS MOX N[v� Wv�zSWMRSM � 1
4

T
�M XMOX � MRX ýXSM RXWLWOz MÃ �J�M] MvX � [RS �[vOXSRWSM Rv v[]KSM �SM] WMSJ�M� RvM �S[KJKWLWXz Wv�zSWMRSM �

4−k NM OM XS[]�MS T uv �S[��NM �[]]M ORWX �° uv XWSM JR \JOJSN Rv v[]KSM W]�JWS v �° uv XWSM JR \JOJSN
k
v[]KSMO

ai
NWOXWv�XO �

1 < ai < n
T uv J��LW|RM LMXMOX NM �[]�[OWXW[v ¤ WLLMS�� JKWv � [RS �\J|RM MvXWMS
ai
T° ªW JR�Rv

ai
vM SzROOWX LM XMOX NM �[]�[OWXW[v � [v Mv NzNRWX |RM

n
MOX�SM] WMS � LJ �S[KJKWLWXz NM OM XS[]�MS MOX Wv�zSWMRSM �

4−k �° OWv[v � [v SM�[]]Mv�M Mv SM]�LJÖJvX
n
�JS

n + 2
T
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O(log3

2 n)
¾�[WS LJ PQRSM ^Tx NM LJ �JQM x�¿ T� M �LRO � LM v[]KSM NM v[]KSMO �SM] WMSO Wv�zSWMRSO �

n
MOX JO�]�X[XW|RM] MvX

n/ ln(n)
T uv Mv NzNRWX |RM �JSXJvX NM

n
W]�JWS � Mv ] [�MvvM

ln(n)
WXzSJXW[vOORÃ OMvX � [RS XS[R�MS Rv v[]KSM �SM] WMS Mv JÀ [RXJvX x �

n
� �\J|RM WXzSJ�XW[v T VM �[{X ] [�Mv NM L {JLQ[SWX\] M MOX N[v� ] JÀ [Sz �JS

O(k log4
2 n)
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log2 p

v {MOX �[vvR �[RS �M �S[KL�] M T~ WvOW � OW
p = 10100 � LM �JL�R L NM fg(x)

NM] JvNM ] [WvO NM
108 [� zSJXW[vO � O[WX] [WvO NM ^ OM�[vNM ORS Rv �� T �JS �[vXSM � L {zvR] zSJXW[v MY\JROXW�M � [RS�JL�RLMS

f−1
g (y)

NM] JvNM
10100 [� zSJXW[vO ! ! !

012 1þ ÿ�­64@986¬ =@ 465�789:;< =8­A7<9
�[]]M v[RO �Mv[vO NM LM ] MvXW[vvMS � LJ OMRLM ] zX\[NM OW]�LM � [RSSzO[RNSM LM L[QJSWX\] M NWO�SMX �[vOWOXM Mv L {zvR] zSJXW[v MY\JROXW�M NM X[ROLMO
x
�[OOWK LMO � MX �SMvN Rv XM]�O

O(p)
� K MJR�[R� XS[� W]�[SXJvX �JS SJ�� [SX



hsi »cb¨l ü`gl s ��
�

log2 p
T yv �SJXW|RM � LMO JLQ[SWX\] MO NM �J�X[SWOJXW[v � MR�MvX ýXSM � [RS LJ�LRO�JSX JNJ�XzO � [RS SzO[RNSM zQJLM] MvX LM L[QJSWX\] M NWO�SMX �° V {JLQ[SWX\] M S\[ NM �[LLJSN � [RS LM L[QJSWX\] M NWO�SMX MOX JNJ�Xz NML {JLQ[SWX\] M Ô­JK� ªXM�Â�WJvX ªXM�Õ NM ª\JvÍO MX vz�MOOWXM NM L {[SNSMNM
O(

√
p)
[� zSJXW[vO MX

O(log2 p)
MO�J�MO ] z][WSM T° VMO JLQ[SWX\] MO N {WvNMY O {J��JSMvXMvX JRY JLQ[SWX\] MO NM �SWK LM � MXvz�MOOWXMvX NM L {[SNSM NM

O(p
1
3 )
[� zSJXW[vO T

��� ���� � ��-� �
01« 10 Â76@µ<­ � 3¬¬<�@� � �67µ­ � �64	¬
;<­
Ïbce¨ml

¹[RO �[]]MvÖ[vO �JS zv[v�MS |RML|RMO NzPvWXW[vO MX X\z[S�] MO MOOMv�XWMLO ORS LMO QS[R� MO T ¹[RO LMO v[X[vO ]RLXW� LW�JXW�M] MvX � �RWO|RM � �JS LJORWXM � v[RO v[RO WvXzSMOOMS[vO JR QS[R� M ]RLXW� LW�JXW� NMO Wv�MSOWK LMO N {Rv�[S�O PvW T
� pü`gagc` � s �ä QS[R� M (G, ∗) ÜÝÞ ìä ÜäÝÜç íîÜ çìäã ë æìä ïþ êæáÞÜìæ íãäáãæÜãä ÞÜæä Ü èêæã� áäÞ îÜÝ þ æïþ æãêÞêÝ ÝìãèáäÞÜÝ ªÐ¨ ∗ ÜÝÞ áÝÝïâãáÞãèÜ ª ∀a, b, c ∈ G, a ∗ (b ∗ c) = (a ∗ b) ∗ c ¨Õ ¨ é î Ü¯ ãÝÞÜ ìä êîêç ÜäÞ ä ÜìÞæÜ e ∈ G£ ÞÜî §ìÜ ∀a ∈ G, a ∗ e = e ∗ a = a ¨é ¨ ÛïìÞ êîêç ÜäÞ á ìä ãäèÜæÝÜ ª ∀a,∃a−1 ∈ G, a ∗ a−1 = a−1 ∗ a = e ¨� Ü þ îìÝ£ Ýã îá îïã ÜÝÞ âïççìÞáÞãèÜ ×∀a, b ∈ G, a ∗ b = b ∗ aØ £ áîïæÝ G ÜÝÞ ëãÞJK zLWMv ¨�pü`gagc` i s �ä üæïìþ Ü ÜÝÞ ëãÞ ���LW|RM Ýã ãî þ ïÝÝ#ëÜ ìä ü êäêæáÞÜìæ ¨ °ìÞæÜßç ÜäÞ ëãÞ£ Ýã ∃g ∈ G, ∀a ∈ G, ∃i ∈ Z, a = gi ¨�JS MYM]�LM � L {MvOM]KLM NMO MvXWMSO {0, 1, . . . , m−1} � ]RvW NM LJ L[W N {JN�NWXW[v ] [NRL[

m
MOX Rv QS[R� M ���LW|RM QzvzSz �JS MYM]�LM �JS

1
T � M ] ý] ML {MvOM]KLM NMO MvXWMSO {1, . . . , 6} ]RvW NM LJ L[W NM ]RLXW� LW�JXW[v ] [NRL[ 7MOX Rv QS[R� M ���LW|RM QzvzSz �JS MYM]�LM �JS

3
� �JS

1 = 30 � 2 ≡ 32 = 9
�

3 = 31 � 4 ≡ 34 ≡ 2 ∗ 2
�
5 ≡ 35 � 6 ≡ 33 T

� bc¨clgagc` hs åÜ �JSNWvJL ë æìä üæïìþ Ü � äã ÜÝÞ îÜ äïç íæÜ ëÜ ÝÜÝ êîêç ÜäÞÝ ¨¢ ã G ÜÝÞ � äã£ áîïæÝ îÜ âáæëãäáî ëÜ ÞïìÞ ÝïìÝßü æïìþ Ü ëÜ G ëãèãÝÜ îÜ âáæëãäáî ëÜ
G ¨� bc¨clgagc` � s å æÜäÝÜç íîÜ ëÜÝ þ ìãÝÝáäâÜÝ ë æìä êîêç ÜäÞ a ë æìä üæïìþ Ü GÜÝÞ ìä ÝïìÝ ü æïìþ Ü ëÜ G£ äïÞê < a > ¨ ¢ ã âÜ ÝïìÝßü æïìþ Ü ÜÝÞ � äã Ýïä âáæëãäáîÜÝÞ î æ[SNSM NM a

T
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�``mke�
�pü`gagc` � s �ä JvvMJR (A, +,×) ÜÝÞ ìä ÜäÝÜç íîÜ çìäã ëÜ ëÜì¯ ïþ êæáÞÜìæÝíãäáãæÜÝ ãä ÞÜæä ÜÝ èêæã� áä Þ îÜÝ þ æïþ æãêÞêÝ ÝìãèáäÞÜÝ ªÐ¨ (A, +) ÜÝÞ ìä üæïìþ Ü áíêîãÜä ¨Õ ¨ × ÜÝÞ áÝÝïâãáÞãèÜ ª ∀a, b, c ∈ A, a × (b × c) = (a × b) × c ¨é ¨ × ÜÝÞ ëãÝ Þæãíì Þãè Ü Ýìæ + ª ∀a, b, c ∈ A, a× (b + c) = (a× b) + (a× c) ÜÞ

(b + c) × a = (b × a) + (c × a) ¨
 ¢ ã ëÜ þ îìÝ × þïÝÝ#ëÜ ìä äÜìÞæÜ ëáäÝ A£ A ÜÝÞ ìäãÞáãæÜ¨
 ¢ ã ëÜ þ îìÝ × ÜÝÞ âïççìÞáÞãèÜ£ A ÜÝÞ âïççìÞáÞã® ¨
 å æÜäÝÜç íîÜÝ ëÜÝ êîêç ÜäÞÝ ëÜ A ãäèÜæÝãíîÜÝ þ áæ × ÜÝÞ äïÞê A∗ ¨�[RS Rv zLz] MvX
a
N {Rv JvvMJR

A
� [v v[XM

n ·a ¾[R �LRO OW]�LM] MvX na
¿LJ O[]] M

a + · · · + a
�[SXJvX ORS

n
XMS] MO zQJRY �

a
�[RS X[RX

n ∈ N∗ MX
0 · a �[RS NzOWQvMS 0

T
� pü`gagc` t s ¢ ã î æÜäÝÜç íîÜ {k ∈ N∗ : k · 1 = 0} ×äïðáì ëÜ î æ�ïç ïçïæßþ � ãÝç Ü ëÜ üæïìþ Ü n → n.1F

ëÜ Z ëáäÝ FØ ÜÝÞ èãëÜ£ ïä ëãÞ §ìÜ î æáää Üáì VÜÝÞ ëÜ �JSJ�XzSWOXW|RM 0 ¨ � áäÝ îÜ âáÝ âïäÞæáãæÜ£ îÜ þ îìÝ þ ÜÞãÞ êîêç ÜäÞ ëÜ âÜÞÜäÝÜç íîÜ ÜÝÞ áþþ Üîê îá âáæáâÞêæãÝÞã§ìÜ ëÜ V ¨�JS MYM]�LM �
(Z, +,×)

MOX Rv JvvMJR RvWXJWSM �[]]RXJXW� NM �JSJ�XzSWO�XW|RM
0
XJvNWO |RM

(Z/nZ, +,×)
�[RS

n ∈ N \ {0, 1} MOX Rv JvvMJR RvWXJWSM�[]]RXJXW� |RW MOX NM �JSJ�XzSWOXW|RM
n
T�[RS z�WXMS LJ ORS�\JQM NJvO LMO v[XJXW[vO � v[RO v[XMS[vO X[RÀ [RSO ¾XJvX|RM �MLJ vM vRWX �JO � LJ �LJSXz NM L {MY� [Oz¿ �JS

+
¾SMO� M�XW�M] MvX �JS ×¿L {JNNWXW[v ¾SMO� M�XW�M] MvX LJ ]RLXW� LW�JXW[v ¿ NM X[RX JvvMJR T �L SMOXM MvXMvNR|RM L {[� zSJXW[v

+
¾SMO� M�XW�M] MvX ×¿ v {J NM OMvO |RM OW MLLM MOX �[vOWNzSzM�JS SJ�� [SX � L {MvOM]KLM JR|RML J��JSXWMvvMvX LMO zLz] MvXO |R {MLLM MvQJQM T

� pü`gagc` Æ s � Üì¯ áääÜáì¯ (V, +,×) ÜÞ (W, +,×) ÝïäÞ WO[] [S�\MO îïæÝ§ì æãîÜ¯ ãÝÞÜ ìäÜ íã� ÜâÞãïä f : V −→ W èêæã� áä Þ þïìæ ÞïìÝ x ÜÞ y ëáäÝ V ª
f(x + y) = f(x) + f(y)

¾^T^¿
f(x × y) = f(x) × f(y).

¾^Tx¿
¢ mqkbrem hs
Ä ¦ å æãÝïç ïæþ � ãÝç Ü ÜäÞæÜ áääÜáì¯ ÜÝÞ ìäÜ æÜîáÞãïä ë æê§ìãèáîÜäâÜ Üä âÜ ÝÜäÝ§ì æÜî îÜ ÜÝÞ æÜ� Ü¯ ãèÜ£ Ýðç êÞæã§ìÜ ÜÞ ÞæáäÝãÞãè Ü¨Ä ¦ åïæÝ§ìÜ ëÜì¯ áääÜáì¯ Ýïä Þ ãÝïç ïæþ � ÜÝ£ ïä þ ÜìÞ ãëÜäÞã� Üæ î æìä §ìÜîâïä§ìÜë æÜäÞæÜ Üì¯ " î æáìÞæÜ¨ � æÜÝÞ âÜ §ìÜ äïìÝ ® ÜæïäÝ îÜ þ îìÝ ÝïìèÜäÞ¨Ä ¦ ¢ ã E ÜÝÞ ìä ÜäÝÜç íîÜ §ìÜîâïä§ìÜ ÜÞ (V, +,×) ìä áääÜáì ÞÜî §ì æãî Ü¯ ãÝÞÜìäÜ íã� ÜâÞãïä φ : E −→ V ëÜ E Ýìæ V £ áîïæÝ îá ÝÞæìâÞìæÜ ë æáää Üáì
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ëÜ V ÜÞ îá íã� ÜâÞãïä φ þ Üæç ÜÞÞÜä Þ ëÜ ëê� äãæ ìä Ü ÝÞæìâÞìæÜ ë æáää Üáì Ýìæ
E Ýã î æïä þ ïÝÜ þ ïìæ ÞïìÝ x ÜÞ y ëáäÝ E ª

x + y = f−1 (f(x) + f(y))
¾^T�¿

x × y = f−1 (f(x) × f(y)) .
¾^T� ¿

å æáääÜáì (E, +,×) áãäÝã ëê� äã ÜÝÞ êèãëÜçç ÜäÞ ãÝïç ïæþ � Ü " V ¨
»cb¨l
�pü`gagc` ©s �ä �[S�O (A, +,×) ÜÝÞ ìä ÜäÝÜç íîÜ çìäã ëÜ ëÜì¯ ïþ êæáÞÜìæÝíãäáãæÜÝ ãä ÞÜæä ÜÝ èêæã� áä Þ îÜÝ þ æïþ æãêÞêÝ ÝìãèáäÞÜÝ ªÐ¨ (A, +,×) ÜÝÞ ìä áääÜáì ¨Õ ¨ (A \ {0},×) ÜÝÞ ìä üæïìþ Ü ¨~WvOW � Rv JvvMJR RvWXJWSM

V
NJvO LM|RML X[RX zLz] MvX

x ∈ V \ {0} J RvWv�MSOM � [RS LJ ]RLXW� LW�JXW[v MOX J�� MLz âïæþ Ý âïççìÞáÞã® � L {Wv�MSOM NM xMOX v[Xz
x−1 T Áv �[S�O MOX NWX �[]]RXJXW� L[SO|R {WL MOX �[]]RXJXW� Mv XJvX|R {JvvMJR RvWXJWSM T VJ âáæáâÞêæãÝÞã§ìÜ N {Rv �[S�O MOX OJ �JSJ�XzSWOXW|RM MvXJvX |R {JvvMJR T�JS MYM]�LM �

(Q, +,×)
MOX Rv �[S�O �[]]RXJXW� NM �JSJ�XzSWOXW|RM

0
XJv�NWO |RM � [RS X[RX v[]KSM �SM] WMS

p
� L {JvvMJR

(Z/pZ, +,×)
MOX Rv �[S�O�[]]RXJXW� NM �JSJ�XzSWOXW|RM

p
� [v LM v[XM

Fp
T�RWO|RM X[RO LMO JvvMJRY RvWXJWSMO MX �[S�O |RW v[RO WvXMSMOOMvX NJvO�M �[RSO O[vX �[]]RXJXW�O � v[RO NWS[vO NzO[S] JWO JvvMJR ¾SMO� M�XW�M] MvX�[S�O¿ � [RS NzOWQvMS JvvMJR RvWXJWSM �[]]RXJXW� ¾SMO� M�XW�M] MvX �[S�O �[] �]RXJXW� ¿ Tuv NWX |R {Rv O[RO MvOM]KLM

W
N {Rv �[S�O

V
MOX Rv O[RO��[S�O NM

VL[SO|RM LMO SMOXSW�XW[vO NMO [� zSJXW[vO NM
V
�

W
�[v��SMvX �

W
RvM OXSR�XRSMNM �[S�O T�JS MYM]�LM � OW

V
MOX Rv �[S�O NM �JSJ�XzSWOXW|RM

p 6= 0
� JL[SO L {MvOM]KLM

{k ·1 : k = 1, . . . , p} MOX Rv O[RO��[S�O NM V
� [v L {J�� MLLM ÝïìÝßâïæþ Ý þ æÜç ãÜæNM

V
T

� pü`gagc`l hs 
 åÜ âïæþ Ý ëÜÝ äïç íæÜÝ æáÞãïääÜîÝ Q ÜÞ îÜÝ âïæþ Ý Z/pZ£þ ïìæ p þ æÜç ãÜæ£ ÝïäÞ áþþ ÜîêÝ fcb¨l ¨bmq gmbl ¨
 åÜÝ âïæþ Ý � äãÝ ÝïäÞ áþþ ÜîêÝ fcb¨l dm Ïk¥cgl ¨ é îÝ ÝïäÞ äïÞêÝ Fq
ïì

GF [q]£ áèÜâ q îÜ âáæëãäáî ëì âïæþ Ý ¨�[vv[vO W�W |RML|RMO �S[�SWzXzO zLz] MvXJWSMO T
� bc¨bgpapl � s ã¨Ø ¢ ã îá âáæáâÞêæãÝ Þã§ìÜ ë æìä âïæþ Ý ÜÝÞ äïä äìî îÜ£ â æÜÝÞ ìääïç íæÜ þ æÜç ãÜæ ¨ãã¨Ø ¢ ã ìä âïæþ Ý W ÜÝÞ ìä ÝïìÝßâïæþ Ý ë æìä âïæþ Ý V £ áîïæÝ V á ìäÜ ÝÞæìâÞìæÜë æÜÝþ áâÜ èÜâÞïæãÜî Ýìæ îÜ âïæþ Ý W

×îá çìîÞãþ îãâáÞãïä ë æìä êîêç ÜäÞ ëÜ Fþáæ ìä êîêç ÜäÞ ëÜ V ÜÝÞ âïäÝãëêæêÜ âïçç Ü îÜ þ æïëìãÞ ë æìä ÝâáîáãæÜ þ áæìä èÜâÞÜìæØ ¨
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ããã ¨Ø ¢ ã îá âáæáâÞêæãÝ Þã§ìÜ ë æìä âïæþ Ý � äã ÜÝÞ äïä äìî îÜ£ îÜ âáæëãäáî ëì âïæþ ÝÜÝÞ ìäÜ þ ìãÝÝáäâÜ ëÜ îá âáæáâÞêæãÝ Þã§ìÜ ¨ãè ¨Ø ÛïìÝ îÜÝ âïæþ Ý � äãÝ ëÜ ç �çÜ âáæëãäáî ÝïäÞ ãÝïç ïæþ � ÜÝ ×ëÜì¯ âïæþ Ý ÝïäÞãÝïç ïæþ � ÜÝ Ý æãîÝ îÜ Ýïä Þ Üä ÞáäÞ §ì æáääÜáì¯Ø ¨è ¨Ø åÜ âáæëãäáî ëÜ ÞïìÞ ÝïìÝßâïæþ Ý ë æìä âïæþ Ý � äã ÜÝÞ ìä ëãèãÝ Üìæ ëì âáæëãäáîëì âïæþ Ý ¨èã¨Ø å æïæëæÜ ëÜ ÞïìÞ êîêç ÜäÞ ë æìä âïæþ Ý � äã ÜÝÞ ìä ëãèãÝ Üìæ ëì âáæëãäáî ëìüæïìþ Ü ëÜÝ ãäèÜæÝãíîÜÝ ëì âïæþ Ý ¨èãã ¨Ø åÜ ü æïìþ Ü ëÜÝ ãäèÜæÝãíîÜÝ£ F∗ £ ë æìä âïæþ Ý � äã F = GF [q] ÜÝÞ âðâîã§ìÜëÜ âáæëãäáî q − 1 ¨� bme�m s ¹[RO vM N[vv[vO W�W |RM |RML|RMO RvMO NMO �SMR�MO � �LJOOW|RMO Tdm gs¦ ªW ¾JK ¿ T^ ç � � JL[SO ¾J T^¿ ¾K T^¿ç� � ] JWO �[]]M [v MOX NJvO Rv �[S�O �O[WX ¾J T^¿ � O[WX ¾K T^¿ N[WX ýXSM vRL Tdm ggg s¦ ª[WX

V
Rv �[S�O PvW T VM �JSNWvJL NM

V
MOX v[Xz |V | T ~ L[SO V

MOX NM�JSJ�XzSWOXW|RM
p 6= 0

MX
p
MOX Rv v[]KSM �SM] WMS T VM �[S�O

V
MOX Rv MO�J�M�M�X[SWML ORS O[v O[RO��[S�O �SM] WMS

F = {k · 1 : k = 1, . . . , p} MX �MX MO�J�M�M�X[SWML MOX NM NW] MvOW[v PvWM ¾OWv[v
V
vM OMSJWX �JO PvW¿ T ªW L {[v �SMvN

d = dimF V
� JL[SO |V | = pd Tdm g� s¦ lg d� huv OR��[OM |V | = p

¾� {MOX � NWSM
d = 1

¿ T V {J��LW�JXW[v
φ : Fp −→ V|RW � X[RX

k ∈ Fp
JOO[�WM

φ(k) = k · 1
MOX RvM KWÀ M�XW[v MX MLLM �zSWPM LMO�[vNWXW[vO ¾^T^¿ MX ¾^Tx¿ NM LJ �JQM �� Tdm g� s¦ m` �p`pbk¥ª[WX

W
Rv �[S�O PvW NM �JSNWvJL

pd T VM O[RO��[S�O �SM] WMS NM W
JWvOW |RM �M�LR W NM

V
O[vX X[RO LMO NMRY WO[] [S�\MO �

Fp
¾N {J�S�O L {zv[v�z d� h �Sz�zNMvX¿N[v�

V
MX

W
O {WNMvXWPMvX �\J�Rv � Rv

Fp
�MO�J�M �M�X[SWML T yX �RWO|RM LMO

Fp
�MO�J�MO �M�X[SWMLO

V
MX

W
[vX LJ ] ý] M NW] MvOW[v

d
� WLO O[vX WO[] [S�\MO T� s ma � g s¦ Nz�[RLMvX NWSM�XM] MvX NR X\z[S�] M NM VJQSJvQM N[vX LJ �SMR�MMOX WNMvXW|RM � �MLLM |RM v[RO J�[vO N[vvzM NR X\z[S�] M N {yRLMS �JQM ^Z T� gg s¦ �L O {JQWX NM Nz] [vXSMS L {MY WOXMv�M | {Rv QzvzSJXMRS T ¹[RO J�[vO X[RXN {JK [SN K MO[Wv NR LM]] M ORW�JvX ��mqqm hs ¢ ïãÜäÞ x ÜÞ y ë æïæëæÜÝ m ÜÞ n ¨ é î ÜÝãÞÜ ìä êîêç ÜäÞ ë æïæëæÜ

ppcm(m, n) ¨� bme�m s ��SMR�M NR LM]] M� ª[WMvX
d = pgcd(m, n)

MX
m = dm′ � n = dn′ T�[O[vO

x′ = xd MX y′ = yd � JL[SO x′ MXy′ O[vX N {[SNSMO m′ MX n′ �SM] WMSO MvXSMMRY T �L O {Mv OR WX |RM
(x′y′)m′n′

= 1Fq

T � z�W�S[|RM] MvX OW
(x′y′)r = 1

� JL[SO
(x′y′)rm′

= 1
MX N[v�

(y′)rm′
= 1

T �M |RW �S[R�M |RM
n′ � L {[SNSM NM y′

� NW�WOM
rm′ � MX N[v� r

�RWO|RM
n′ MX m′ O[vX �SM] WMSO MvXSM MRY T � M ] ý] M m′ NW�WOM

r
� MX L {[v �[v�LRX |RM L {[SNSM NM

x′y′
MOX KWMv

m′n′ = ppcm(m, n)
T
2

 �JSXWS
NM L� � v[RO � [O[vO

ω = ppcm(
[SNSMO N {zLz] MvXO NM

Fq)
T � [v�

ω
MOX LM �LRO� MXWX MvXWMS XML |RM

xω = 1Fq

�[RS X[RO LMO zLz] MvXO NR �[S�O T �JS ORWXM
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� MR�MvX ýXSM �\[WOWO RvWXJWSMO � LJNz�[]�[OWXW[v MOX JL[SO RvW|RM � RvM � MS]RXJXW[v N {WvNW�MO �S�O TVM X\z[S�] M �[vNJ] MvXJL NM L {JLQ�KSM ] [vXSM |RM X[RX � [L�v�] M NM NMQSz

n
J MYJ�XM] MvX

n
SJ�WvMO ° NWOXWv�XMO [R �[v�[vNRMO ° NJvO RvM MYXMvOW[v JL�QzKSW|RM ORÃ OJvXM ¾LJ �L�XRSM NR �[S�O

V
� W TM T LM �LRO � MXWX �[S�O |RW �[vXWMvXX[RXMO LMO SJ�WvMO NM X[RO LMO � [L�v�] MO WSSzNR�XWK LMO � �[MÃ �WMvXO NJvO

V
¿ TªW

α
MOX RvM SJ�WvM NM

A
� JL[SO

A(α) = 0
N[v�

(X − α)
NW�WOM

A
T ª[WX

B
LM� [L�v�] M XML |RM

A = (X − α).B
T uv NWX |RM

α
MOX SJ�WvM Ýãçþ îÜ NM A

OW
αv {MOX �JO SJ�WvM NM

B
� W TM T

B(α) 6= 0
T ªWv[v � NJvO LM �JO [Å

B(α) = 0
� [v NWX|RM

α
MOX SJ�WvM çìîÞãþ îÜ NM A

TV[SO|RM X[RXMO LMO SJ�WvMO NM
A
O[vX OW]�LMO � [v J

A = P1 . . . Pn
�JS LMO

di
O[vX JL[SO X[RO zQJRY � ^ ¾Mv M�MX �

di ≥ 2
WvNW|RM |RM

A
J JR ] [WvO RvMSJ�WvM ]RLXW� LM NJvO LJ �L�XRSM JLQzKSW|RM NM

V
¿ T



i½ jklml n kaopqkagreml s
yv �JSXW�RLWMS � LM � [L�v�] M

A = Xn − 1
NM

V [X]
J X[RXMO OMO SJ�WvMOOW]�LMO � N[v� � WL O {z�SWX �[]] M �S[NRWX �

Xn − 1 = P1 . . . Pk

[Å LMO
Pi
O[vX NMO � [L�v�] MO RvWXJWSMO � WSSzNR�XWK LMO ORS

V
MX NWOXWv�XO T

��mq¨¥m B �JvO
F2[X]

LM � [L�v�] M
X3 − 1

OM Nz�[]�[OM Mv �
X3 − 1 = (X − 1) · (X2 + X + 1) .uv �zSWPM JWOz] MvX |RM

X2 +X +1
MOX WSSzNR�XWK LM ¾LMO OMRLO � [L�v�] MONM

F2[X]
NM NMQSz v[v vRL MX Wv�zSWMRS � x O[vX

X
MX

X − 1
MX JR�RvN {MvXSM MRY vM NW�WOM

X2 + X + 1
¿ T

01« 1² 3¬¬<�@ $@698<¬9
ª[WX

(V, +,×)
Rv �[S�O MX O[WX

P
Rv �[L�v�] M NM NMQSz

d ≥ 1
T �[RSX[RX � [L�v�] M

A ∈ V [X]
� NzOWQv[vO �JS

A mod P
LM SMOXM NM LJ NW� WOW[vMR�LWNWMvvM NM

A
�JS

P
T V {MvOM]KLM Pd

NMO � [L�v�] MO NM NMQSz Wv�zSWMRSOXSW�XM] MvX �
d
]RvW NMO [� zSJXW[vO JSWX\] zXW|RMO N {JNNWXW[v MX NM ]RLXW� LW��JXW[v ORW�JvXMO �

∀A ∈ Pd ∀A ∈ Pd

(

A +Pd
B = (A +V [X] B) mod P

)

∀A ∈ Pd ∀A ∈ Pd

(

A ×Pd
B = (A ×V [X] B) mod P

)

MOX Rv JvvMJR �[]]RXJXW� RvWXJWSM T
yv M�MX � [v �zSWPM JWOz] MvX |RM

(Pd, +Pd
,×Pd

)
MOX Rv JvvMJR �[]]RXJXW�RvWXJWSM |RW JN] MX LMO � [L�v�] MO

0
MX

1
�[]]M zLz] MvXO vMRXSMO SMO� M�XW�M�] MvX � [RS LMO L[WO

+Pd

MX ×Pd

T
�MX JvvMJR MOX v[Xz

V [X]/(P )
MX J�� MLz JvvMJR |R[XWMvX NM

V [X]
�JS

P
T�JS JKRO NM LJvQJQM � v[RO v[X[vO NJvO LJ ORWXM LMO [� zSJXW[vO

+Pd

MX ×PdSMO� M�XW�M] MvX �JS
+
MX × TªW

P
MOX Rv �[L�v�] M WSSzNR�XWK LM � MX

Q
Rv �[L�v�] M v[v vRL NM NMQSzWv�zSWMRS �

deg P
� JL[SO

Q
MOX �SM] WMS J�M�

P
MX L {WNMvXWXz NM ­MÌ[RX O {z�SWX �

∃!AP , B ∈ V [X], AP .Q + B.P = 1 ,

�M |RW W]�LW|RM |RM
AP ·Q mod P = 1

JRXSM] MvX NWX � |RM
Q
MOX ãäèÜæÝãíîÜNJvO L {JvvMJR |R[XWMvX

V [X]/(P )
T uv Mv NzNRWX |RM

V [X]/(P )
MOX Rv �[S�O T

��mq¨¥m B ªRS LM �[S�O
V = {0, 1} �



hsi »cb¨l ü`gl s i�
Ä ¦ ªW L {[v �SMvN

P = (X + 1)(X2 + X + 1)
� L {JvvMJR

V [X]/(P )
MOX �

V [X]/(P ) =
{

0, 1, X, 1 + X, X2, 1 + X2, X + X2, 1 + X + X2
}

.

�MX JvvMJR v {MOX �JO Rv �[S�O �JS
(1 + X)(1 + X + X2) = 0

][vXSM|RM LJ �LJOOM
1 + X

v {MOX �JO Wv�MSOWK LM TÄ ¦ ªW L {[v �SMvN
P = X2 + X + 1

� L {JvvMJR
V [X]/(P )

MOX �
V [X]/(P ) = {0, 1, X, 1 + X} .

�MX JvvMJR MOX Rv �[S�O �RWO|RM
X(X + 1) = 1

T
01« 1Á �64	¬
;<­ 877�=@A98Ã 4<­

�[RS �JKSW|RMS NMO �[S�O PvWO � v[RO JLL[vO N[v� J�[WS K MO[Wv NM � [L�v�] MOWSSzNR�XWK LMO � v[RO �[]]MvÖ[vO N[v� �JS N[vvMS Rv XMOX � MS] MXXJvX NM LMOSM�[vvJWXSM T
� bc¨clgagc` � s å ïìæ p þ æÜç ãÜæ ÜÞ d ≥ 1£ ëáäÝ Z/pZ[X]£ îÜ þ ïîðäñç Ü Xpd −
X ÜÝÞ îÜ þ æïëìãÞ ëÜ ÞïìÝ îÜÝ þ ïîðäñç ÜÝ ìäãÞáãæÜÝ ãææêëìâÞãíîÜÝ ëïäÞ îÜ ëÜü æêëãèãÝÜ d ¨� bme�m s ª[WX

P
MOX WSSzNR�XWK LM NM NMQSz

r
J�M�

r
NW�WOJvX

d
� JL[SO

V =
Zp/P

MOX Rv �[S�O T I[RX N {JK [SN � OW
r|d NJvO LM �[S�O × [v J

Xpr−1 ≡ 1
��RWO|RM L {[SNSM NM X[RX zLz] MvX NW�WOM

pr − 1
� [S

pd ≡ (pr)k ≡ 1[pr − 1]
� N[v�

pr − 1|pd − 1
� MX N[v�

Xpd ≡ X[P ]
T� M�W�S[|RM] MvX � OW

P |Xpd − X
MOX WSSzNR�XWK LM � JL[SO

Xpd−1 ≡ 1[P ]
T � JvO�M �JO [v J

pd − 1 ≡ 0[pr − 1]
T ªR��[O[vO |RM

d = qr + s
� J�M�

s < r
� [v JJL[SO

pd − 1 ≡ pqrps − 1 ≡ ps − 1 ≡ 0[pr − 1]
T �[]]M

s < r
� JL[SO �[S�z] MvX[v [KXWMvX

ps − 1 = 0
� �M |RW W]�LW|RM |RM

s = 0
T N[v�

r
NW�WOM

d
T�L SMOXM � ] [vXSMS |R {JR�Rv �JSSz vM NW�WOM

Xpd −X
T yv M�MX � O[v � [L�v�] MNzSW�z MOX

pdXpd−1 − 1 ≡ −1 mod p
MX N[v� �MO NMRY �[L�v�] MO O[vX KWMvMvXMvNR �SM] WMSO MvXSM MRY T

2

Òcakagc` hs % ïìÝ äïÞïäÝ mr(p)£ îÜ äïç íæÜ ëÜ þ ïîðäñç ÜÝ ìäãÞáãæÜÝ ãææêëìâßÞãíîÜÝ ëÜ ëÜü æê r ëáäÝ Z/pZ[X] ¨»cbc¥¥k gbm hs ¢ ã f ÜÝÞ þ æÜç ãÜæ£ áîïæÝ mf (p) = pf−p
f ¨� bme�m s pf−p

f

MOX Rv MvXWMS N {J�S�O LM X\z[S�] M NM �MS] JX ] [NRL[
f
T �[]]M

f
MOX �SM] WMS � LMO OMRLO NW� WOMRSO NM

f
O[vX

f
MX

1
MX N[v� LMO OMRLO NW� WOMRSONM

Xpf − X
O[vX LMO � [L�v�] MO WSSzNR�XWK LMO NM NMQSz

f
[R

1
T � [v�

pf =
mf (p) ∗ f + p ∗ 1 2� {MOX � �JSXWS NM �MXXM �S[� [OWXW[v |RM ­Mv�uS ��� J �S[� [Oz Rv XMOX N {WS�SzNR�XWK WLWXz � |RW MOX OW]�LM] MvX RvM �JSWJvXM NM L {JLQ[SWX\] M NM �J�X[SWOJXW[vNM � [L�v�] MO NM �JvX[S MX µJOOMv\JRO �w� � OW]�LWPzM � [RS v[O K MO[WvO T



�Ç jklml n kaopqkagreml s
� ¥�cbgaoqm � ÛÜÝÞßéææêëìâÞãíãîãÞê�`abpml Áv �[L�v�] M �

P ∈ GFq[X]
T cbagml ÔuRWÕ OW

P
MOX WSSzNR�XWK LM � Ô¹[vÕ OWv[v T g �Q�N

(P, P ′) 6= 1
�¥cbl�Mv�[�MS Ô¹[vÕ TÎ g`  g�P MOX�WL OJvO �JSSz &�

W = X�ceb
d = 1

� d◦P
2

Îkgbm
W ≡ W q[P ] g �Q�N

(W − X, P ) 6= 1
�¥cbl�Mv�[�MS Ô¹[vÕ TÎ g`  gÎ g` �ceb

VM XMOX NM × T ª\[R� ���� � �JS MYM]�LM � MOX �LRO MÃ �J�M |RJvN LM � [�L�v�] M MOX WSSzNR�XWK LM T yv M�MX � WL v {MOX �JO vz�MOOJWSM NM �JL�RLMS X[RXMO
LMO �RWOOJv�MO OR��MOOW�MO

W q � WL ORÃ X NM �zSWPMS LMO Xq
d
pi �[RS X[RO LMO

pi�J�XMRSO �SM] WMSO NWOXWv�XO NM
d
T ¹ zJv] [WvO � OW WL �JRX XMOXMS �LROWMRSO � [L��v�] MO J�JvX NM X[]KMS ORS Rv �[L�v�] M WSSzNR�XWK LM � �MX JLQ[SWX\] M OMSJ � MvQzvzSJL � � LRO � MS�[S] JvX �RWO|R {WL Nz�[R�SWSJ |RM LMO �Sz�zNMvXO � [L�v�] MOO[vX SzNR�XWK LMO J�M� NMO �RWOOJv�MO ] [WvO QSJvNMO � MX N[v� J�M� ] [WvO NM�JL�RLO T~ WvOW � Mv RXWLWOJvX �M XMOX � WL MOX � [OOWK LM NM XWSMS NMO � [L�v�] MO JR \JOJSNMX N {J�[WS RvM K [vvM �\Jv�M NM X[]KMS ORS Rv �[L�v�] M WSSzNR�XWK LM T yvM�MX � OW

mr(p)
MOX LM v[]KSM NM � [L�v�] MO RvWXJWSMO WSSzNR�XWK LMO NM NMQSz

rNJvO
Z/pZ[X]

� JL[SO �[]] M
Xpr − X

MOX LM �S[NRWX NM X[RO LMO � [L�v�] MOWSSzNR�XWK LMO NM NMQSz NW� WOJvX
r
� [v [KXWMvX N {J�S�O �Z � �[S[LLJWSM � T^Z� MX�x� � �S[� [OWXW[v �� T^T�� �

1

r
(pr − pb

r
2
c+1) ≤ mr(p) =

1

r

(

pr −
∑

d|r;d<r

dmd(p)
)

≤ 1

r
pr ¾^T}¿

� bme�m s
pr MOX LM NMQSz NM Xpr −X

� N[v�
pr =

∑

d|r dmd
� N[v�

mr ≤ pr/r
Tyv J��LW|RMvX �MXXM ] JÀ [SJXW[v � � L {zQJLWXz �Sz�zNMvXM [v [KXWMvX

pr −rmr ≤
∑

d|r pd ≤ ∑

d≤br/2c pd T �MXXM NMSvW�SM MOX RvM OzSWM Qz[] zXSW|RM |RW �JRX
pbr/2c+1−1

p−1 < pbr/2c+1 T
2�MLJ ] [vXSM |RM �JS] W LMO � [L�v�] MO � XWSzO JR \JOJSN � NM NMQSz

r
� Mv�WS[vRv ORS

r
MOX WSSzNR�XWK LM T

»cbc¥¥k gbm � s å ïìæ ÞïìÞ äïç íæÜ þ æÜç ãÜæ p ÜÞ ÞïìÞ Üä ÞãÜæ d > 0£ ãî Ü¯ ãÝÞÜ ìäâïæþ Ý K " q = pd êîêç ÜäÞÝ ÜÞ âÜ âïæþ Ý ÜÝÞ ìäã§ìÜ " ìä ãÝïç ïæþ � ãÝç Ü þ æ#Ý ¨� bme�m s ª[WX
p
Rv v[]KSM �SM] WMS MX

Fp[X]
L {JvvMJR NMO � [L�v�] MO ��[MÃ �WMvXO NJvO

Fp
T � {J�S�O L {z|RJXW[v ^T} � WL MY WOXM JR ] [WvO Rv �[L�v�] M



hsi »cb¨l ü`gl s � h

P
NJvO

Fp[X]
� |RW MOX WSSzNR�XWK LM ORS

Fp
MX NM NMQSz

d
T V {JvvMJR |R[XWMvX

Fp[X]/(P )
MOX JL[SO Rv �[S�O T �[O[vO

K = Fp[X]/(P )
TVMO zLz] MvXO NM

K
� MR�MvX ýXSM �RO �[]]M LMO SMOXMO NJvO LJ NW� WOW[vMR�LWNWMvvM �JS LM � [L�v�] M

P
T �RWO|RM

P
MOX NM NMQSz

d
MX |RM |Fp| = p

�JL[SO WL � J
pd SMOXMO � [OOWK LMO MX �JS �[vOz|RMvX |K| = pd TVM �JWX |RM X[RX �[S�O PvW �

q
O[WX WO[] [S�\M JR �[S�O

K
SzORLXM NM LJ�S[� [OWXW[v � NM LJ �JQM �� T

2�RWO|R {� Rv WO[] [S�\WO] M �S�O WL MY WOXM Rv MX Rv OMRL �[S�O Pv W NM �JSNWvJL�JSNWvJL
q = pd ¾[Å p

MOX Rv v[]KSM �SM] WMS MX
d
Rv MvXWMS � [OWXW� ¿ [v v[XMQzvzSJLM] MvX

Fq
¾[Å

q = pd¿ � [RS Rv �[S�O � q
zLz] MvXO T�[RS �[vOXSRWSM �M �[S�O Pv W � WL �JRX N[v� XS[R�MS Rv �[L�v�] M WSSzNR��XWK LM NM NMQSz

d
NJvO

Z/pZ
T �[]]M Rv �[L�v�] M ORS

d
MOX WSSzNR�XWK LM � WLORÃ X N[v� N {Mv �\[WOWS Rv JR \JOJSN � �RWO NM XMOXMS O[v WSSzNR�XWK WLWXz À RO|R {�X[]KMS ORS Rv �[L�v�] M WSSzNR�XWK LM T yv ] [�MvvM WL �JRNSJ N[v�

d
XWSJQMO� [RS XS[R�MS Rv �[L�v�] M JNz|RJX T �M� MvNJvX � � [RS �J�WLWXMS LMO �JL�RLO J�M��MO � [L�v�] MO � WL MOX WvXzSMOOJvX N {[KXMvWS NMO � [L�v�] MO �SMRY � � {MOX���NWSMJ�M� XS�O � MR NM �[MÃ �WMvXO v[v vRLO T � JvO �M �JO � NM ] ý] M |RM � [RS LMOSJ�WvMO �SW] WXW�MO � LJ SM�\MS�\M O�OXz] JXW|RM � MRX O {J�zSMS �LRO MÃ �J�M Mv�SJXW|RM T¹[RO �S[� [O[vO N[v� L {JLQ[SWX\] M \�KSWNM OR W�JvX �S[NRWOJvX NM �Sz�z�SMv�M Rv �[L�v�] M WSSzNR�XWK LM �SMRY [R Rv �[L�v�] M WSSzNR�XWK LM JR \JOJSN �� L {JWNM NR XMOX � � OW LMO NMRY �Sz�zNMvXO O {J��SMvX XS[� NWÃ �WLM � �JL�RLMS T �JSMYM]�LM � �[�� MSO] WX\ �S[� [OM NM �SMvNSM NMO � [L�v�] MO NR X�� M

Xr +g(X)J�M�
g(X)

JR \JOJSN NM �JWK LM NMQSz �JS SJ�� [SX �
r
�}� T

01« 1Ï �6¬­97@A986¬­ =<­ A67µ­ '¬8­
~WvOW � �[]] M LMO �[S�O PvWO NM ] ý] M �JSNWvJL

q = pn O[vX X[RO WO[�] [S�\MO � WL ORÃ X N {Mv �[vvJ�XSM Rv �[RS LMO �[vvJ�XSM X[RO T �JS MYM]�LM �O[WX
P
Rv �[L�v�] M WSSzNR�XWK LM NM NMQSz

n
NJvO

Z/pZ[X]
� L {MvOM]KLM Z/pZ[X]

P� MRX ýXSM ]RvW N {RvM OXSR�XRSM NM �[S�O MX MOX NM �JSNWvJL
pn T ÁvM �[vOXSR��XW[v �LJOOW|RM NM L {JSWX\] zXW|RM NJvO Rv �[S�O PvW MOX N[v� N {W]�Lz] MvXMS

Z/pZ
� NM �\MS�\MS Rv �[L�v�] M WSSzNR�XWK LM �

P
� NJvO

Z/pZ[X]
NM NMQSz

n
��RWO NM SM�SzOMvXMS LMO zLz] MvXO NM

GF [pn]
�JS NMO � [L�v�] MO � [R NMO �M��XMRSO � MX N {W]�Lz] MvXMS LMO [� zSJXW[vO JSWX\] zXW|RMO �[]]M NMO [� zSJXW[vO] [NRL[

p
MX

P
T �MXXM ] zX\[NM MOX RXWLWOzM NJvO LJ KWKLW[X\�|RM ¹IV �� ^� ��JS MYM]�LM TÁvM JRXSM WNzM �[vOWOXM � RXWLWOMS LJ NMSvW�SM �S[�SWzXz x � LM QS[R� M ]RL�XW� LW�JXW� NMO Wv�MSOWK LMO N {Rv �[S�O PvW MOX ���LW|RM � � {MOX���NWSM |R {WL MY WOXMJR ] [WvO Rv QzvzSJXMRS MX |RM LM �[S�O MOX QzvzSz �JS LMO �RWOOJv�MO NM �MQzvzSJXMRS T �L O {JQWX NM SM�SzOMvXMS LMO zLz] MvXO Wv�MSOWK LMO �JS Rv WvNW�M �LMRS �RWOOJv�M � MX ÌzS[ �JS Rv WvNW�M O� z�WJL T ~ WvOW � OW

g
MOX Rv QzvzSJXMRSNR QS[R� M ]RLXW� LW�JXW� N {Rv �[S�O Pv W

GF [q]
� X[RO LMO Wv�MSOWK LMO � MR�MvXO {z�SWSM

gi T � M �LRO � �[]] M �M QS[R� M MOX ���LW|RM � WL ORÃ X NM �[vOWNzSMS �



�� jklml n kaopqkagreml s
� ¥�cbgaoqm t å ïîðäñç ÜßéææêëìâÞãíîÜ�`abpml Áv �[S�O PvW

Fq
T�`abpml Áv MvXWMS

r > 0
T cbagml Áv �[L�v�] M WSSzNR�XWK LM NM

Fq[X]
� NM NMQSz

r
T�ceb acea

a ∈ Fq, a 6= 0
Îkgbm g ÛÜÝÞßéææêëìâÞãíãîãÞê (Xr + a)

çç ÔuRWÕ � ¥cbl�Mv�[�MS
Xr + aÎg`  gÎ g` �ceb�ceb

d = 2
�

r − 1
Îkgbm�ceb acea

a ∈ Fq, a 6= 0, b ∈ Fq, b 6= 0
Îkgbm g ÛÜÝÞßéææêëìâÞãíãîãÞê (Xr + bXd + a)
çç ÔuRWÕ � ¥cbl�Mv�[�MS

Xr + bXd + aÎg`  gÎ g` �cebÎ g` �ceb¢p¨pambªzLM�XW[vvMS
P
� RvWXJWSM NM NMQSz

r
� JR \JOJSN NJvO

Fq[X]
T

(elre ¦) fm rem ÛÜÝÞßéææêëìâÞãíãîãÞê (P )
çç ÔuRWÕ� Mv�[�MS

P
T

� [RS
i
� Rv WvXMS�JLLM NM XJWLLM

q
�[RS QzvzSMS L {MvOM]KLM NMO Wv�MSOWK LMO T VMO[� zSJXW[vO JSWX\] zXW|RMO �LJOOW|RMO O[vX JL[SO QSJvNM] MvX OW]�LWPzMO � Mv RXW�LWOJvX LJ �S[� [OWXW[v ORW�JvXM �� bc¨clgagc` t s ¢ïãÞ GF [q] ìä âïæþ Ý � äã¨ ¢ïãÞ g ìä ü êäêæáÞÜìæ ëÜ GF [q]∗ ¨° îïæÝ gq−1 = 1GF [q] ¨ # ä ïìÞæÜ£ Ýã îá âáæáâÞêæãÝÞã§ìÜ ëÜ GF [q] ÜÝÞ ãçþáãæÜ£áîïæÝ g

q−1
2 = −1GF [q]

ÜÞ ëáäÝ îÜ âáÝ âïä ÞæáãæÜ£ 1GF [2n] = −1GF [2n] ¨� êç ïäÝÞæáÞãïä ¨ V {[SNSM NM g
NW�WOM

q − 1
N[v�

gq−1 = 1GF [q]
T ªW LM �[S�O MOXNM �JSJ�XzSWOXW|RM

2
� JL[SO � �[]] M NJvO

Z/2Z[X]
�
1 = −1

T ªWv[v q−1
2 ∈ ZMX N[v�

g
q−1
2 ∈ GF [q]

T uS �[]]M [v MOX NJvO Rv �[S�O � L {z|RJXW[v
X2 = 1�[OO�NM JR �LRO NMRY SJ�WvMO �

1
MX −1

T uS
g
MOX Rv QzvzSJXMRS N[v� L {[SNSMNM

g
MOX

q−1
MX v[v �JO q−1

2

T VJ OMRLM � [OOWK WLWXz SMOXJvXM MOX
g

q−1
2 = −1

T
�MLJ N[vvM LM �[NJQM ORW�JvX � [RS Rv zLz] MvX

x ∈ GF [q]
OW �� �| � MOXQzvzSz �JS

g �










0
OW

x = 0

q − 1
OW

x = 1

i
OW

x = gi

yv �JSXW�RLWMS � NJvO v[XSM �[NJQM � v[X[vO
q = q−1

LM SM�SzOMvXJvX NM
1GF [q]

T¹ [RO v[X[vO JROOW
i−1

L {WvNW�M NM −1GF [q]
� WL �JRX q−1

2

OW
GF [q]

MOX NM �JSJ�Xz�
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SWOXW|RM W]�JWSM MX

q−1
OWv[v T �M |RW N[vvM LJ � [OOWK WLWXz N {z�SWSM OW]�LM] MvXLMO [� zSJXW[vO JSWX\] zXW|RMO T° VJ ]RLXW� LW�JXW[v MX LJ NW� WOW[v N {Wv�MSOWK LMO O[vX SMO� M�XW�M] MvX RvMJNNWXW[v MX RvM O[ROXSJ�XW[v N {WvNW�MO ] [NRL[

q − 1
T° VJ vzQJXW[v MOX N[v� OW]�LM] MvX L {WNMvXWXz Mv �JSJ�XzSWOXW|RM

2
MX L {JN�NWXW[v NM q−1

2

][NRL[
q − 1

Mv �JSJ�XzSWOXW|RM W]�JWSM T° V {JNNWXW[v MOX L {[� zSJXW[v LJ � LR O �[]�LMYM T �L �JRX L {W]�Lz] MvXMS MvRXWLWOJvX LMO JRXSMO [� zSJXW[vO � �JS MYM]�LM NM �MXXM ] JvW�SM � OW gi MX
gj O[vX NMRY zLz] MvXO v[v vRLO N {Rv �[S�O PvW � gi + gj = gi(1 + gj−i)

Tyv �[vOXSRWOJvX RvM XJKLM �
t*plus1[]

� NM XJWLLM
q
� NMO OR��MOOMRSO NM�\J|RM zLz] MvX NR �[S�O � L {JNNWXW[v MOX W]�Lz] MvXzM �JS RvM O[ROXSJ��XW[v N {WvNW�M � Rv J���O � RvM XJKLM MX RvM JNNWXW[v N {WvNW�MO T

u� zSJXW[v � Lz] MvXO �vNW�MO �[{X~ Â� IMOXO ~���O
¤RLXW� LW�JXW[v

gi ∗ gj i + j (−q)
^Tw ^ �

� W�WOW[v
gi/gj i − j (+q)

^Tw ^ �
¹zQJXW[v −gi i − i−1 (+q)

^Tw ^ �
~NNWXW[v

gi + gj k = j − i (+q)
i + t*plus1[k] (−q)

� x ^
ª[ROXSJ�XW[v

gi − gj k = j − i + i−1 (±q)
i + t*plus1[k] (−q)

� TUw x TUw ^
áâã û ^Tx ° u� zSJXW[vO ORS LMO Wv�MSOWK LMO J�M� QzvzSJXMRS Mv �JSJ�XzSWOXW|RMW]�JWSM

� JvO LM XJKLMJR ^Tx � v[RO ] [vXS[vO LM �JL�RL NM �MO [� zSJXW[vO ORS LMOWvNW�MO � Mv �[vOWNzSJvX RvM OMRLM XJKLM NM XJWLLM
q
� �MLLM NMO OR��MOOMRSO T ¹[ROv[RO WvXzSMOO[vO W�W � LJ �[]�LMYWXz NR �JL�RL Mv RXWLWOJvX LM ] [WvO NM ] z][WSM� [OOWK LM � Mv �[vOWNzSJvX NMO zLz] MvXO JLzJX[WSMO T ¹[RO WvNW|R[vO LM �[{X NMO�JL�RLO Mv v[]KSM N {JNNWXW[vO MX NM O[ROXSJ�XW[vO ¾~ Â�¿ � Mv v[]KSM NM XMOXOMX Mv v[]KSM N {J���O NJvO RvM XJKLM T¹[RO J�[vO �[]�Xz � Tw JNNWXW[vO [R O[ROXSJ�XW[vO � [RS Rv ] [NRL[

q
NJvO LM�JO NM LJ ]RLXW� LW�JXW[v � LJ NW�WOW[v � LJ vzQJXW[v MX L {JNNWXW[v NJvO LM �[S�OPvW � Mv M�MX � NJvO LJ ] [WXWz NMO �JO � WL v {MOX �JO vz�MOOJWSM N {JÀ [RXMS vW NMSMXWSMS

q
�[RS |RM L {WvNW�M SzORLXJvX O[WX �[]�SWO MvXSM

0
MX

q
T VM �JO NM LJO[ROXSJ�XW[v NJvO LM �[S�O PvW vz�MOOWXM RvM zXRNM � LR O PvM T � JvO �M �JO �

j − i + i−1
MOX �[]�SWO MvXSM − q

2

MX 3q
2

MX vM vz�MOOWXM Rv JÀ [RX [R RvMO[ROXSJ�XW[v NM
q
|RM NJvO x �JO ORS � �[]]M LM ] [vXSM LJ PQRSM ^Tw T uvMv NzNRWX Rv X[XJL NM

2 + 0.25 + 1 + 0.5 = 3.75
JNNWXW[vO [R O[ROXSJ�XW[vOMX

1 + 0.75 + 1 = 2.75
XMOXO T �L MOX � [OOWK LM NM SzNRWSM LM v[]KSM N {JNNWXW[vOMX O[ROXSJ�XW[vO � �JS MYM]�LM Mv SM]�LJÖJvX

i + x
�JS

i + x − q−1
2

MX Mv
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(x-y+50 >= 1) * (x-y+50 <= 100)
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1

øùú û ^Tw ° �z�JSXWXW[v NM
j − i+ q−1

2

L[SO|RM
i
MX

j
�JSWMvX NM

1
�

q− 1
� � [RS

q = 101

JÀ [RXJvX Rv XMOX T �M� MvNJvX � � [RS NM v[]KSMROMO JS�\WXM�XRSMO � Rv XMOX NRX�� M
a > q ?

� MRX ýXSM JROOW �[{XMRY |RM L {[� zSJXW[v
a − q

T ¹ [RO �S[� [O[vON[v� L {W]�Lz] MvXJXW[v |RW ] WvW] WOM LM v[]KSM X[XJL N {[� zSJXW[vO ¾JNNWXW[vO �O[ROXSJ�XW[vO � XMOXO � J���O¿ � X[RX Mv v {RXWLWOJvX |R {RvM OMRLM XJKLM T�MO [� zSJXW[vO O[vX OWQvzMO MX SMOXMvX �JLWNMO XJvX |RM LMO WvNW�MO O[vX�LRO � MXWXO |RM LJ ] [WXWz NM LJ �JLMRS ] JYW] JLM N {Rv MvXWMS ] J�\WvM T ~ L[SO �OW Rv ] [X ] J�\WvM MOX �[Nz ORS �x KWXO � LJ ] JvXWOOM OWQvzM MOX �[NzM ORS� ^ K WXO MX �MO [� zSJXW[vO O[vX N[v� �JLJKLMO � [RS Rv �[S�O NM XJWLLM À RO|R {��� KWXO � � {MOX���NWSM À RO|R {�
230 − 1

zLz] MvXO T ¹[X[vO |R {WL MOX � [OOWK LM NMXSJ�JWLLMS J�M� NMO �[S�O NM XJWLLM � ^ KWXO Mv RXWLWOJvX L {JSWX\] zXW|RM v[v OWQvzMMX Mv JÀ [RXJvX NMO XMOXO NM Nz�JOOM] MvX NM �J�J�WXz T yv �JWX � LJ vz�MOOWXzN {RvM XJKLM NMO OR��MOOMRSO W]�LW|RM O[R�MvX RvM �LRO � MXWXM LW] WXM NR �JWXNM L {MO�J�M ] z][WSM NWO� [vWKLM T ªW L {[v XSJ�JWLLM ORS NMO MvXWMSO �[NzO ORS �xKWXO � � {MOX���NWSM � [�XMXO � Rv �[S�O NM XJWLLM
226 vz�MOOWXMSJ NzÀ � JR ] [WvO

256
¤zQJ [�XMXO T� M �MXXM ] JvW�SM � OW Rv QzvzSJXMRS MOX �[vvR � LMO [� zSJXW[vO MX LM OX[��ÍJQM NJvO Rv �[S�O PvW � MR�MvX ýXSM OW]�LMO T �[RS �MLJ � WL �JRNSJ QzvzSMS LM�[S�O PvW ¾

Z/pZ
[R Z/pZ[X]

P

¿ �RWO �JL�RLMS Rv QzvzSJXMRS T �L MOX JL[SO � [OOWK LMNM �Sz�JL�RLMS LMO �RWOOJv�MO OR��MOOW�MO NM �M QzvzSJXMRS � [RS WNMvXWPMS LMOWvNW�MO NM �\J|RM zLz] MvX MX OX[�ÍMS JWvOW LMO �[SSMO� [vNJv�MO MvXSM zLz] MvXO
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MX WvNW�MO � L {JWNM NM NMRY JRXSMO XJKLMO NM XJWLLM

q
T ÁvM JRXSM � [OOWK WLWXz � OWLJ ] z] [WSM NWO� [vWKLM MOX SMOXSMWvXM � [R OW WL � J � MR NM �[v�MSOW[vO MvXSMSM�SzOMvXJXW[v WvXMSvM ¾LMO WvNW�MO¿ MX SM�SzOMvXJXW[v MYXMSvM ¾LMO zLz] MvXO¿ �MOX NM �JWSM �MO �JL�RLO � �\J|RM �[WO |R {RvM �[v�MSOW[v MOX vz�MOOJWSM T¹[RO OJ�[vO N[v� ] JWvXMvJvX XS[R�MS Rv QzvzSJXMRS � [RS Rv �[S�O �SM�] WMS � MX �LRO QzvzSJLM] MvX � [RS X[RX O[RO�QS[R� M

Z/pkZ
NM

Z � WL �JRX XS[R�MSRvM SJ�WvM �SW] WXW�M T ¤ JWO OW
k > 1

Rv XML O[RO�QS[R� M v {MOX �JO Rv �[S�O T¹[RO v[RO WvXzSMOO[vO ] JWvXMvJvX JRY �[S�O PvWO � LMO GF [pk]
MYXMvOW[vONMO �[S�O

GF [p] = Z/pZ
T �[RS �[vOXSRWSM RvM XMLLM MYXMvOW[v � WL �JRX X[RXN {JK [SN �[vOXSRWSM LM �[S�O PvW

GF [p]
� �JS LJ ] zX\[NM NM LJ OM�XW[v �Sz�z�NMvXM � �JS MYM]�LM T yvORWXM � WL MOX � [OOWK LM N {RXWLWOMS Rv � [L�v�] M NM NMQSz

k
� WSSzNR�XWK LM ORS �M �[S�O � |RW NzPvWX RvM MYXMvOW[v NM NMQSz

k
� MX N[v� NMXJWLLM

pk � �[]] M v[RO L {J�[vO �R JR NzKRX NM LJ OM�XW[v T¹[RO �[]]MvÖ[vON[v� �JS �[vOXSRWSM L {MYXMvOW[v J�M� NMO � [L�v�] MO �RWO �\MS�\[vO Rv þïßîðäñç Ü QzvzSJXMRS NM �MXXM MYXMvOW[v � [RS � [R�[WS �[NMS LMO zLz] MvXO v[v�LRO �JS NMO � [L�v�] MO � ] JWO �JS LMRSO WvNW�MO T VM �[NJQM MX LMO [� zSJXW[vOO[vX JL[SO LMO ç �ç ÜÝ |RM �MRY NMO O[RO�QS[R� MO NM
Z
T ¹ [RO zXRNW[vO W�W LMOJLQ[SWX\] MO � MS] MXXJvX NM XS[R�MS Rv �[L�v�] M WSSzNR�XWK LM � [OOzNJvX RvQzvzSJXMRS OW]�LM T¹[RO RXWLWO[vO NM v[R�MJR Rv JLQ[SWX\] M �S[KJKWLWOXM T ¹[RO ] [vXS[vOX[RX N {JK [SN Rv JLQ[SWX\] M XMOXJvX OW Rv � [L�v�] M MOX QzvzSJXMRS NJvO

GF [q][X]
T �MX JLQ[SWX\] M MOX OW] WLJWSM � �MLR W Nz�ML[�� z � [RS LMO SJ�WvMO�SW] WXW�MO NJvO

Z
T

� ¥�cbgaoqm Æ ÛÜÝÞßå ïîðäñç ÜßòêäêæáÞÜìæ�`abpml Áv �[L�v�] M
A ∈ GF [q][X]

T�`abpml Áv �[L�v�] M
F
WSSzNR�XWK LM NM NMQSz

d
NJvO

GF [q][X]
T cbagml uRW � OW

A
MOX QzvzSJXMRS NM L {MYXMvOW[v GF [q][X]

F

� ¹[v NJvO LM �JO�[vXSJWSM T g
A
MX

F
vM O[vX �JO �SM] WMSO MvXSM MRY � ¥cbl�Mv�[�MS Ô¹[vÕ TÎ g`  g�ceb acea
p
� �SM] WMS MX NW� WOJvX

qd − 1
Îkgbm ��J�X[SWOJXW[v NM qd − 1

�
 g

A
qd−1

p ≡ 1[F ]
�¥cbl�Mv�[�MS Ô¹[vÕ TÎ g`  g��JL�RL Sz�RSOW� �JS �JSSzO�Îg` �ceb�Mv�[�MS ÔuRWÕ T

Áv JLQ[SWX\] M �\MS�\JvX JR \JOJSN Rv QzvzSJXMRS � RvM �[WO LM �[S�O�[vOXSRWX � MOX JL[SO JWOz T yv [RXSM � × T ª\[R� �xZ � I\z[S�] M ^� J ] [vXSz |RML {[v � MRX SMOXSMWvNSM L {MvOM]KLM NM SM�\MS�\M � NMO � [L�v�] MO NM �JWK LM NM�
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QSz ¾

(log(n))
¿ T I[RXM�[WO � X[RÀ [RSO �JS O[R�W N {[KXMvWS NMO � [L�v�] MO �SMRY �v[RO ] [vXS[vO � L {JWNM NM LJ �S[� [OWXW[v ORW�JvXM |R {WL MOX � [OOWK LM NM SJ�W�NM] MvX XS[R�MS � ORS Rv �[S�O �SM] WMS � Rv � [L�v�] M WSSzNR�XWK LM � [RS LM|RML

X
MOX RvM SJ�WvM �SW] WXW�M T Áv XML � [L�v�] M MOX J�� MLz Ø Ä_bbpdefagÈ ¥m �[R ¨bgq gag§ T yv �SJXW|RM � � [RS LMO �[S�O PvWO NM XJWLLM �[]�SWOM MvXSM

4
MX

232 � WL MOX � [OOWK LM NM ] [vXSMS |RM �LRO N {Rv � [L�v�] M WSSzNR�XWK LM ORS 12MOX Ñ ��SSzNR�XWK LM ! Áv JLQ[SWX\] M SM�\MS�\JvX Rv �[L�v�] M
X
�WSSzNR�XWK LMJR \JOJSN vz�MOOWXM JWvOW ] [WvO NM

12r
MOOJWO Mv ] [�MvvM T V {JLQ[SWX\] M �[RSXS[R�MS Rv �[L�v�] M WSSzNR�XWK LM J�JvX

X
�[]]M QzvzSJXMRS MOX N[v� RvMOW]�LM ] [NWP�JXW[v NM L {JLQ[SWX\] M w vM OMLM�XW[vvJvX �JO LM � [L�v�] M WS�SzNR�XWK LM XS[R�z OW ÛÜÝÞßå ïîðäñç ÜßòêäêæáÞÜìæ Sz� [vN |RM X

v {MOX �JO RvQzvzSJXMRS T
��mq¨¥m B �[vOXSR�XW[v NR �[S�O

F16
T

^T � êÞÜæç ãäáÞãïä ëÜ P ¨VM �[L�v�] M WSSzNR�XWK LM
P
O {z�SWX

P = X4 + aX3 + bX2 + cX + 1J�M�
a
�

b
MX

c
NJvO

Z/2Z
T �[RS NzXMS] WvMS

P
� MYJ] Wv[vO LMO NW���zSMvXMO �JLMRSO � [OOWK LMO � [RS LM XSW� LMX

(a, b, c)
T uv vM � MRX J�[WS

(a, b, c) ∈ {(0, 1, 1), (1, 0, 1), (1, 1, 0), (0, 0, 0)} �RWO|RM NJvO �\J�Rv NM�MO �JO �
1
MOX SJ�WvM NM

P
T VM XSW� LMX

(a, b, c)
MOX N[v� � �\MS�\MS NJvO

{(0, 0, 1), (0, 1, 0), (1, 0, 0), (1, 1, 1)} T VMO OMRLO � [L�v�] MO WSSzNR�XWK LMOORS
F2

NM NMQSz JR �LRO zQJL � NMRY O[vX
X
�
1 + X

MX
X2 + X + 1

T�[RS �\J�Rv NMO |RJXSM �JO SMOXJvXO � WL ORÃ X NM �\MS�\MS LM
pgcd

NM
P
MX

(1 + X)(X2 + X + 1)
T VM �JL�RL ¾�JS L {JLQ[SWX\] M N {yR�LWNM �JSMYM]�LM¿ NM �MO

pgcd
][vXSM |RM LMO OMRLMO �JLMRSO NM

(a, b, c)
�[RSLMO|RMLLMO

P
MOX WSSzNR�XWK LM O[vX

(0, 0, 1)
�
(1, 0, 0)

MX
(1, 1, 1)

T � [v� �
P = X4 + X3 + 1

MOX Rv �\[WY � [OOWK LM NM
P
T �JWO[vO �M �\[WY T

x T é ëÜäÞã� âáÞãïä ëÜÝ êîêç Üä ÞÝ ëÜ F16
ÜÞ æ#ü îÜÝ þïìæ îÜÝ ïþ êæáÞãïäÝ ¨�zOWQv[vO �JS

x
LJ �LJOOM NM

X
][NRL[

P
T VM �JL�RL NMO �RWOOJv�MOOR��MOOW�MO NM

x
N[vvM

x1 = X mod P
�

x2 = X2 mod P
�

x3 = X3 mod P
�

x4 =
1+X3 mod P

�
x5 = 1+X +X3 mod P

�
x6 = 1+X +X2 +X3

mod P
�

x7 = 1 + X + X2 mod P
�

x8 = X + X2 + X3 mod P
�

x9 = 1+X2 mod P
�

x10 = X +X3 mod P
�

x11 = 1+X2 +X3

mod P
�

x12 = 1 + X mod P
�

x13 = X + X2 mod P
�

x14 =
X2 + X3 mod P

�
x15 = 1 mod P

T�L Mv SzORLXM |RM
x
MOX Rv zLz] MvX QzvzSJXMRS NR QS[R� M ]RLXW� LW�JXW�

F16
T � [v� �

F16 = {0, 1, x, x2, x3, x4, x5, x6, x7, x8, x9, x10, x11, x12, x13, x14} T~�M�
F16

N[vvz O[RO �MXXM �[S] M � LJ ]RLXW� LW�JXW[v MX LM �JL�RL NM L {Wv��MSOM NJvO
F16

OM �[vX �LRO JWOz] MvX T V {JNNWXW[v O {Mv XS[R�M JROOW OW] ��LWPzM OW L {[v XWMvX �[]�XM NR �JWX |RM
xk +xt = xt(1+xk−t)

�[RS X[RX
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k
MX

t
NJvO {1, . . . , 14} XMLO |RM k > t

T
01« 1ú +­6;67µ:8­;< <¬97<

V [X]/(P )
<9

V deg(P ) 1
ª[WX

V
Rv �[S�O PvW �

P
Rv �[L�v�] M NJvO

V [X]
NM NMQSz

d
MX

V [X]/(P )L {JvvMJR |R[XWMvX JOO[�Wz T~ X[RX �M�XMRS
u = [u0, . . . , ud−1]

NR
V −MO�J�M �M�X[SWML V d � [v � MRXJOO[�WMS NM ] JvW�SM KWÀ M�XW�M LM � [L�v�] M
ψ(u) =

∑d−1
i=0 uiX

i MX Mv �LRO � [vJ LJ �S[�SWzXz ORW�JvXM �
∀u, v ∈ V d,∀λ ∈ V : ψ(u + λ · v) = ψ(u) + λ · ψ(v) .

~WvOW �
ψ
MOX Rv WO[] [S�\WO] M MvXSM

V d MX ψ(V d) = V [X]/(P )
T�M�W �[v��SM �
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0
0

øùú û x T^ ° yYM]�LM N {JSKSM NM £R�] Jv

~ �\J|RM �MRWLLM N {Rv JSKSM NM £R�] Jv � [v � MRX JOO[�WMS Rv ] [X NM
{0, 1}+ � � {MOX LJ �\J�vM NMO O�]K[LMO ] JS|RJvX LMO JS�XMO N {Rv �\M] Wv NM��RWO LJ SJ�WvM ÀRO|R {� LJ �MRWLLM T => ?@A B?C? D> EF> GH>?IE> D>H EJ GK C>CLH D>H
?JMH D FCG @LIL> D> NCO?@G >HM @ PP> EQ RSTUVTW D> X>M @LIL> uv J�� MLLM âïëÜëÜ < ì9 çáä L {MvOM]KLM NMO ] [XO �[SSMO� [vNJvX JRY �\M] WvO N {Rv JSKSM NM£R�] Jv � LJ \JRXMRS NM �MX JSKSM MOX J�� MLzM JROOW \JRXMRS NR �[NM

C
T

��mq¨¥m B LM �[NM �[SSMO� [vNJvX � L {JSKSM NM LJ PQRSM ^T^ MOX �
{111, 110, 10, 0111, 0110, 010, 001, 0001, 0000} .
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� bc¨bgpap � s �ä âïëÜ íãäáãæÜ ëÜ < ì9 çáä þïÝÝ#ëÜ îá þ æïþ æãêÞê ëì þ æê� ¯ Ü¨� bme�m s ªW Rv ] [X NM �[NM

c1
MOX Rv �SzPYM NM

c2
� JL[SO LM �\M] Wv SM�SzOMv�XJvX

c1
NJvO L {JSKSM NM £R�] Jv MOX Wv�LRO NJvO LM �\M] Wv SM�SzOMvXJvX

c2
T�[]]M

c1
MX

c2
O[vX � �JS NzPvWXW[v � JOO[�WzO � NMO �MRWLLMO NM L {JSKSM �

c1 = c2
T�L v {MY WOXM N[v� �JO NMRY ] [XO NW�zSMvXO N[vX L {Rv MOX LM �SzPYM NM L {JRXSM �MX LM �[NM NM \R�] Jv J LJ �S[�SWzXz NR �SzPYM T

2

� bc¨bgpap t s ÛïìÞ âïëÜ §ìã þ ïÝÝ#ëÜ îá þ æïþ æãêÞê ëì þ æê� ¯ Ü ÜÝÞ âïäÞÜäì ëáäÝìä âïëÜ ëÜ < ì9 çáä ¨� bme�m s uv �[vOXSRWX Rv JSKSM NM £R�] Jv � �JSXWS N {Rv �[NM
C
|RML�[v|RM� [OOzNJvX LJ �S[�SWzXz NR �SzPYM �ª[WX Rv JSKSM NM £R�] Jv �[]�LMX ¾X[RXMO LMO �MRWLLMO O[vX � NWOXJv�M�[vOXJvXM NM LJ SJ�WvM¿ NM \JRXMRS

l
T �\J|RM ] [X

ci
NM

C
MOX JOO[�Wz � Rv�\M] Wv NM�RWO LJ SJ�WvM À RO|R {� Rv v[MRN T uv � MRX JL[SO zLJQRMS LM O[RO�JSKSM N[vX �M v[MRN MOX SJ�WvM ¾X[RO LMO ] [XO � [R�JvX ýXSM SM�SzOMvXzO NJvOLMO v[MRNO NM �M O[RO�JSKSM [vX

ci
�[RS �SzPYM¿ T I[RO LMO ] [XO NM

C
O[vXX[RÀ [RSO NJvO LMO v[MRNO NM L {JSKSM SzORLXJvX T uv � MRX M�M�XRMS LJ ] ý] M[� zSJXW[v � [RS X[RO LMO ] [XO T uv J PvJLM] MvX Rv �[NM NM £R�] Jv �[vXMvJvXX[RO LMO ] [XO NM

C
T

2

2 12 1Á �:�67�;< =< Y AY 844�¬ 1
�opcb¤qm hh ¥nfn g¥¥k` ¦ s ¢ìæ ìä áîþ �áíÜÞ V £ ãî Ü¯ ãÝÞÜ ìä âïëÜ §ìã þïÝÝ#ëÜîá þ æïþ æãêÞê ëì þ æê� ¯ Ü ëïäÞ îÜÝ ç ïÞÝ {c1, . . . , cn} ÝïäÞ ëÜ îïäüì Üìæ l1, . . . , lnÝã ÜÞ ÝÜì îÜç ÜäÞ Ýã

n
∑

i=1

1

|V |li ≤ 1 .

� bme�m s ^Â �SMR�M NM ¾⇒¿ � [v OR��[OM |R {WL MY WOXM Rv �[NM Wv OXJvXJvvz¾� {MOX���NWSM |RW �zSWPM LJ �S[�SWzXz NR �SzPYM¿ J�M� LMO L[vQRMRSO NM ] [XO
l1, . . . , ln

T uv J ] [vXSz |R {[v � MRX �[vOXSRWSM OJ SM�SzOMvXJXW[v �JS Rv JSKSMNM £R�] Jv T V {JSKSM �[]�LMX Wv WXWJL J � [RS \JRXMRS
l
� MX |V |l �MRWLLMO T uv�[]�XM � �\J|RM [� zSJXW[v N {zLJQJQM LM v[]KSM NM �MRWLLMO NM L {JSKSM Wv WXWJL�[]�LMX |R {[v MvL��M JWvOW � L {JSKSM NM £R�] Jv T �[RS Rv ] [X NM L[vQRMRS

li
�� {MOX LM v[]KSM NM �MRWLLMO NM L {JSKSM �[]�LMX NM \JRXMRS

l− li
� O[WX |V |l−li

¾[vOR��[OM MvLM�zM � �JS v[v SzRXWLWOzM � RvM �MRWLLM N {Rv O[RO�JSKSM NM \JRXMRS �¿ T�[RS X[RXMO LMO [� zSJXW[vO � [v MvL��M ∑n
i=1 |V |l−li

�MRWLLMO T ¤ JWO [v vM � MRXMv MvLM�MS JR X[XJL �LRO |RM LM v[]KSM WvWXWJL � O[WX �
n

∑

i=1

|V |l−li ≤ |V |l
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n
∑

i=1

1

|V |li ≤ 1 .

xÂ �SMR�M NM ¾⇐¿ � [v OJWX |RM L {WvzQJLWXz MOX OJXWO�JWXM T uv �\MS�\M ��[vOXSRWSM Rv JSKSM NM £R�] Jv N[vX LMO ] [XO NM �[NM [vX � [RS L[vQRMRS
l1, . . . , ln = l

� ] [XO |RM L {[v OR��[OM �LJOOzO �JS [SNSM �S[WOOJvX NM LMRSOL[vQRMRSO Tuv �JSX N {Rv JSKSM NM \JRXMRS
l
T uv �S[��NM MvORWXM �JS WvNR�XW[v T�[RS � [R�[WS �\[WOWS Rv v[MRN NJvO L {JSKSM � �[SSMO� [vNJvX � Rv ][X NML[vQRMRS

lk
� WL �JRX |R {[v �RWOOM XS[R�MS NJvO L {JSKSM � Rv O[RO�JSKSM �[]�LMXNM \JRXMRS
l−lk

T ¤ JWO � X[RXMO LMO [� zSJXW[vO N {zLJQJQM �Sz�zNMvXMO �[vOWOXMvX� MvLM�MS NMO O[RO�JSKSMO NM \JRXMRS �LRO QSJvNM ¾�[SSMO� [vNJvX � NMO ] [XO�LRO �[RSXO¿ T �[v� � O {WL SMOXM JR ] [WvO |V |l−lk
�MRWLLMO NJvO L {JSKSM SMOXJvX �L {JSKSM SMOXJvX �[vXWMvX Rv O[RO�JSKSM � NM \JRXMRS

l− lk
T ¤ [vXS[vO |R {WL SMOXMM� M�XW�M] MvX |V |l−lk

�MRWLLMO NJvO L {JSKSM SMOXJvX TªW [v J NzÀ � Ô�LJ�zÕ LMO ] [XO NM L[vQMRS
l1, . . . , lk−1

� [v J MvLM�z ∑k−1
i=1 |V |l−li�MRWLLMO NM L {JSKSM Wv WXWJL �JS LMO OR��MOOW�MO [� zSJXW[vO N {zLJQJQM T �L SMOXM N[v�

|V |l(1 − ∑k−1
i=1 |V |−li)

�MRWLLMO T uS � [v OJWX N {J�S�O L {WvzQJLWXz NM ÄSJ�X |RM �
n

∑

i=k

1

|V |li ≤ 1 −
k−1
∑

i=1

1

|V |li

O[WX �
|V |l(1 −

k−1
∑

i=1

|V |−li) ≥
n

∑

i=k

|V |l−li ≥ |V |l−lk

uv �MRX N[v� �LJ�MS LM ] [X NM L[vQRMRS
lk
� MX Mv SzWXzSJvX L {[� zSJXW[v �[vOXSRWSML {JSKSM NM £R�] Jv T VM �[NM NM £R�] Jv � NM L[vQRMRSO NM ] [XO

l1, . . . , ln
� �z�SWPM LJ �S[�SWzXz NR �SzPYM T

� M] JS|RM � �M�W �S[R�M L {W]�LW�JXW[v LJWOOzM Mv ORO� MvO NR X\z[S�] M NMÄSJ�X T
2

»cbc¥¥k gbm i s ¢ æãî Ü¯ ãÝ ÞÜ ìä âïëÜ ìäã§ìÜç ÜäÞ ëêâ� ã9 æáíîÜ ëïä Þ îÜÝ ç ïÞÝ ÝïäÞëÜ îïäüìÜìæ l1, . . . , ln
£ áîïæÝ ãî Ü¯ ãÝ ÞÜ ìä âïëÜ ãäÝÞáä Þáääê ëÜ ç �ç ÜÝ îïäüìÜìæÝëÜ ç ïÞÝ ¨� {MOX RvM �[vOz|RMv�M NMO X\z[S�] MO NM ÄSJ�X MX ¤ �¤ WLLJv T VMO �[NMONz�\W� SJKLMO |RW vM � [OO�NMvX �JO LJ �S[�SWzXz NR �SzPYM vM �S[NRWOMvX �JONM �[NM JRY ] [XO �LRO �[RSXO |RM LMO �[NMO WvOXJvXJvvzO � JRY|RMLO [v � MRXN[v� OM SMOXSMWvNSM � [RS LJ �[]�SMOOW[v N {Wv�[S] JXW[v ¾LMRSO �S[�SWzXMO LMOSMvNMvX �LRO ] JvWJKLMO¿ T
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£WOX[SW|RM] MvX � LM �[NJQM v {zXJWX RXWLWOz |RM � [RS QJSNMS LM OM�SMX NMO] MOOJQMO � LMO ] [XO NM �[NMO �[vOWOXJWMvX �SWv�W�JLM] MvX Mv NMO RvWXzO LWv�QRWOXW|RMO T VMO [� zSJXW[vO RXWLWOzMO � [RS �[NMS OM LW] WXJWMvX JRY � MS]RXJXW[vOMX ORKOXWXRXW[vO T V {J��JSWXW[v NM v[R�MJRY ] [�MvO NM XSJvO� [SXO MX NM OX[��ÍJQM NM N[vvzMO ¾�JKLMO � OJXMLLWXMO � [SNWvJXMRSO¿ MX LJ vz�zOOWXz N {JNJ�XMS LJSM�SzOMvXJXW[v NMO N[vvzMO JRY MY WQMv�MO NMO v[R�MJRY OR��[SXO ¾�S[KL�] MNM LWOWK WLWXz MX N {W]�Lz] MvXJXW[v ¿ � [vX �[vNRWX JR Nz�ML[�� M] MvX NM LJ �[S] MvR] zSW|RM � [RS LMO ] [XO NM �[NM T V {JL�\JK MX
V
MOX JL[SO �[]�[Oz NM v[]KSMOMX LMO ] [XO NM �[NMO O[vX JROOW NMO v[]KSMO T¤ WMRY � LM �[NJQM MX LJ NzXM�XW[v N {MSSMRS NJvO Rv �[NM NM�WMvX Rv XSJ�JWL�JOXRNWMRY �[WS W]�[OOWK LM OW LM �[NM v {J �JO RvM OXSR�XRSM �JSXW�RLW�SM T �[RSK zvzP�WMS NMO � [OOWK WLWXzO NM �JL�RL |R {[�SMvX LMO OXSR�XRSMO JLQzKSW|RMO � [vOR��[OM QzvzSJLM] MvX |RM LMO [� zSJXW[vO JSWX\] zXW|RMO N {JNNWXW[v ¾

+
¿ MX NM]RLXW� LW�JXW[v ¾×¿ �[v��SMvX � JL�\JK MX V

RvM OXSR�XRSM N {JvvMJR RvWXJWSM�[]]RXJXW� � �[WSM ] ý] M NM �[S�O �[]]RXJXW� T�JS MYM]�LM � [RS
V = {0, 1} MX � [RS X[RX MvXWMS n > 0

� OW L {[v � [OM
m = 2n � L {J��LW�JXW[v φ : V n −→ Z/mZ

|RW � � X[RX ] [X
c0 . . . cn−1

NM
V n JOO[�WM L {MvXWMS vJXRSML

c0 + 2c1 + · · · + 2n−1cn−1
MOX RvM KWÀ M�XW[v |R W� MS] MX NM ]RvWS

V n N {RvM OXSR�XRSM N {JvvMJR WO[] [S�\M �
Z/mZ

T �M |R WSMvN �[OOWK LMO LMO �JL�RLO ] [NRLJWSMO ORS LMO ] [XO NM X[RX �[NM
C ⊂ V n T� JvO LM ] ý] M [SNSM N {WNzM � �[vOWNzSMS

V
]RvW N {RvM OXSR�XRSM NM �[S�O�[]]RXJXW� � MS] MX NM �[vOWNzSMS

V n ¾[Å
n > 0

MOX Rv MvXWMS¿ �[]] M Rv
V
�MO�J�M �M�X[SWML MX JWvOW � [v � MRX [� zSMS ORS LMO ] [XO NM X[RX �[NM

C ⊂ V n�[]]M [v [� �SM ORS NMO �M�XMRSO N {Rv MO�J�M �M�X[SWML TVM �JWX NM �\[WOWS L {JL�\JK MX
V
�[]]M ]RvW N {RvM OXSR�XRSM NM �[S�O MOXN {Rv QSJvN WvXzSýX ORSX[RX L[SO|RM LM �[NM

C
MOX �\[WOW �[]] M O[RO�MvOM]KLMNM

V n � � {MOX � NWSM Rv �[NM N[vX X[RO LMO ] [XO [vX LJ ] ý] M L[vQRMRS T Áv XML�[NM MOX J�� MLz âïëÜ þáæ íîïâÝT VM �[NM ~ª��� MOX Rv �[NM KWvJWSM �JS KL[ �ONJvO LM|RML �\J|RM KL[� MOX NM L[vQRMRS
8
TÁvM �[vNWXW[v vz�MOOJWSM MX ORÃ OJvXM � [RS |R {[v �RWOOM NzPvWS RvM OXSR��XRSM NM �[S�O ORS

V
MOX ¾�[WS X\z[S�] M x �JQM ��¿ |R {WL MY WOXM Rv v[]KSM�SM] WMS

p
MX Rv MvXWMS

d > 0
XMLO |RM |V | = pd T � JvO LJ �SJXW|RM � OW L {JL��\JK MX �\[WOW JR Nz�JSX vM �zSWPM �JO �MXXM �[vNWXW[v � [v � MRX X[RÀ [RSO LR WJÀ [RXMS ¾[R MvLM�MS¿ |RML|RMO zLz] MvXO JSXWP�WMLLM] MvX NM ] JvW�SM � �M |RML {JL�\JK MX [KXMvR �zSWPM LJ �[vNWXW[v MY WQzM T
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Áv �SM] WMS WvXzSýX NM LJ X\z[SWM ] JX\z] JXW|RM NMO �[NMO SzOWNM NJvOL {[�XW] WOJXW[v � [OOWK LM NM LJ XJWLLM N {Rv ] MOOJQM |RW N[WX XSJvOWXMS �JS Rv�JvJL � [R ýXSM OX[�Íz ORS Rv OR��[SX T uv M�M�XRM N[v� �M �[NJQM � LJ O[SXWMNM LJ O[RS�M � MX [v Nz�[NM � L {MvXSzM NM LJ NMOXWvJXW[v T ¹[RO OR��[O[vO W�W |RMLM �JvJL v {MOX �JO O[R] WO JRY � MSXRSKJXW[vO ¾[v �JSLM NM �[NJQM OJvO KSRWX¿ �LM �[NJQM NM �JvJL MX LJ QMOXW[v NMO MSSMRSO O[vX zXRNWzO JR �\J�WXSM ORW�JvX T�L MY WOXM NMO XM�\vW|RMO N {Mv�[NJQM � MS] MXXJvX NM �\[WOWS NMO �[NMO MÃ �J�MOJWvOW |R {RvM X\z[SWM W]�[SXJvXM � [SWQWvJWSM] MvX Nz�ML[�� zM �JS ª\Jvv[v Mv^Z�� � MS] MXXJvX NM |RJvXWP MS L {Wv�[S] JXW[v �[vXMvRM NJvO Rv ] MOOJQM MX NM�JL�RLMS LJ XJWLLM ] WvW] JLM N {Rv O�\z] J NM �[NJQM � MX NM �[vvJ�XSM JWvOW LJÔ�JLMRSÕ N {Rv �[NM N[vvz T
� �� ^���5� � ,-� 1��*�+-��
« 1010 _6@7A< ­�¬­ ;�;687<
�pü`gagc` � s ©ä ëê� äãÞ ìäÜ O[RS�M N {Wv�[S] JXW[v þ áæ ìä âïìþ îÜ S = (S,P)ï� S = {s1, . . . , sn} ÜÝÞ ìä áîþ �áíÜÞ ÝïìæâÜ ÜÞ P = (p1, . . . , pn) ÜÝÞ ìäÜ ëãÝÞæãßíì Þãïä ëÜ þ æïíáíãîãÞê¨ å ïìæ ÞïìÞ i£ pi

ÜÝÞ îá þ æïíáíãîãÞê ë æïââìæÜäâÜ ëÜ si
ëáäÝìäÜ êç ãÝÝãïä ¨ ¨

VJ O[RS�M N {Wv�[S] JXW[v S = (S,P)
MOX NWXM ÝáäÝ ç êç ïãæÜ L[SO|RM LMOz�zvM] MvXO ¾[��RSMv�MO N {Rv O�]K[LM NJvO RvM z] WOOW[v ¿ O[vX WvNz� MvNJvXOMX |RM LMRS �S[KJKWLWXz SMOXM OXJKLM JR �[RSO NM L {z] WOOW[v ¾LJ O[RS�M MOX

ÝÞáÞãïääáãæÜ¿ T
� pü`gagc` hÇ s �ä Ü ÝïìæâÜ S ÜÝÞ ëãÞÜ OJvO SMN[vNJv�M Ýã ÞïìÝ îÜÝ Ýðç íïîÜÝëÜ S áþþ áæáãÝÝ ÜäÞ áèÜâ îá ç �ç Ü þ æïíáíãîãÞê ×p1 = . . . = pn = 1

n Ø ¨



t½ �opcbgm dm ¥¦g`§cbqkagc` ma fcq¨bmllgc` s
¹[RO JLL[vO ] [vXSMS NJvO �M �\J�WXSM |R {RvM O[RS�M SMN[vNJvXM � MRX ýXSM�[NzM NM ] JvW�SM � zLW] WvMS LJ SMN[vNJv�M NJvO L {JL�\JK MX LWOWK LM �JS LM �JvJL T¹[RO �Sz�WO[vO N[v� LM O�\z] J NM �[NJQM NzPvW Mv WvXS[NR�XW[v NM �M �[RSO �

CANALSOURCE DE
SOURCE

CODAGE
DECO−
DAGE

DESTI−
NATAIRE

Source sans redondance Canal sans perturbation

øùú û � T^ ° �[NJQM NM O[RS�M

« 1012 û6¬5@<@7 ;6	<¬¬< = >@¬ A6=< 1
�pü`gagc` hhs ¢ïãÜäÞ S = (S,P) ìäÜ ÝïìæâÜ£ (C, f) ìä Ýâ� êç á ëÜ âïëáü ÜëÜ S ¨ åá L[vQRMRS ] [�MvvM ëÜ (C, f) ÜÝÞ ª

l(C, f) =
n

∑

i=1

l(f(si))P (si)

ï� S = {s1, . . . , sn} ¨��mq¨¥m B
S = {a, b, c, d} � P = (1

2 , 1
4 , 1

8 , 1
8)
�
V = {0, 1} TªW

C = {f(a) = 00, f(b) = 01, f(c) = 10, f(d) = 11} � LJ L[vQRMRS] [�MvvM NR O�\z] J MOX
2
TªW

C = {f(a) = 0, f(b) = 10, f(c) = 110, f(d) = 1110} � LJ L[vQRMRS] [�MvvM NR O�\z] J MOX � 1 ∗ 1
2 + 2 ∗ 1

4 + 3 ∗ 1
8 + 4 ∗ 1

8 = 1.875
T

¹ [RO RXWLWO[vO LJ L[vQRMRS ] [�MvvM N {Rv O�\z] J NM �[NJQM � [RS ] MORSMSO[v MÃ �J�WXz T
« 101« ?�9<¬­86¬ = >@¬< ­6@7A< 1
�pü`gagc` h� s ¢ ïãÞ ìäÜ ÝïìæâÜ S ÝáäÝ ç êç ïãæÜ¨ åá k

�W�] M MYXMvOW[v SkëÜ S ÜÝÞ îÜ ëïì íîÜÞ (Sk,Pk)£ ï� Sk ÜÝÞ î æÜäÝÜç íîÜ ëÜÝ ç ïÞÝ ëÜ îïäüì Üìæ kÝìæ S £ ÜÞ Pk ÜÝÞ îá ëãÝ Þæãíì Þãïä ëÜ þ æïíáíãîãÞê áãäÝã ëê� äãÜ ª þ ïìæ ìä ç ïÞ
s = si1 . . . sik ∈ Sk £ P k(s) = P (si1 . . . sik) = P (si1) . . . P (sik) ¨��mq¨¥m B

S = (s1, s2)
� P = (1

4 , 3
4)JL[SO

S2 = (s1s1, s1s2, s2s1, s2s2)
MX

P 2 = ( 1
16 , 3

16 , 3
16 , 9

16)
T

« 101² û8; 89�986¬­ =< 4� A6;µ7<­­86¬ ­�¬­ µ<79<
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Tª[WMvX

pi1 , . . . , pi|V |

LMO |V | O�]K[LMO NM �LRO �JWK LMO �S[KJKWLWXzO T uv�[vOXSRWX Rv JSKSM ¾ORS LM ] [N�LM NMO JSKSMO NM £R�] Jv¿ � N[vX LJ SJ�WvMMOX Rv v[R�MJR v[MRN MX JR|RML [v JOO[�WM LJ �S[KJKWLWXz
pi1 + . . . + pi|V |

�MX N[vX LMO KSJv�\MO O[vX Wv�WNMvXMO JRY v[MRNO
pi1 , . . . , pi|V |
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0
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OJXWO�[vX
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� JL[SO LMO \JRXMRSOSMO� M�XW�MO NMO �MRWLLMO SM�SzOMvXJvX

c1, c2 � l1, l2
OJXWO�[vX

l1 ≥ l2
¾Mv M�MX �NJvO LM �JO �[vXSJWSM � [v SM]�LJ�M

c1
�JS

c2
NJvO L {JSKSM MX [v [KXWMvX Rv�[NM ] MWLLMRS¿ Tuv � MRX N[v� OR��[OMS |RM

A
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A
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n = 1
� LM SzORLXJX MOX z�WNMvX T �[RS
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NM �LRO �JWK LMO �S[KJKWLWXzON {J��JSWXW[v

p1, p2
NJvO

A
T � {J�S�O LM �SWv�W� M NM �[vOXSR�XW[v NM £R�] Jv �

c1
MX

c2
O[vX NMO �MRWLLMO O[MRSO NJvO

H
T uv NzPvWX JL[SO

H ′ = H \ {c1, c2}
T� {MOX Rv �[NJQM NM £R�] Jv �[RS LM �[NM

C ′ = C \ {c1, c2} ∪ {c} � c
zXJvXRv ] [X NM �S[KJKWLWXz N {J��JSWXW[v

p1 + p2
T
H ′ SM�SzOMvXM �JS LM �SWv�W� MNM Sz�RSSMv�M LM ] MWLLMRS �[NM WvOXJvXJvz ORS
C ′ � N[v� NM L[vQRMRS ] [�MvvMWv�zSWMRSM �
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T � [v� � MX N {J�S�O LMO �SM] W�SMO SM] JS|RMO � LJL[vQRMRS ] [�MvvM NM

H
MOX Wv�zSWMRSM � LJ L[vQRMRS ] [�MvvM NM

A
T
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V
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s1s1 → 010
s1s2 → 011
s2s1 → 00
s2s2 → 1

MX OJ L[vQRMRS ] [�MvvM MOX
3 ∗ 1

16 + 3 ∗ 3
16 + 2 ∗ 3

16 + 9
16 = 27
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MOX �S[�\M NM
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x
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� L {JRXSM J�M� RvM �S[KJKWLWXz
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T V {J��J�SWXW[v NR �SM] WMS O�]K[LM �[RSv WSJ JR NMOXWvJXJWSM �LRO N {Wv�[S] JXW[v ORS LJO[RS�M ¾WL vM LR W ] Jv|RM |RM LM OM�[vN � |RW J��JSJ�XSJ J�M� RvM �[SXM �S[KJ�
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x
T
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MXL {RvWXz íãÞ � [RS ÔKWvJS� RvWXÕ � [R �JS�[WO Ý�áääïäT ¹[RO JSSW�[vO � LJ NzPvW�XW[v �� pü`gagc` hi s å ïìæ ìäÜ ÝïìæâÜ S = (S,P)£ åá |RJvXWXz N {Wv�[S] JXW[v® ïìæäãÜ þ áæ î æïââìæÜäâÜ ë æìä Ýðç íïîÜ s ∈ S ëÜ þ æïíáíãîãÞê p ∈]0, 1] ÜÝÞ ª
I(p) = log2(

1

p
) .

« 1« 12 ?¬976µ8<
V {MvXS[�WM N {RvM O[RS�M MOX LJ |RJvXWXz ] [�MvvM N {Wv�[S] JXW[v �[vXMvRMNJvO �MXXM O[RS�M T�MXXM |RJvXWXz � MRX�ýXSM WLLROXSzM �JS L {MYM]�LM ORW�JvX � ORS Rv À MX NM Nzv[v �W� z � �[]KWMv �JRX�WL NM |RMOXW[vO � [RS NzXMS] WvMS |RMLLM MOX LJ �JLMRS[KXMvRM & yv �S[�zNJvX �JS NW�\[X[] WM � WL ORÃ X NM

3 = dlog2(6)e |RMOXW[vO TªR��[O[vO ] JWvXMvJvX |RM LM Nz MOX �W� z � LM ^ O[SX RvM �[WO ORS NMRY MX LMO�Wv| JRXSMO RvM �[WO ORS ^� T ªW LJ �SM] W�SM |RMOXW[v MOX � ÔMOX��M ^ &Õ NJvOLJ ] [WXWz NMO �JO RvM |RMOXW[v JRSJ ORÃ X � NJvO L {JRXSM ] [WXWz WL �JRNSJ �|RMOXW[vO OR��Lz] MvXJWSMO T ~ WvOW LM v[]KSM ] [�Mv NM |RMOXW[vO vz�MOOJWSMOOMSJ 1
2 ∗ 1 + 1

2 ∗ 4 = −1
2 log2(

1
2) − 5 ∗ 1

10dlog2(
1
10)e = 2.5

T yv �JWX � WL MOXMv�[SM � [OOWK LM N {JÃvMS �M SzORLXJX Mv SM] JS|RJvX |R {WL v {MOX �JO X[RÀ [RSOvz�MOOJWSM NM � [OMS � |RMOXW[vO � [RS NzXMS] WvMS LM|RML NM
2, 3, 4, 5, 6

J zXzXWSz � OW LJ NW�\[X[] WM Oz�JSM �MO w � [OOWK WLWXzO Mv NMRY QS[R� MO 2, 3
MX

4, 5, 6
�NMRY |RMOXW[vO OR��Lz] MvXJWSMO OMRLM] MvX OMS[vX vz�MOOJWSMO � [RS XS[R�MS
2[R

3
� MX OMRLO

5
MX

6
vM � [RSS[vX ýXSM Nz�JSXJQzO |R {Mv XS[WO |RMOXW[vO T ªRS Rv
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QSJvN v[]KSM NM XWSJQM � WL MOX Mv�[SM � [OOWK LM NM �JWSM ] WMRY OW LMO |RMOXW[vOvM Oz�JSMvX �JO X[RÀ [RSO NM LJ ] ý] M �JÖ[v � �JS MYM]�LM Mv

2, 3, 5
MX

4, 6
� � [RS|RM NMRY |RMOXW[vO O[WMvX JLXMSvJXW�M] MvX vz�MOOJWSMO � MX� T �[ROOz � L {WvPvW ��M SJWO[vvM] MvX v[RO WvNRWX |RM LJ ] [�MvvM NMO |RMOXW[vO vz�MOOJWSMO � [RSLMO w � [OOWK WLWXzO MOX MvXSM

2
MX

3
� MX �JRX N[v�

log2(10)
!VJ |RJvXWXz ] [�MvvM N {Wv�[S] JXW[v MOX JWvOW NzPvWM WvXRWXW�M] MvX �JS LMv[]KSM ] [�Mv NM |RMOXW[vO � LJ v[XW[v N {MvXS[�WM ORW�JvXM MOX N[v� vJXRSMLLM �� pü`gagc` h� s å æMvXS[�WM ë æìäÜ ÝïìæâÜ S = (S,P)£ S = (s1, . . . , sn)£ P =

(p1, . . . , pn) ÜÝÞ ª
H(S) = H(p1, . . . , pn) = −

n
∑

i=1

pi log2(pi) =

n
∑

i=1

pi log2(
1

pi
) .

� {MOX RvM ] MORSM NM î æãä âÜæÞãÞìëÜ LWzM � RvM L[W NM �S[KJKWLWXzO � �M |R WMOX X[RÀ [RSO WLLROXSz �JS L {MYM]�LM NR Nz � uv �[vOWN�SM LJ �JSWJKLM JLzJX[WSM¾O[RS�M¿ WOORM NR À MX N {Rv Nz � v �J�MO T ¹[RO J�[vO �R |R {WL � J � LR O N {Wv�MS�XWXRNM NJvO LM SzORLXJX NM �M À MX OW LM Nz MOX v[S] JL |RM OW LM Nz MOX KWJWOz T �M|RW OM XSJNRWX �JS ∀p1, . . . , pn
�
H(p1, . . . , pn) ≤ H( 1

n , . . . , 1
n) = log2 n

Tyv QzvzSJLWOJvX � �MLJ v[RO N[vvM �� bc¨bgpap Æ s ¢ïãÞ S = (S,P) ìä Ü ÝïìæâÜ£ ëÜ îïã (p1, . . . , pn) ¨
0 ≤ H(S) ≤ log2 n .

¹[RO �[]]MvÖ[vO �JS ] [vXSMS Rv LM]] M N[vX v[RO JRS[vO �LROWMRSO �[WOK MO[Wv T
�mqqm � ¥dm ÏgÈÈl ¦ s ¢ïãÜä Þ (p1, . . . , pn)£ (q1, . . . , qn) ëÜì¯ îïãÝ ëÜ þ æïíáßíãîãÞê ëãÝâæ#ÞÜÝ ¨ n

∑

i=1

pi ∗ log
qi

pi
≤ 0 .

� bme�m s �NR LM]] M� uv OJWX |RM ∀x ∈ R+
∗

�
ln(x) ≤ x − 1

T � [v�
n

∑

i=1

pi ∗ ln
qi

pi
≤

n
∑

i=1

pi ∗ (
qi

pi
− 1) .

ª[WX �RWO|RM ∑n
i=1 pi =

∑n
i=1 qi = 1

� JL[SO
n

∑

i=1

pi ∗ ln
qi

pi
≤ 0 .

�JS ORWXM �
n

∑

i=1

pi ∗ log
qi

pi
≤ 0 .
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2� bme�m s �NR X\z[S�] M� ~��LW|R[vO MvORWXM �M LM]] M � LJ NWOXSWKRXW[v
(q1, . . . , qn) = ( 1

n , . . . , 1
n)
� [v [KXWMvX

H(S) ≤ log2 n .

yvPv � LJ � [OWXW� WXz Nz�[RLM NWSM�XM] MvX NR �JWX |RM LMO �S[KJKWLWXzO
pi
O[vXWv�zSWMRSMO � ^T

2

� bc¨bgpap © s ¢ïãÜäÞ S ìä Ü ÝïìæâÜ£ ÜÞ Sk Ýá k ßã#ç Ü Ü¯ ÞÜäÝãïä ¨
H(Sk) = kH(S) .� bme�m s uv Nz�ML[�� M L {MY�SMOOW[v NM

H(Sk) �
H(Sk) =

∑

i1,...,ik,0≤ij≤|V |

pi1 . . . pik log
1

pi1 . . . pik

.

ª[WX
H(Sk) =

∑

i1,...,ik

pi1 . . . pik log
1

pi1

+ . . . +
∑

i1,...,ik

pi1 . . . pik log
1

pik

.

VM �SM] WMS XMS] M NM �MXXM O[]] M MOX �
∑

i1,...,ik

pi1 . . . pik log
1

pi1

=

|V |
∑

i1=1

pi1 log
1

pi1

∗
|V |
∑

i2=1

pi2 ∗ . . . ∗
|V |
∑

ik=1

pik

�RWO|RM LJ O[]] M NMO �S[KJKWLWXzO
pj
�JRX X[RÀ [RSO

1
� JL[SO

∑

i1,...,ik

pi1 . . . pik log
1

pi1

=

|V |
∑

i1=1

pi1 log
1

pi1

= H(S) .

yX Mv SM�LJÖJvX �M XMS] M NJvO L {MY�SMOOW[v �Sz�zNMvXM NM
H(Sk)

� [v [KXWMvX
H(Sk) = H(S) + . . . + H(S) = kH(S) .

2

� �c d.)��e*� �� ^.�����
�M X\z[S�] M �[vNJ] MvXJL NM LJ X\z[SWM NM L {Wv�[S] JXW[v MOX �[vvR O[ROLM v[] NM Þ� êïæ#çÜ ëÜ ¢�áääïä [R Þ� êïæ#ç Ü ëì âïëáü Ü ÝáäÝ íæìãÞT¹[RO �[]]MvÖ[vO �JS zv[v�MS LM X\z[S�] M NJvO LM �JO N {RvM O[RS�M OJvO] z][WSM T
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�opcb¤qm h� s ¢ïãÞ ìä Ü ÝïìæâÜ S ÝáäÝ ç êç ïãæÜ ë æÜäÞæïþ ãÜ H ¨ÛïìÞ âïëÜ ìäã§ìÜç ÜäÞ ëêâ� ã9 æáíîÜ ëÜ S Ýìæ ìä áîþ �áíÜÞ V ëÜ Þáãî îÜ Q

×ã ¨Ü
Q = |V |Ø £ ëÜ îïäüì Üìæ ç ïðÜää Ü l £ èêæã� Ü ª

l ≥ H

log2 Q
.

� Ü þ îìÝ£ ãî Ü¯ ãÝÞÜ ìä âïëÜ ìäã§ìÜç ÜäÞ ëêâ� ã9 æáíîÜ ëÜ S Ýìæ ìä áîþ �áíÜÞ ëÜÞáãî îÜ Q£ ëÜ îïäüì Üìæ ç ïðÜääÜ l £ §ìã èêæã� Ü ª
l <

H

log2 Q
+ 1 .

� bme�m s
þ æÜç ã#æÜ þáæÞãÜ � ª[WX C = (c1, . . . , cn)

Rv �[NM NM S RvW|RM] MvX Nz��\W� SJKLM ORS Rv JL�\JK MX NM XJWLLM
Q
� MX

(l1, . . . , ln)
LMO L[vQRMRSO NMO ] [XONM

C
T ª[WX

K =
∑n

i=1
1

Qli

�
K ≤ 1

N {J�S�O LM X\z[S�] M NM ÄSJ�X ¾�[WS � LJ
�JQM w ^¿ T ª[WMvX

(q1, . . . , qn)
XMLO |RM

qi = Q−li

K

�[RS X[RX
i = 1, . . . , n

T uvJ ∀i, qi ∈ [0, 1]
MX ∑n

i=1 qi = 1
� N[v�

(q1, . . . , qn)
MOX RvM NWOXSWKRXW[v NM�S[KJKWLWXzO T VM LM]] M NM �WKKO ¾�[WS �JQM }w¿ O {J��LW|RM � MX [v [KXWMvX

n
∑

i=1

pi log
Q−li

Kpi
≤ 0 ;

JRXSM] MvX NWX
n

∑

i=1

pi log
1

pi
≤

n
∑

i=1

pili log Q + log K .

yX �[]]M
log K ≤ 0

� N[v�
H(S) ≤ l ∗ log Q .

� {[Å LM SzORLXJX T
Ý ÜâïäëÜ þ áæÞãÜ � ª[WMvX li = dlogQ

1
pi
e T �[]]M ∑n

i=1
1

Qli
≤ 1

¾�JS
Qli ≥

1
pi

¿ � WL MY WOXM Rv �[NM NM S ORS Rv JL�\JK MX NM XJWLLM
Q
� RvW|RM] MvX Nz��\W� SJKLM � J�M� NMO L[vQRMRSO NM ] [XO zQJLMO �

(l1, . . . , ln)
T �[]]M

li <
dlogQ

1
pi
e + 1

�
pi < Q−li+1 MX �JS ORWXM �

n
∑

i=1

pi log
1

pi
>

n
∑

i=1

pili log Q − log Q .

ª[WX
l <

H(S)

log Q
+ 1 .

2uv Mv NzNRWX LM X\z[S�] M �[RS LJ
k
�W�] M MYXMvOW[v NM S �
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�opcb¤qm ht s ¢ïãÞ ìä Ü ÝïìæâÜ S ÝÞáÞãïääáãæÜ ë æÜäÞæïþ ãÜ H ¨ÛïìÞ âïëÜ ìäã§ìÜç ÜäÞ ëêâ� ã9 æáíîÜ ëÜ Sk Ýìæ ìä áîþ �áíÜÞ ëÜ Þáãî îÜ Q£ ëÜîïäüì Üìæ ç ïðÜääÜ lk

£ èêæã� Ü ª
lk
k

≥ H

log2 Q
.

� Ü þ îìÝ£ ãî Ü¯ ãÝÞÜ ìä âïëÜ ìäã§ìÜç ÜäÞ ëêâ� ã9 æáíîÜ ëÜ Sk Ýìæ ìä áîþ �áíÜÞ ëÜÞáãî îÜ Q£ ëÜ îïäüì Üìæ ç ïðÜääÜ lk
£ §ìã èêæã� Ü ª

lk
k

<
H

log2 Q
+

1

k
.

� bme�m s VJ �SMR�M NM �M X\z[S�] M MOX W]] zNWJXM N {J�S�O LJ �S[�SWzXz UOML[v LJ|RMLLM
H(Sk) = k ∗ H(S)

T
2�[RS RvM O[RS�M OXJXW[vvJWSM |RML�[v|RM � LM X\z[S�] M � MRX O {zv[v�MS ��opcb¤qm hÆ s å ïìæ ÞïìÞÜ ÝïìæâÜ ÝÞáÞãïääáãæÜ ë æÜä Þæïþ ãÜ H £ ãî Ü¯ ãÝÞÜ ìäþ æïâêëê ëÜ âïëáü Ü ìäã§ìÜç ÜäÞ ëêâ� ã9 æáíîÜ Ýìæ ìä áîþ �áíÜÞ ëÜ Þáãî îÜ Q£ ÜÞëÜ îïäüì Üìæ ç ïðÜääÜ l £ áìÝÝã þ æïâ� Ü §ìÜ î æïä èÜìÞ ëÜ Ýá íïæäÜ ãä® êæãÜìæÜ

H/ log2(Q) ¨yv X\z[SWM � WL MOX N[v� � [OOWK LM NM XS[R�MS Rv �[NM O {J��S[�\JvX WvNzP�vW] MvX NM L {MvXS[�WM T yv �SJXW|RM � [RSXJvX � OW LM �S[�zNz NM �[NJQM �[vOWOXM� �[NMS LMO ] [XO N {RvM MYXMvOW[v NM LJ O[RS�M � [v MOX LW] WXz z�WNM]] MvX �JSLM v[]KSM NM �MO ] [XO ¾|Sk| = |S|k � �M |RW � MRX SM�SzOMvXMS Rv XS�O QSJvNv[]KSM NM ] [XO¿ T
� �f ������ ��-+.*)+-/��

VM �[NJQM JSWX\] zXW|RM MOX RvM ] zX\[NM OXJXWOXW|RM O[R�MvX ] MWLLMRSM|RM LM �[NJQM NM £R�] Jv ! uS v[RO J�[vO �R |RM £R�] Jv zXJWX [�XW] JL �|RMLLM [�XW] WOJXW[v MOX N[v� � [OOWK LM & yv �[NJQM JSWX\] zXW|RM � �\J|RM �J�SJ�X�SM � MRX ýXSM �[Nz ORS Rv v[]KSM v[v MvXWMS NM KWXO � NMO �\JWvMO Mv�XW�SMO NM �JSJ�X�SMO �LRO [R ] [WvO L[vQRM O[vX Mv�[NzMO ORS Rv OMR L MvXWMS[R SzML ] J�\WvM T �JS MYM]�LM � OW Rv �JSJ�X�SM J��JSJ�X J�M� RvM �S[KJKW�LWXz NM Z�g LJ XJWLLM [�XW] JLM NR �[NJQM NM �M �JSJ�X�SM � [RSSJWX ýXSM NM
H

log2 Q = 9/10 log2(10/9)+1/10∗log2(10/1)
log2 10 ≈ 0.14

KWXO JL[SO |R {Rv JLQ[SWX\] M NMX�� M £R�] Jv RXWLWOMSJWX O{SM] MvX ^ KWX MvXWMS T ¹[RO JLL[vO N[v� �[WS �[] �] MvX LM �[NJQM JSWX\] zXW|RM � MS] MX NM �JWSM ] WMRY T
« 1Á 10 3789:;�98$@< h699�¬9<

V {WNzM NR �[NJQM JSWX\] zXW|RM MOX N {Mv�[NMS LMO �JSJ�X�SMO �JS WvXMS�JLLMO TVJ O[SXWM N {Rv �[NM JSWX\] zXW|RM MOX Rv OW]�LM SzML MvXSM � MX ^ �[vOXSRWX NMLJ ] JvW�SM ORW�JvXM � � �\J|RM O�]K[LM [v JOO[�WM RvM � [SXW[v NM L {WvXMS�JLLM



i st »cdk�m kbgaoqpagrem Æ�
ª�]K[LM J K � N M ��S[KJKWLWXz � �^ � �^ � �^ � �x � �� � �^�vXMS�JLLM �� �� T^� �� T^�� Tx� �� Tx �� T�� �� T� �� Tw� �� Tw �� TZ� �� TZ �^�

áâã û � T^ ° �vXMS�JLLMO NM �[NJQM JSWX\] zXW|RM

[0, 1]
NM XJWLLM OJ �S[KJKWLWXz N {[��RSMv�M T V {[SNSM N {JOO[�WJXW[v v {W]�[SXM �JO� [RS�R |RM O[WX LM ] ý] M �[RS LM �[NJQM MX LM Nz�[NJQM T�SMv[vO L {MYM]�LM NM LJ OM�XW[v � Tx T^ ] JWO J�M� NMO �S[KJKWLWXzO �LROOW]�LMO ORS LJ XJKLM � T^T V {WNzM MOX JL[SO NM OM �LJ�MS � �\J|RM �JSJ�X�SM NJvOLJ � [SXW[v NM L {WvXMS�JLLM |RW LR W �[SSMO� [vN MX NM �[vXWvRMS MvORWXM J�M� �MXXMv[R�MLLM � [SXW[v �[]]M WvXMS�JLLM NM KJOM T ªRS L {MYM]�LM ÔK MK M�J�NMJNÕ �MLJN[vvM L {WvXMS�JLLM SzML NM LJ XJKLM � Tx � X[RO LMO SzMLO MvXSM 0.15633504384

ª�]K[LM ­[SvM Wv�zSWMRSM ­[SvM OR� zSWMRSMK � T^ � TxM � T^w � T^ZK � T^w� � T^w�M � T^w}� � T^wU}� � T^w}�x � T^w}��J � T^w}�x� � T^w}��}� � T^w}���� � T^w}��}�N � T^w}����� � T^w}��wx�M � T^w}��w��� � T^w}��w ^}�J � T^w}��w��� � T^w}��w�wx�N � T^w}��w����� � T^w}��w��}��
áâã û � Tx ° �[NJQM JSWX\] zXW|RM NM ÔK MK M�J�NMJNÕ

MX
0.15633504640

�[SSMO� [vNMvX JR NzKRX NM �\JWvM ÔK MK M�J�NMJNÕ � �\[WOWO�O[vO �JS MYM]�LM Ô� T^w}��w��w��Õ T VM �S[QSJ]]M NM �[NJQM MOX N[v� XS�OOW]�LM MX � MRX O {z�SWSM O\z] JXW|RM] MvX ORS L {JLQ[SWX\] M U T �[RS LM Nz�[NJQM �WL ORÃ X JL[SO NM SM� zSMS NJvO |RML WvXMS�JLLM OM XS[R�M Ô� T^w}��w��w��Õ � � {MOX
]0.1, 0.2]

� N[v� LJ �SM] W�SM LMXXSM MOX Rv {K {T �L �JRX MvORWXM OM SJ] MvMS JR�S[�\JWv WvXMS�JLLM � [v SMXWSM LJ �JLMRS Wv�zSWMRSM MX [v NW�WOM �JS LJ XJWLLM NML {WvXMS�JLLM NM {K {� � OJ�[WS
(0.0.15633504500 − 0.1)/0.1 = 0.5633504500

T �Mv[R�MJR v[]KSM v[RO WvNW|RM |RM LJ �JLMRS OR W�JvXM MOX Rv {M {T VJ ORWXM NRNz�[NJQM MOX WvNW|Rz XJKLM � T� � MX LM �S[QSJ]]M MOX Nz�SWX NJvO L {JLQ[SWX\] M� � yv SzOR] z � L {Mv�[NJQM SzNRWX �S[QSMOOW�M] MvX L {WvXMS�JLLM �S[� [SXW[vvML�LM] MvX JRY �S[KJKWLWXzO NMO �JSJ�X�SMO T VM Nz�[NJQM �JWX L {Wv�MSOM Mv JRQ] Mv�XJvX �MX WvXMS�JLLM T
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�zML �vXMS�JLLM ª�]K[LM IJWLLM� T^w}��w��w�� �� T^�� Tx� K � �^� Tw}��w��w�� �� Tw �� TZ� M � ��� T^w��U} ^xw �� T^�� Tx� K � �^� Tw��U} ^xw �� Tw �� TZ� M � ��� Tx�Z��� ^xw �� Tx �� T�� � � �^� T�Z��� ^xw �� T� �� T^� J � �^� TZ��� ^xw �� TZ �^T�� � � �^� T��� ^xw �� T� �� Tw� N � Tx� Tw ^w}xw �� Tw �� TZ� M � ��� T��Z�}xw �� T� �� T^� J � �^� T�Z�}xw �� T� �� Tw� N � Tx
áâã û � T� ° �z�[NJQM JSWX\] zXW|RM NM Ô� T^w}��wÕ

� ¥�cbgaoqm ½ �z�[NJQM JSWX\] zXW|RMS ç v[]KSM Mv MvXSzM ��k`a rem S 6= 0.0
Îkgbm� ç O�]K[LM N[vX L {WvXMS�JLLM �[vXWMvX S �~Ã �\MS � �WvXMS�JLLM ç IJKLM*�vXMS�JLLMO ¾ � ¿ �XJWLLM ç WvXMS�JLLM TKOR��WvXMS�JLLM TK Wv� �S ç S � WvXMS�JLLM TK Wv� �S ç S Â XJWLLM �Îg` �k`a rem
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VM �[NJQM �Sz�zMvX MOX Nz� MvNJX NM LJ XJWLLM NM LJ ] JvXWOOM MX v {MOX N[v��JO �[S�z] MvX XS�O � [SXJKLM T �L v {MOX N[v� �JO RXWLWOz XML |RML J�M� NM L {JSWX\�] zXW|RM ¬[XXJvXM T ÁvM WNzM MOX NM �S[NRWSM OW]�LM] MvX LMO Nz�W] JLMO RvM� RvM � �RWO NM SM�[]KWvMS JRY v[]KSM NM KWXO NR ] [X ] J�\WvM T ÁvM JSWX\�] zXW|RM MvXW�SM �LRX�X |RM ¬[XXJvXM MOX JL[SO �LRO vJXRSMLLM � JR LWMR N {RvWvXMS�JLLM �� �^� ¬[XXJvX � � {MOX Rv WvXMS�JLLM NR X�� M ������ �ZZZZZ� MvXWMS |R WMOX RXWLWOz � OJ�\JvX |RM LM v[]KSM NM � MX NM Z MOX WvPvW MX N[v� |RM L {WvXMS�JLLMJ Mv �JWX RvM XJWLLM W�W NM ^����� T yvORWXM � LM �[NJQM MOX LM ] ý] M � �JS MYM]�LM{K {� N[vvM �^���� �^ZZZZ� � �RWO {M { N[vvMSJWX �^w��� �^�ZZZ� T �L OM XS[R�M |RMN�O |RM LM �\W� SM LM �LRO OWQvWP�JXW� MOX WNMvXW|RM NJvO LMO NMRY K[SvMO NM L {Wv�XMS�JLLM � WL vM �\JvQM � LR O MX � MRX N[v� ýXSM Mv�[�z MX OR��SW] z NR v[]KSMMvXWMS � � [RS ÔK MÕ � �MLJ N[vvM �^���� �^ZZZZ� � �RWO [v JÃ �\M {^{ |RM L {[v SMXWSMMX L {WvXMS�JLLM NM�WMvX ������ �ZZZZZ� � MvORWXM �JOOJvX � �w���� ��ZZZZ� �[RS {M {�LJ ORWXM MOX NJvO LM XJKLMJR � T� T VM Nz�[NJQM ORWX |RJOW] MvX LJ ] ý] M �S[�
jklmnop qnrsp tsuvrtpwrp qnrsp xwyvrtpwrp jnrztpm {|||| {}}}}x~tuz { ||||| }}}}} {p �|||| �}}}}m ��||| ��}}}x~tuz � �|||| �}}}} �p �|||| ��}}}

� ���|| ���}}x~tuz � ��||| ��}}} �
� ��||| ���}}x~tuz � �|||| ��}}} �u ���|| ��}}}x~tuz � ��||| �}}}} �� ���|| �{}}}p �|�|| �{��}x~tuz � |�||| {��}} �
� |�||| |���}x~tuz | �|||| ���}} |� ����| ���}} ����|

áâã û � T� ° �[NJQM JSWX\] zXW|RM MvXWMS NM ÔK MK M�J�NMJNÕ

�zNRSM Mv vM LWOJvX |R {Rv v[]KSM PYz NM KWX � LJ �[WO �� �\J|RM zXJ� M � [vXS[R�M L {WvXMS�JLLM ¾MX N[v� LM �JSJ�X�SM¿ �[vXMvJvX L {MvXWMS �[RSJvX T yvORWXM �OW LM �\W� SM NM � [WNO �[SX MOX WNMvXW|RM � [RS L {MvXWMS �[RSJvX MX LMO K [SvMO � [vNz�JLM LM X[RX �[]]M NJvO LM XJKLMJR � Tw T
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yv �SJXW|RM � � �JROM NM LJ �Sz�WOW[v ] J�\WvM � LM O�\z] J N {Mv�[NJQM NMLJ OM�XW[v �Sz�zNMvXM vM �[v�XW[vvM �JO OW LMO NMRY �\W� SMO NM � [WNO �[SXvM NM�WMvvMvX �JO zQJRY ] JWO |RM LJ �Sz�WOW[v JRQ] MvXM T � {MOX LM �JO OWL {[v [KXWMvX Rv WvXMS�JLLM NM X�� M
[59992, 60007]

� J�S�O |RML|RMO WXzSJXW[vOOR��Lz] MvXJWSMO � L {WvXMS�JLLM �[v�MSQM �MSO
[59999, 60000]

� MX �LRO SWMv v {MOXJÃ �\z ! �[RS �JLLWMS �M �S[KL�] M � WL �JRX � [RXSM �[]�JSMS LMO �\ W� SMO NM � [WNO�[SX � �[]�JSMS zQJLM] MvX LMO ORW�JvXO OW LMO � [WNO �[SXO NW� �SMvX OMRLM] MvXNM ^T ~ L[SO � OW LMO ORW�JvXO O[vX Z MX � � WL �JRX Nz�JLMS �MRY��W MX �[vOMS�MS Mv] z][WSM |RM LM Nz�JLJQM MOX JR vW�MJR NR NMRY W�] M �\W� SM NM � [WNO �[SX T �JSMYM]�LM �
[59123, 60456]

MOX Nz�JLz Mv
[51230, 64569]1

� L {WvNW�M
1
WvNW|RJvX|RM L {[v J Nz�JLz LM NMRYW�] M �\W�SM T yvORWXM � L[SO|RM LMO �\W�SMO NM � [WNO�[SX NM�WMvvMvX zQJRY ¾J�S�O

k
Nz�JLJQMO NM

0
MX NM

9
¿ � WL �JRNSJ JÃ �\MS �M�\W� SM ORW� W NM

k
ÌzS[O [R

k
vMR�O ¾Mv Nz�W] JL [R Mv \MYJ � WL �JRNSJWX N[v�OX[�ÍMS Rv KWX OR��Lz] MvXJWSM WvNW|RJvX OW L {[v J �[v�MSQz �MSO LM \JRX [R LMKJO � Mv KWvJWSM � �MXXM Wv�[S] JXW[v OM NzNRWX NWSM�XM] MvX¿ T

��mq¨¥m B ~�M� LMO �S[KJKWLWXzO
(′a′ : 4/10;′ b′ : 2/10;′ c′ : 4/10)

� LM �[NJQMNM LJ �\JWvM ÔKKKKKJÕ N[vvM �
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[40000; 49999]m
[48000; 51999]m
[49600; 50399]x~tuz } pz |
[46000; 53999]1m
[49200; 50799]1x~tuz } pz |
[42000; 57999]2m
[48400; 51599]2� [48400; 49679]2x~ tuz �
[84000; 96799]

�}}��|||

� �� a ���-�+-/��� �� �)��5+-�� � ,��+��� -�
V {JLQ[SWX\] M NM £R�] Jv ¾[R NMO �JSWJvXMO¿ MOX RXWLWOz Mv �SJXW|RM � O[R��MvX Mv ] ý] M XM]�O |RM N {JRXSMO �S[�zNzO NM �[NJQMO � �JO X[RÀ [RSO [��XW] JRY Mv X\z[SWM � ] JWO |RW �[vX NMO \�� [X\�OMO SJWO[vvJKLMO ORS LJ �[S] MNMO P�\WMSO � �[]�SMOOMS ¾�M O[vX NMO ] [NzLMO NM O[RS�M¿ � [RS NW] WvRMSL {MvXS[�WM � [R J��M�XMS RvM NMOXSR�XW[v N {Wv�[S] JXW[v |RM L {[v OR��[OM OJvO�[vOz|RMv�M � [RS L {RXWLWOJXW[v NMO N[vvzO T¹[RO N[vv[vO W�W XS[WO MYM]�LMO NM XMLO �Sz�JL�RLO T

« 1Ï 10 ÿ@¬ û<¬59: ?¬A6=8¬5
VM �[NJQM OXJXWOXW|RM XWSM �JSXW NMO �JSJ�X�SMO J��JSJWOOJvX O[R�MvX � ] JWOJKO[LR] MvX �JO NM LMRS � [OWXW[v NJvO LM XMYXM T ªW Rv ] ý] M �JSJ�X�SM J��JSJWXO[R�MvX Sz� zXz �LROWMRSO �[WO N {JÃ LzM � WL � MRX ýXSM RXWLM NM �[NMS OW]�LM] MvXLM v[]KSM NM �[WO [Å WL J��JSJWX T VM �[NJQM �Vy � �JWX À ROXM] MvX �MLJ XS�OOW]�LM] MvX � WL JÃ �\M �\J|RM �JSJ�X�SM � LJ ORWXM � OW]�LM] MvX L[SO|RM � [R�LRO �JSJ�X�SMO WNMvXW|RMO O[vX SMv�[vXSzO � �MO XS[WO �JSJ�X�SMO O[vX JÃ �\zOORW� WO N {Rv �[]�XMRS WvNW|RJvX LM v[]KSM N {J��JSWXW[vO OR��Lz] MvXJWSMO NR�JSJ�X�SM T �L �JRX KWMv O{S �[v�MvWS N {Rv v[]KSM NM KWXO PYM � JXXSWKRMS ��M �[]�XMRS T ªW LM �[]�XMRS Nz�JOOM O[v ] JYW]R] � LJ ORWXM OMSJ �[NzM �JS�LROWMRSO KL[ �O NMO � ] ý] MO �JSJ�X�SMO ORW� W N {Rv �[]�XMRS T �JS MYM]�LM �LJ �\JWvM ÔJJKKK �NNNNNÕ MOX �[NzM �JS ÔJJKKK��NNNxÕ T � JvO �M �JO � OW RvM�\JWvM NM

n
[�XMXO �[vXMvJvX

m
Sz� MXWXW[vO NM L[vQRMRS ] [�MvvM

L
� LM QJWv NM�[]�SMOOW[v MOX n−m(L−4)

n

OW LM �[]�XMRS MOX ORS Rv [�XMX T �M X�� M NM �[NQMMOX XS�O RXWLM �JS MYM]�LM � [RS NMO W] JQMO v[WS MX KLJv� [R NMO �WYMLO NM] ý] M �[RLMRS O[vX XS�O O[R�MvXO J��[LzO T �M X�� M NM �[NJQM MOX Mv�[SM RXWLWOz|RJOW] MvX NWSM�XM] MvX NJvO LMO ] [NM] O [R LMO �JY � [RS LJ XSJvO] WOOW[vN {W] JQMO v[WS MX KLJv� ¾OzSWMO NM v[]KSMO NM �WYMLO v[WSO MX NM v[]KSM NM�WYMLO KLJv�O¿ T yvPv � WL MOX �LJWS |R {RvM �[]�SMOOW[v OXJXWXWO|RM � MRX ýXSMM� M�XRzM RLXzSWMRSM] MvX ORS LM SzORLXJX N {Rv �Vy T
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Áv JRXSM �Sz�JL�RL MOX � [OOWK LM L[SO|RM |RM L {[v XSJvO�[S] M Rv �JSJ�X�SM~ ª��� Mv OJ �JLMRS MvXSM � MX xww � Mv ] [NWPJvX � LJ �[LzM L {[SNSM NM LJ XJKLM T�JS MYM]�LM � N�O |R {Rv �JSJ�X�SM MOX SMv�[vXSz WL �JOOM Mv NzKRX NM LWOXM � MXOMSJ N[SzvJ�JvX �[Nz �JS
0
� X[RO LMO JRXSMO �JSJ�X�SMO zXJvX Nz�JLzO NM RvMRvWXz T �M Ô¤ [�M�X[��S[vXÕ � MS] MX N {J�[WS �LRO NM �[NMO �S[�\MO NM

0
|RM NM

255
� |RJvN [v W] JQWvM |RM NW�zSMvXMO [��RSMv�MO N {Rv ] ý] M �JSJ�X�SM O[vXO[R�MvX �S[�\MO � JWvOW � L {MvXS[�WM MOX ] [NWPzM T yYM]�LM � LJ �\JWvM ÔJJJJ�� Õ� MRX ýXSM �[NzM �JS Ô����}}}}Õ � N {MvXS[�WM

1
� OW LJ XJKLM MOX ¾J �K �� �N �M �� ¿ [R�JS Ô����}���Õ � N {MvXS[�WM

H = 7/8 log2(8/7) + log2(8)/8 ≈ 0.55
� SzNRWXM NM] [WXWz TÁvM �JSWJvXM NM �MXXM ] zX\[NM � MRX ýXSM NM vM Nz�LJ�MS LM �JSJ�X�SMNJvO LJ LWOXM |RM NM

k
�JSJ�X�SMO �MSO LM NzKRX T ~ WvOW � LMO �JSJ�X�SMO LMO �LRO�Sz|RMvXO �[vX OM SMXS[R�MS �MSO LM NzKRX NM LJ LWOXM T �MXXM WNzM �SzPQRSM N[v�LMO �[NJQMO JNJ�XJXW�O MX �JS NW�XW[vvJWSMO NMO OM�XW[vO ORW�JvXMO T

��mbfgfm hs ¢ïãÞ ° î æáîþ �áíÜÞ Ýìæ í Ýðç íïîÜÝ ÝìãèáäÞ ª A = (
æá æ£ æí æ£ æâ æ£ æë æ£æç æ£ æä æ£ æç æ£ æï æ£ æþ æ) ¨Ð¨ ©ä áÝÝïâãÜ " â�á§ìÜ Ýðç íïîÜ ìä äìç êæï ¨ �ìÜîÝ äïç íæÜÝ æÜþ æêÝÜä ÞÜäÞ�áíâëëâíáçäïþþ ïäç � ÜÞ �áíâëçäïþáíâëçäïþ � �Õ ¨ �ïëÜ� îÜÝ ëÜì¯ â�áãä ÜÝ þ æêâêëÜä ÞÜÝ Üä ìÞãîãÝáäÞ îá ÞÜâ�äã§ìÜ �� ïèÜßÞïß4æïäÞ �¨ �ìÜ âïäÝÞáÞÜ� ßèïìÝ �é¨ �ïç íãÜä ëÜ íãÞÝ ÝïäÞ ä êâÜÝÝáãæÜÝ þ ïìæ âïëÜæ îÜÝ ëÜì¯ þ æÜç ãÜæÝ äïç íæÜÝ£þáæ < ì9 çáä þáæ Ü¯ Üçþ îÜ �ë ¨ �ïç íãÜä ëÜ íãÞÝ Ýïä Þ ä êâÜÝÝáãæÜÝ þ ïìæ âïëÜæ îÜÝ ëÜì¯ äïç íæÜÝ ïíÞÜäìÝáþ æ#Ý �� ïèÜßÞïß4æïä Þ � � �ïçþáæÜæ îÜÝ ÜäÞæïþ ãÜÝ ¨è ¨ �ìÜ ëïääÜ < ì9 çáä êÞÜäëì " ëÜì¯ âáæáâÞ#æÜÝ Ýìæ îÜ ëÜæäãÜæ äïç íæÜ �

�ìÜî îÜ ÜÝÞ áîïæÝ îá Þáãî îÜ ëÜ îá ÞáíîÜ ëÜÝ ® æê§ìÜäâÜÝ �ð¨ �ïçç ÜäÞ þ ïìææáãÞßïä §ìáîã� Üæ î æáîü ïæãÞ�ç Ü âïçþïÝê ë æìä �� ïèÜßÞïß4æïäÞ � Ýìãèã ë æìä âïëÜ ÝÞáÞãÝÞã§ìÜ �
ï¨ åÜ �� ïèÜßá� Üáëß� � ÜÝÞ ìäÜ èáæãáÞãïä ëì �� ïèÜßÞïß4æïäÞ � ï� îÜ âáæáâßÞ#æÜ ÜÝÞ Ý ÜìîÜç Üä Þ áèáäâê ëÜ k þ ïÝãÞãïäÝ áì îãÜì ëì Ýïçç ÜÞ ëÜ îá þ ãîÜ¨#äâïëÜæ îÜÝ ëÜì¯ â�áãä ÜÝ þ æêâêëÜäÞÜÝ áèÜâ k = 1 þ ìãÝ k = 2 ÜÞ âïçþáæÜæîÜÝ Üä Þæïþ ãÜÝ ¨

« 1Ï 1« �7�¬­ 67;�986¬ =< �@776� ­-� :<<4<7
V {WNzM NM L {\MRSWOXW|RM NM ¤ W�\JML ­RSS[® O MX � J�WN ¯ \MMLMS MOX NM XSWMSLMO �JSJ�X�SMO N {RvM �\J�vM JPv |RM LM ] [�M�X[��S[vX MX LM �Vy O[WMvX LMO �LROMÃ �J�MO � [OOWK LM T VM �S[KL�] M MOX KWMv O{S |R {WL MOX W]�[OOWK LM NM SMXS[R�MSLJ �\J�vM WvWXWJLM � �JSXWS N {Rv XSW NM �MXXM �\J�vM ! V {JOXR�M MOX N[v� NMXSWMS LJ �\J�vM � ] JWO N {Mv�[�MS �LRX�X RvM �\J�vM WvXMS] zNWJWSM � NM ] MWLLMRSM
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MvXS[�WM |RM LJ �\J�vM WvWXWJLM � MX |RW � MS] MXXM �M� MvNJvX NM SMXS[R�MS LJ�\J�vM WvWXWJLM T �SMv[vO �JS MYM]�LM � LJ �\J�vM Ô
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NMSvW�SM �[L[vvM¿ � WL v {MOX �JO vz�MOOJWSM NM OX[�ÍMS X[RXM LJ ] JXSW�M NMONz�JLJQMO � Rv OW]�LM � [WvXMRS OM Nz�LJÖJvX NJvO LJ �\J�vM MOX ORÃ OJvX T VJ�\JOM NM XSJvO�[S] JXW[v MOX N[v� JOOMÌ OW]�LM T ¤ JWO �[]]MvX M�M�XRMS LJSz�W�S[|RM &VJ O[LRXW[v MOX JL[SO N {Mv�[�MS LJ �\J�vM � JR LWMR NM LJ �\J�vM Î � OW �v {MOX �JO XSWzM � MLLM MOX �M� MvNJvX Rv �SzPYM N {RvM �\J�vM XSWzM MX � ORS RvQSJvN v[]KSM NM �JSJ�X�SMO � MLLM SMOXMSJ OJvO N[RXM ÔXSWzM �JS ] [S�MJRY Ô TVJ ] JQWM �WMvX NM �M |RM LJ �[vvJWOOJv�M NM �MXXM �\J�vM � �[vÀRQRzM � �MLLMNM L {g`dm� ¨bgqkgbm ¾LM vR] zS[ NM LWQvM �[vXMvJvX LM �SM] WMS �JSJ�X�SM NMLJ �\J�vM WvWXWJLM � ORS L {MYM]�LM � Tw � � {MOX
4
° Mv vR] zS[XJvX NM

0
�

8
¿ � MS] MXNM Sz�R� zSMS LJ �\J�vM WvWXWJLM T yv M�MX � � �JSXWS NM � � WL ORÃ X NM XSWMS � [RSSz�R� zSMS Î ! VJ NMRYW�] M zXJ� M NM Nz�[]�SMOOW[v MOX MvORWXM NM �JL�RLMS Rv�M�XMRS NM XSJvO�[S] JXW[v ô �[vXMvJvX LJ �[SSMO� [vNJv�M NMO WvNW�MO MvXSM� MX Î � � {MOX���NWSM L {WvNW�M NJvO � NM �\J|RM �JSJ�X�SM �SWO NJvO L {[SNSMXSWz NM Î T �[RS L {MYM]�LM � Tw � �MLJ N[vvM

H = {4, 0, 8, 5, 3, 6, 2, 1, 7} � �JS CMOX Mv � [OWXW[v
4
� L {WvNMY �SW] JWSM � NJvO � � �R WO

E2
MOX Mv � [OWXW[v

0
NJvO� � �RWO

E1
MOX Mv � [OWXW[v

8
� MX� T% yvORWXM � WL �JRX OM SMvNSM �[]�XM |R {Mv�LJÖJvX � J�JvX Î Mv �[L[vvMO � NJvO �\J|RM LWQvM NMRY LMXXSMO OM ORW�JvXN[W�MvX OM ORW�SM NJvO LJ �\J�vM WvWXWJLM � Mv M�MX � �JS Nz�JLJQM � LJ NMSvW�SMLMXXSM NM�WMvX LJ �SM] W�SM MX LJ �SM] W�SM NM�WMvX LJ NMRY W�] M T �M�W OM XSJNRWXzQJLM] MvX �JS LM �JWX |RM ∀j, L[H[j]] = F [j]

T �L vM SMOXM �LRO JL[SO |R {J ORW�SM�MX Mv�\J�vM] MvX NM LMXXSMO NMRY � NMRY �[RS SMXS[R�MS LJ �\J�vM WvWXWJLM �yv O[SXWM NM LJ XSJvO�[S] JXW[v ­¯I � [v [KXWMvX N[v� Mv QzvzSJL RvM
CLOM UK ßWOMT TE �K�L UT ET�ET �NOL R TEEN�L �TL V��VQTL FNOM UTL QKMKQE"MTL àOV LTMÞF "ET�E � QTL V��VQTL F TMR TEET�E �T LVRFUVßTM UK �VLVN� �T UK EMK�LPNMR KEVN� R KVL � �V�ETM��VT��T�E FKL �K�L U �KUWNMVEDR T �T �ÞQN�KWT G T� T�TE U �NM�MT �TL QKMKQE"MTL TLE PNMQÞR T�EQN�LTM�Þ T�EMT � TE   J



©Æ �opcbgm dm ¥¦g`§cbqkagc` ma fcq¨bmllgc` s
� ¥�cbgaoqm � �z�W�S[|RM NM LJ ­¯I�z�R� zSMS ��z�R� zSMS WvNMY*�SW] JWSMÎ ç XSW NM � ��JL�RLMS LM �M�XMRS NM XSJvO�[S] JXW[v ô XML |RM

L[H[j]] = F [j]WvX WvNMY ç WvNMY*�SW] JWSM ��ceb
i
NM � � IJWLLM NM � Îkgbm~Ã �\MS � �WvNMY � �WvNMY ç ô �WvNMY � �Îg` �ceb

�\J�vM N {MvXS[�WM �LRO �JWK LM � K WMv JNJ�XzM � Rv ] [�M�X[��S[vX ORW�W N {Rv �V¡ TV {RXWLWXJWSM NM �[]�SMOOW[v ¢·¸± NzXJWLLz ORS LJ PQRSM � T} RXWLWOM �MXXM ORWXM NMSzNR�XW[vO N {MvXS[�WM J�JvX N {M� M�XRMS Rv �[NJQM NM £R�] Jv T ¹[RO �MSS[vOOM�XW[v � T� Tx |RM �MXXM XM�\v W|RM MOX �JS] W LMO �LRO MÃ �J�MO J�XRMLLM] MvX T

RLE HuffmanBWT
to−front

Move

øùú û � T} ° KÌW�

� �£ ����� ����+�+-1�
VM �[NJQM �SzOMvXz �JS JSKSM NM £R�] Jv ¾J�M� �JSJ] zXSJQM NM L {MY�XMvOW[v NM O[RS�M¿ [R LM �[NJQM JSWX\] zXW|RM O[vX NMO �[NJQMO OXJXWOXW|RMO|RW vz�MOOWXMvX NM �[vvJ�XSM LJ �Sz|RMv�M N {J��JSWXW[v NMO �JSJ�X�SMO NJvOLM P�\WMS T �L MY WOXM NMO �JSWJvXMO N�vJ] W|RM ¾� LJ �[LzM¿ |R W � MS] MXXMvX NMO {J�SJv�\WS NM �M �Sz�JL�RL T �M O[vX �MO �JSWJvXMO |RW O[vX LMO �LRO RXWLWOzMONJvO LMO RXWLWXJWSMO NM �[]�SMOOW[v T

« 1ú 10 3 456789:;< = >;@8;�¬ =	¬�; 8$@< ¤ ¥¦§¨
V {JLQ[SWX\] M NM £R�] Jv N�vJ] W|RM � MS] MX NM �[]�SMOOMS Rv ¬[X � LJ�[LzM Mv �JWOJvX RvM OMRLM LM�XRSM NM L {MvXSzM � � LJ NW� zSMv�M NM L {JLQ[SWX\] MOXJXW|RM N {£R�] Jv WL z�WXM N[v� NM �JWSM NMRY �JS�[RSO NR P�\WMS N {MvXSzM ¾Rv�[RS LM �JL�RL NMO �Sz|RMv�MO � L {JRXSM � [RS LM �[NJQM¿ T VJ XJKLM NMO �Sz|RMv�MOMOX zLJK [SzM JR �RS MX � ] MORSM NM LJ LM�XRSM NR P�\WMS � JWvOW L {JSKSM NM£R�] Jv MOX ] [NWPz � �\J|RM �[WO |RM L {[v LWX Rv v[R�MJR �JSJ�X�SM TVJ �[]] JvNM Ô�J�ÍÕ NM ÁvWY W]�Lz] MvXM �MX JLQ[SWX\] M N�vJ] W|RM TV {JLQ[SWX\] M NM £R�] Jv N�vJ] W|RM MOX Nz�SWX NJvO LJ PQRSM ^� � LM �SWv��W� M NM LJ �[]�SMOOW[v N {RvM �JSX MX NM LJ Nz�[]�SMOOW[v N {JRXSM �JSX MOX



i s© »cdml kdk¨akag§l ©©
� ¥�cbgaoqm hÇ ~ LQ[SWX\] MO NM £R�] Jv N�vJ] W|RM � �[]�SMOOW[v MX Nz��[]�SMOOW[v T
»cq¨bmllgc` �pfcq¨bmllgc`
WvX vKu��RSMv�MO �xw}� � WvX vKu��RSMv�MO �xw}� �~SKSM ~£ � ~SKSM ~£ �XJvX |RM ¾

S
!ç M[� ¿ � XJvX |RM ¾

Cb
!ç M[� ¿ �� ç

S
TLWSM�\JS ¾¿ � K ç

Cb
TLWSM­ WXO ¾¿ �OW ¾vKu��RSMv�MO ��� !ç �¿ � �\JS � ç NM�[NMS�[NM ¾~£ � K ¿ �Mv�[�MS�[NM ¾~£ � �¿ � OW ¾� !ç
φ
¿ �� Mv�[�MS�\JS ¾�¿ �OWv[v � �Mv�[�MS�[NM ¾~£ � {

φ
{¿ � OWv[v �vKu��RSMv�MO �

φ
� ~ç ^ � vKu��RSMv�MO �

φ
� ~ç ^ �Mv�[�MSu�XMX ¾�¿ �

Cb
TLWSMu�XMX ¾¿ �

� �vKu��RSMv�MO ��� ~ç ^ � vKu��RSMv�MO ��� ~ç ^ �]JÀ ¾~£ ¿ � ]JÀ ¾~£ ¿ �� �

Nz�SWX �W�NMOO[RO T
»cq¨bmllgc` d¼`kq grem s

VM P�\WMS MOX LR � LJ �[LzM �JS KL[ � NM
k
KWXO ¾

k
MOX O[R�MvX Rv �JSJ] �XSM¿ �NJvO LJ ORWXM � Rv XML K L[ � MOX J�� MLz Ô�JSJ�X�SMÕ T ~ L {Wv WXWJLWOJXW[v � [v NzPvWXRv �JSJ�X�SM O�]K[LW|RM ¾v[Xz

φ
NJvO LJ ORWXM¿ MX �[Nz WvWXWJLM] MvX �JS RvO�]K[LM �SzNzPvW ¾�JS MYM]�LM �¿ T V[SO NR �[NJQM � � �\J|RM �[WO |RM L {[vSMv�[vXSM Rv v[R�MJR �JSJ�X�SM v[v Mv�[SM SMv�[vXSz � [v LM �[NM ORS LJ O[SXWM�JS LM �[NM NM

φ
ORW�W NMO

k
KWXO NR v[R�MJR �JSJ�X�SM T VM v[R�MJR �JSJ�X�SMMOX JL[SO MvXSz NJvO L {JSKSM NM £R�] Jvv T�[RS �[vOXSRWSM L {JSKSM NM £R�] Jv MX LM ] MXXSM � À [RS � [v �[]�XM LM v[]KSMN {[��RSMv�MO NM �\J|RM �JSJ�X�SM MX LM v[]KSM NM �JSJ�X�SMO NzÀ J LRO � [v�[vvJWX N[v� � � �\J|RM X[� � LJ �Sz|RMv�M NM �\J|RM �JSJ�X�SM NM�RWO LM Nz�KRX NR P�\WMS ÀRO|R {JR �JSJ�X�SM �[RSJvX � LMO �Sz|RMv�MO O[vX N[v� �JL�RLzMON�vJ] W|RM] MvX T~�S�O J�[WS z�SWX Rv �[NM ¾O[WX �MLR W NM

φ
� O[WX �MLR W N {Rv �JSJ�X�SM NzÀ � SMv��[vXSz � O[WX LMO

k
KWXO v[v �[]�SMOOzO N {Rv v[R�MJR �JSJ�X�SM¿ � [v Wv�Sz] MvXMNM ^ LM v[]KSM N {[��RSMv�MO NR �JSJ�X�SM z�SWX T ¡v �SMvJvX Mv �[]�XM LMO] [NWP�JXW[vO NM �Sz|RMv�M � [v ] MX � À [RS L {JSKSM NM £R�] Jv � �\J|RM X[�NM ] JvW�SM NzXMS] WvWOXM TV {JSKSM MY WOXM N[v� � [RS LJ �[]�SMOOW[v ¾MX LJ Nz�[]�SMOOW[v ¿ ] JWO v {J �JO



©½ �opcbgm dm ¥¦g`§cbqkagc` ma fcq¨bmllgc` s
K MO[Wv N {ýXSM Mv�[�z JR Nz�[NMRS T
¡vPv � WL � J �LROWMRSO �\[WY � [RS LM v[]KSM N {[��RSMv�MO NM

φ � NJvO LM �[NM^� � {MOX LM v[]KSM NM �JSJ�X�SMO NWOXWv�XO ¾�MLJ � MS] MX N {J�[WS � MR NM KWXO� [RS
φ
JR NzKRX¿ � WL MOX JROOW � [OOWK LM NM LRW JXXSWKRMS �JS MYM]�LM RvM �JLMRS�[vOXJvXM XS�O �S[�\M NM ÌzS[ ¾NJvO �M �JO LM v[]KSM NM KWXO � [RS

phi
z�[LRM�[]]M LJ �S[�[vNMRS NM L {JSKSM NM £R�] Jvv � Mv LJWOOJvX JRY �JSJ�X�SMO XS�O�Sz|RMvXO LMO �[NMO LMO �LRO �[RSXO¿ T

� pfcq¨bmllgc` d¼`kq grem s
~ L {Wv WXWJLWOJXW[v � LM Nz�[NMRS �[vvJ�X Rv OMRL �[NM � �MLR W NM

φ
¾�JS MYM]�LM�¿ T �L LWX JL[SO � |RW MOX LM �[NM JOO[�Wz �

φ
T �L Mv NzNRWX |RM LMO

k
KWXO ORW�JvXO�[vXWMvvMvX Rv v[R�MJR �JSJ�X�SM T �L z�SWX �MO

k
KWXO MX ] MX � À [RS L {JSKSM NM£R�] Jv � |RW �[vXWMvX NzÀ J

φ
� J�M� �M v[R�MJR �JSJ�X�SM TVM � [WvX �SWXW|RM MOX |RM LM �[NMRS MX LM Nz�[NMRS ] JWvXWMvvMvX �\J�Rv LMRS�S[�SM JSKSM NM £R�] Jvv � ] JWO RXWLWOMvX X[RO LMO NMRY LM ] ý] M JLQ[SWX\] MNzXMS] WvWOXM � [RS LM ] MXXSM � À [RS � �JSXWS NMO [��RSMv�MO ¾�Sz|RMv�MO¿ NMO�JSJ�X�SMO NzÀ � LRO T ~ WvOW � LMO JSKSMO NM £R�] Jv �JL�RLzO Oz�JSz] MvX �JS LM�[NMRS MX LM Nz�[NMRS O[vX MYJ�XM] MvX LMO ] ý] MO T�RWO � LM Nz�[NMRS LWX LM �[NM ORW�JvX MX LM Nz�[NM �WJ O[v JSKSM NM £R�] Jv T ªWWL O {JQWX NR �[NM NM

φ
� WL LWX LMO

k
KWXO �[SSMO� [vNJvXO � Rv v[R�MJR �JSJ�X�SM �LMO z�SWX ORS LJ O[SXWM MX JÀ [RXM LM v[R�MJR �JSJ�X�SM � O[v JSKSM NM £R�] Jv¾LM v[R�MJR �JSJ�X�SM MOX NzO[S] JWO JOO[�Wz � Rv �[NM¿ T ªWv[v � WL O {JQWX NR�[NM N {Rv �JSJ�X�SM NzÀ � SMv�[vXSz � �WJ O[v JSKSM NM £R�] Jv � WL XS[R�M LMO

k
KWXO NR �JSJ�X�SM JOO[�Wz JR �[NM � MX LMO z�SWX ORS LJ O[SXWM T �L Wv�Sz] MvXMJL[SO NM ^ LM v[]KSM N {[��RSMv�MO NR �JSJ�X�SM |R {WL � WMvX N {z�SWSM ¾MX NM

φOW � {MOX Rv v[R�MJR �JSJ�X�SM¿ MX ] MX � À [RS L {JSKSM NM £R�] Jvv T~R vW�MJR MOXW] JXW[v NMO �Sz|RMv�MO � �MXXM ] zX\[NM N�vJ] W|RM MOX Rv� MR ] [WvO MÃ �J�M |RM LJ ] zX\[NM OXJXW|RM T �M� MvNJvX � MLLM z�WXM LM OX[�ÍJQMNM L {JSKSM ¾LJ XJKLM NMO �Sz|RMv�MO¿ MX LM SzORLXJX PvJL MOX O[R�MvX �LRO �[RSX T
« 1ú 12 �6=�5< �789:;�98$@< �=�µ9�98 

V {WNzM QzvzSJLM NR �[NJQM JNJ�XJXW� � Nz�ML[�� zM NJvO LJ O[RO OM�XW[v �Sz��zNMvXM � [RS L {JLQ[SWX\] M NM £R�] Jvv �MOX LJ ORW�JvXM �° � �\J|RM zXJ� M LM �[NM �[RSJvX �[SSMO� [vN JR �[NM OXJXW|RM |RM L {[v JR�SJWX [KXMvR Mv RXWLWOJvX LMO [��RSMv�MO NzÀ � �[vvRMO �[]]M �Sz|RMv�MO T° J�S�O �\J|RM zXJ� M � L {Mv�[NMRS ] MXO � À [RS OJ XJKLM N {[ ��RSMv�M J�M�LM v[R�MJR �JSJ�X�SM |R {WL J SMÖR MX �SzM Rv v[R�MJR �[NM OXJXW|RM�[SSMO� [vNJvX T �M�W N[WX ýXSM �JWX X[RÀ [RSO NM LJ ] ý] M ] JvW�SM JPv|RM LM Nz�[NMRS �RWOOM �JWSM NM ] ý] M � O[v X[RS T�MXXM WNzM O {W]�Lz] MvXM XS�O KWMv zQJLM] MvX NJvO LM �JNSM NR �[NJQMJSWX\] zXW|RM � LM �[NM MOX �[vOXSRWX MOOMvXWMLLM] MvX �[]]M LM �[NM JSWX\] z�XW|RM � OJR� |RM LJ NWOXSWKRXW[v NM �S[KJKWLWXz MOX �JL�RLzM JR �[L �JS L {Mv�[�



i s½ »cdml fcq¨bmllmebl elem¥l ©�
NMRS ORS LMO O�]K[LMO |RW [vX NzÀ � zXz XSJWXzO T VM Nz�[NMRS � MRX �JWSM LMO] ý] MO �JL�RLO MX SMOXM JWvOW O�v�\S[vWOz T VM �[NMRS JSWX\] zXW|RM JNJ�XJ�XW� XSJ�JWLLM �[]] M ORWX Mv JSWX\] zXW|RM ¬[XXJvXM � � LJ �SM] W�SM WXzSJXW[v �L {WvXMS�JLLM

[0, 1[
MOX NW�WOz Mv

n
OMQ] MvXO NM L[vQRMRSO zQJLMO T �\J|RM �[WO|R {Rv O�]K[LM MOX SMÖR � L {JLQ[SWX\] M �JL�RLM LJ v[R�MLLM NWOXSWKRXW[v NM �S[�KJKWLWXz MX LM OMQ] MvX NR O�]K[LM SMÖR MOX LR W�] ý] M SM�NW�WOz Mv

n
v[R�MJRYOMQ] MvXO T �M� MvNJvX � �MO v[R�MJRY OMQ] MvXO O[vX ] JWvXMvJvX NM L[vQRMRSO�[SSMO� [vNJvXMO JRY �S[KJKWLWXzO � ] WOMO � À [RS � NMO O�]K[LMO T � LRO LM v[]KSMNM O�]K[LMO SMÖRO MOX QSJvN � �LRO LJ �S[KJKWLWXz �JL�RLzM OMSJ �S[�\M NM LJ�S[KJKWLWXz SzMLLM T �[]]M �[RS £R�] Jv N�vJ] W|RM � WL v {� J JR�Rv ORS�[{XN{ � L {Mv�[W �SzLW] WvJWSM NM LJ XJKLM NMO �Sz|RMv�MO MX � [RS NMO O[RS�MO �J�SWJKLMO L {Mv�[NMRS MOX �J�JKLM NM O {JNJ�XMS N�vJ] W|RM] MvX JRY �JSWJXW[vO NM�S[KJKWLWXzO T

¡vPv � [RXSM LJ �[]�SMOOW[v O[R�MvX ] MWLLMRSM �JS Rv �[NJQM JSWX\] z�XW|RM � WL MOX � v[XMS |RM OW LMO W]�Lz] MvXJXW[vO NM £R�] Jv OXJXW|RM O[vX �LROSJ�WNM |RM �MLLMO NR �[NJQM JSWX\] zXW|RM OXJXW|RM � � {MOX Mv QzvzSJL L {Wv�MSOMNJvO LM �JO JNJ�XJXW� T
� �© ����� 5�*��������� ����(�
« 1þ 10 3 456789:;< =< û<;µ<4-ª 8³ <9 ³�78�¬9<­ «¬ ­¥

V {JLQ[SWX\] M NM VM]�ML µW� MOX Rv JLQ[SWX\] M NM �[]�SMOOW[v �JS NW��XW[vvJWSM ¾[R Mv�[SM �JS ORKOXWXRXW[v NM �J�XMRSO¿ � WL �[vOWOXM � SM]�LJ�MSRvM Oz|RMv�M NM �JSJ�X�SMO ¾J�� MLzM �J�XMRS¿ �JS Rv �[NM �LRO �[RSX |RW MOXL {WvNW�M NM �M �J�XMRS NJvO Rv NW�XW[vvJWSM T �[] M �[RS L {JLQ[SWX\] M N {£R��] Jv N�vJ] W|RM � LMO ] zX\[NMO �JS NW�XW[vvJWSM vM vz�MOOWXMvX |R {RvM LM�XRSMNR P�\WMS T�L MY WOXM �LROWMRSO �JSWJvXMO NM �MX JLQ[SWX\] M � �JS] W �MLLMO��W � VµUU MXVµU� O[vX LWKSMO NM NS[WXO T° VµUU ¾�RKLWz �JS VM]�ML MX µW� Mv ^ZUU¿ MOX LM �SM] WMS JLQ[SWX\] M NMX�� M NW�XW[vvJWSM T ~ LXMSvJXW�M MÃ �J�M JRY JLQ[SWX\] MO NM £R�] Jv � WLJ SMLJv�z LMO SM�\MS�\MO Mv �[]�SMOOW[v T VµUU MOX KJOz ORS RvM �MvýXSM�[RLWOOJvXM |RW �[RLWOOM ORS LM XMYXM NM QJR�\M � NS[WXM T �MXXM �MvýXSM MOXNW� WOzM Mv NMRY �JSXWMO � LJ �SM] W�SM �JSXWM �[vOXWXRM LM NW�XW[vvJWSM �LJ OM�[vNM �JSXWM ¾XJ]�[v NM LM�XRSM¿ SMv�[vXSM LM XMYXM Mv �SM] WMS T�v WXWJLM] MvX � LJ �MvýXSM MOX OWXRzM NM �JÖ[v � �M |RM LM XJ]�[v NM LM�XRSMO[WX � [OWXW[vvz ORS LM XMYXM � MX |RM LM NW�XW[vvJWSM v {� O[WX �JO T ~ �\J|RMX[� � L {JLQ[SWX\] M �\MS�\M � NJvO LM NW�XW[vvJWSM LM � LR O L[vQ �J�XMRS |R WOM Sz� �XM JR NzKRX NR XJ]�[v NM LM�XRSM � �M �J�XMRS MOX �[Nz �JS LMXSW� LMX
(i, j, c)

[Å �°
i
MOX LJ NWOXJv�M MvXSM LM NzKRX NR XJ]�[v MX LJ � [OWXW[v NM LJ Sz� z�XWXW[v NJvO LM NW�XW[vvJWSM �°

j
MOX LJ L[vQRMRS NM LJ Sz� zXWXW[v �



½Ç �opcbgm dm ¥¦g`§cbqkagc` ma fcq¨bmllgc` s
°

c
MOX LM �SM] WMS �JSJ�X�SM NR XJ]�[v NW�zSMvX NR �JSJ�X�SM �[SSMO�� [vNJvX NJvO LM NW�XW[vvJWSM T~�S�O J�[WS �[Nz �MXXM Sz� zXWXW[v � LJ �MvýXSM �[RLWOOM NM

j +1
�JSJ�X�SMO�MSO LJ NS[WXM T � JvO LM �JO [Å JR�RvM Sz� zXWXW[v v {MOX XS[R�zM NJvO LMNW�XW[vvJWSM � LM �JSJ�X�SM

c
|RW J �S[�[|Rz LJ NW� zSMv�M MOX �[Nz JL[SO

(0, 0, c)
T° VµU� MOX RvM J] zLW[SJXW[v |RW �[vOWOXM � SM]�LJ�MS LJ �MvýXSM �[RLWO�OJvXM �JS Rv �[WvXMRS |RW ORWX LM XMYXM MX Rv NW�XW[vvJWSM WvNz� MvNJvX �NJvO LM|RML [v �\MS�\M LMO �J�XMRSO OWXRzO JR vW�MJR NR �[WvXMRS T ªR��� [O[vO |RM � L[SO NR �[NJQM � [v LWX LJ �\J�vM

sc
[Å

s
MOX RvM �\J�vM |RWMOX � L {WvNMY

n
NJvO LM NW�XW[vvJWSM MX

c
MOX Rv �J�J�X�SM XML |RM LJ�\J�vM

sc
v {MOX �JO NJvO LM NW�XW[vvJWSM T uv z�SWX JL[SO ORS LJ O[SXWM LM�[R�LM

(n, c)
T �RWO � LM �JSJ�X�SM

c
�[v�JXzvz JR �J�XMRS vR] zS[

n
v[RON[vvM Rv v[R�MJR �J�XMRS |RW MOX JÀ [RXz JR NW�XW[vvJWSM � [RS ýXSM RXW�LWOz �[]] M Sz�zSMv�M NJvO LJ ORWXM NR XMYXM T ªMRLMO NMRY Wv�[S] JXW[vOO[vX �[NzMO JR LWMR NM XS[WO J�M� VµUU T° Vµ¯ ¾VM]�ML�µW��¯ML�\ ¿ MOX RvM JRXSM �JSWJvXM NM VM]�ML�µW� T Vµ¯MOX KSM�MXz �JS ÁvWO�O T �L �[vOWOXM � vM �[NMS |RM L {WvNW�M

n
NJvO LM NW��XW[vvJWSM � NM �LRO LM P�\WMS MOX LR KWX �JS KWX T ¡vPv � WL vz�MOOJWSM N {J�[WSRv NW�XW[vvJWSM Wv WXWJL ¾�JS MYM]�LM � LJ XJKLM ~ ª���¿ T VJ �[]�SMOOW[v �WvNW|RzM � LJ PQRSM ^^ MOX JL[SO NWSM�XM T ªMRLM LJ Nz�[]�SMOOW[v MOX Rv�LRO XM�\vW|RM � WL �JRX XSJWXMS Mv [RXSM LM �JO �JSXW�RLWMS [Å LJ ] ý] M�\JWvM MOX SM�S[NRWXM NMRY �[WO NM ORWXM ¾LM �S[�\JWv �[NM � ] MXXSM NJvOLM NW�XW[vvJWSM MOX JL[SO À ROXM] MvX �MLR W |RM L {[v SMv�[vXSM MX �MLR W��W MOXN[v� Wv�[vvR � ] JWO LM �JSJ�X�SM NM Pv NM LJ v[R�MLLM �\J�vM MOX JL[SO LM] ý] M |RM �MLRW NR NzKRX NM �\JWvM¿ T ¡vPv � NMRY �JSWJvXMO OW]�LMO [vXzXz �S[� [OzMO � Vµ¤¯ [Å {�\J�vM ~ �S[�\JWv ] [X { MOX JÀ [RXzM JR NW��XW[vvJWSM JR LWMR NM OMRMLM]vX {�\J�vM ~ �S[�\JWv �JSJ�X�SM { MX Vµ~�NJvO LJ|RMLLM X[RO LMO �SzPYMO NM {�\J�vM ~ �S[�\JWv ] [X { O[vX JÀ [RXzOJR NW�XW[vvJWSM T

��mbfgfm � s #ä ìÞãîãÝáä Þ îá ÞáíîÜ °¢�éé � Ü¯ áëêâãç áîÜ ×ïíãÞÝØ âã ëÜÝÝïìÝâïçç Ü ëãâÞãïääáãæÜ ãäãÞãáî£ âïçþ æÜÝÝ Üæ îá â�á®ä Ü °̄å#°å°å° ¯ áèÜâ å± ²¨
³ ´ µ ¶ · ¸ ¹ º » ¼ ½ ¾ ¿ À Á Â³ ÃÄÅ ÆÇÈ ÆÉÊ ÁÉÊ ÁÇÉ ÁÃË ½¿Ì ¾ÁÅ ¾Æ ÈÉ ÅÂ ÍÉ ÂÂ ¿Î ÆÇ ÆÏ´ ÀÅÁ À¿ ´ À¿µ À¿¶ À¿· Ã½Ì ÆÐÃ ÁÉ¾ ¿½Ã ÁÑ ÆÄ¾ ÁÆ¿ ÂÆ ÒÆ ÎÆ ÄÆµ ÆÓ Ô Õ Ö × Ø Ù Ú Û Ü Ý Þ ß à á â¶ ³ ´ µ ¶ · ¸ ¹ º » ¼ ã ä å æ ç è· é ½ ¾ ¿ À Á Â Ò È Ï ê Ì Å Ñ Ã Ç¸ Ó Ë Î Æ É Ä Í ë Ê Ð ì í î ï ð ñ¹ ò ó ô õ ö ÷ ø ù ú û ü ý þ ÿ � �º � � � � � � � 	 
 � � 
 � � � ÀÁÅ

� ����� ������ �� ���� ���� ���� �� ������� ��� �� ��� � ������ ����£ §�� ���������  
!��� �



" #$ %&'() *&+,-())(.-) .).(/) $0
1 /2&-345+ ( 00 678 9 :;<=>M??@;A MB CD:;<=>M??@;A E
%&+ ,-())3&F GH*&+,-())3&F
:IJKAM L

S
EM@>MNIJ> OP Q @AB ;MCR@ L

Cb
EM@>MS@B? OP

:IJ> : L TUNVV O;MCR@P QTW :IM> :XJAB YZM O
S [L M;\ P ] XJAB YZM O

Cb [L M;\ P ]:IJ> : L
S

EM@>MNIJ> OP Q @AB AM^ R@ L
Cb

EM@>MS@B? OP QU@ O_:IJKAM `: _ ∈ a@:;P ] U@ OAM^ R@ ∈ a@:;P Q:IJKAML _:IJKAM `: _ Q :IJKAM L a@:; OAM^ R@P Qb b
U@A;A ] U@A;A ] cc ��� �����������

TW :IM> MM :;CM CM :IJKAM :IJKAM L a@:; O;MCR@P QTd ;ZBM> _:IJKAM `: _ JZ a@:; :IJKAM L _:IJKAM `: _ Q
:IJKAM L : Q bb TW :IM> :IJKAMb : L :IJKAM Ee >?B:IJ> OP QTd ;ZBM> _a @:; O;MCR@P `: _ JZ a@:;

;MCR@ L AM^ R@ QTW :IM> MM :;CM CM :IJKAM b

6J :;<< JACM fghijkll CM mA@n @<=MD< MABM 67oo E 6 _ZB@M@BJ@>M pq ri M?BsJ?D ?Z> ZAM tJ>@JABM Q @M ZB@M@?M CMZn J>s>M? CM uZv< JA CwAJ< @YZM? 9 ZA
= ;Z> MM? :IJKAM? CM :J>J:Bx>M? y M _JZB>M =;Z> MM? C@?BJA:M? MAB>M ;::Z>MA:M? E6M? C@?BJA:M? MAB>M CMZn ;::Z>MA:M? C _ZAM :IJKAM ?;AB s ;>ADM? 9 M;>?YZM MJC@?BJA:M CMt@MAB B>;= z>JACM y ;A >D@A @B@JM@?M MJ :;<=>M??@;A MA >MCD< J>>JABZAM :;<=>M??@;A { =J>B@> CZ :J>J:Bx>M :;Z>JAB y @ACD= MACJ<< MAB CM MJ :;< |
=>M??@;A CDd { Mv M:BZDM d Z?YZ _{ :M :J>J:Bx>M ENMBBM =J>B@:ZMJ>@BD \J@B YZ _@M A _w J =J? CM C@vD>MA:M ?B>Z:BZ>MMMM MAB>M ZA?MZM e:I@M> :;<=>M??D =J> pq ri MB ZAM ?DYZMA:M CM e:I@M>? :;<=>M??D? E T @A?@ y?;@MAB } ~ �pq MB }� �pq MM? >D?ZMBJB? J??;:@D? { MJ :;<=>M??@;A CM CMZn e:I @M>??;Z>:M? } ~ MB }� Q ?Z== ;?;A? YZM M _;A :;A:JBxAM� CJA? ZA e:I@M> }� �pq E ¡ACD:;<=>M??JAB JtM: p��qri }� �pq y ;A ;sB@MAB MA >D?ZMBJB ZA e:I@M> C;AB MM
:;ABMAZ M?B @CMAB@YZM { MJ :;A:JBDAJB@;A CM } ~ MB }� E
� �� �� ��� �������� ��� ��������� �� �� ��� ��������

aJA? :MBBM ?M:B@;A y A;Z? :;<=>J>;A? MM? BJZn CM :;<=>M??@;A MB MM? t@|BM??M? CM :;CJzM MB CD:;CJzM CM? ZB@M@BJ@>M? :MJ??@YZM? ?;Z? ZA@n �M@AZn E pq riMB fghijkll ZB@M@?MAB CM? tJ>@JABM? CM 6M<= MM|7@t MB ?;AB CD:>@B? { MJ ?M:B@;A
=>D:DCMABM y �q ri� ZB@M@?M CM? >DCZ:B@;A? C _MAB>;=@M? :;<< M MJ X>JA?\;>< J|B@;A CM SZ>>;^ ?|8 IMMMM> JtJAB CM \J@>M ZA :;CJzM MAB>;=@YZM MB M?B CD:>@B

���� � �¡¢£� �¤�¥ £� ¥¦¡¡�§¨� ©§ª  « ¬ ­®¯ ° ± ²³´ °µ ²³´ >
°¶ ²³´ ·



$¸ ¹5H&-3( '( /º3F»&-+¼43&F (4 *&+ ,-())3&F #

?½:B@;A ¾ E¿ E¾ y i ÀfÁ y ½AeA y @<=MD< ½AB½ ZA :;CJz½ C½ uZv< JA ?@<=M½ E ÂA
T Mz;>@BI< ½ Ã@:I@½> :;<=>½??D XJZn :;CJz½ CD:;CJz½

sÄ@=Å OS8 XP ¿ EÆo Ç; ÈÈ EoÈÉ ÊÆ EoË? È EÌË?
zÄ@= |Ë O67ooP ¿ E¿o Ç; ÈÆ E¾ÍÉ ¿ EËo? Ì EÆ¿?
zÄ@= |È O67ooP ¿ EoÆ Ç; È¾ EËÌÉ ¾ EÌÍ? Ì EÈ Ê?

:;<=>½?? O678 P Ë EÊË Ç; ¾o EÊÆÉ Æ EÊÍ? Ì E¿Æ?
=J:Î OuZv< JAP ÊÊEÌÈ Ç; ÅÆ EÆÅÉ Ì E¾¾?

ÏÐÑ Ò ¾ E¿ Ó N;<=>½??@;A C _ZA e:I@½> C½ :;Z>>@½M? OÊÆ E¿ÅÇ;P y ?Z> ZA ÔVVV
ÊÕuÄ

:;A:MZ?@;A M½ :;<=;>B½< ½AB =>JB@YZ½ >½ÖxB½ s@½A MJ BID;>@½ 9 67oo :;<=>½??½
< @½Zn YZ½ 678 y < J@? ½?B =MZ? M½AB E 6½? JMz;>@BI< ½? =J> C@:B@;AAJ@>½? :;< |=>½??½AB < @½Zn YZ½ M½? :;CJz½? ½AB>;=@YZ½? ?@<=M½? y < J@? < ;@A? s@½A YZ _ZA
:;CJz½ ½AB>;=@YZ½ Jt½: ZA½ s ;AA½ I½Z>@?B@YZ½ C½ >DCZ:B@;A C _½AB>;=@½ E ÂA|eA y @M ?½>J@B @ABD>½??JAB C½ = ;Z>?Z@t>½ :½BB½ DBZC½ Jt½: C½? @<=MD< ½ABJB@;A?
C½ :;CJz½ J>@BI< DB@YZ½ E
� �� �� ×��� ��� ØÙ× �� Ú Û Ø ��Ü� �� ��� �������� � Ý�� ����

6½ \;>< JB ÕVÃ OÕ>J=I@: VAB½>:IJAz½ Ã;>< JBP ½?B ZA \;>< JB C½ e:I@½>
z>J=I@YZ½ s@B< J= =>;= ;?D =J> MJ ?;:@DBD N;<=Z?½>t½ E 6½ \;>< JB ÕVÃ ½?B ZA\;>< JB C½ :;<=>½??@;A = ;Z> ZA½ @< Jz½ =@n½MM@?D½ : _½?B|{|C@>½ CD:>@B½ :;<<½
ZA½ ?Z@B½ C½ = ;@AB? O=@n½M?P :;AB½AZ? CJA? ZA BJsM½JZ Q :IJYZ½ =@n½M J ZA½tJM½Z> YZ@ CD:>@B ?J :;ZM½Z> E

6½ =>@A:@= ½ C½ :;<=>½??@;A ½?B ½A C½Zn DBJ= ½? E X;ZB C _Js ;>C y M½? :;ZM½Z>?
= ;Z> M½? =@n½M? O@A @B@JM½< ½AB y @M w J Ê¿ yÍ < @MM@;A? C½ :;ZM½Z> :;CD½? ?Z> ÅÆs@B? ÞÕS P ?;AB B;ZB C _Js ;>C M@< @BD½? { ZA½ =JM½BB½ :;AB½AJAB C½ Å { ÅÈ¿
:;ZM½Z>? OÅ y Æ y Í y Ê¿ y ¾Å y ¿Æ y ÊÅÍ ;Z ÅÈ¿ YZ@ ½?B M½ CD\JZBP E 6J :;ZM½Z> C½
:IJYZ½ =@n½M ½?B C;A: J==>;:ID½ =J> MJ :;ZM½Z> MJ =MZ? =>;:I½ ezZ>JAB CJA?MJ =JM½BB½ E X;ZB ½A zJ>CJAB ZA A;<s>½ @<=;>BJAB C½ :;ZM½Z>? C@vD>½AB½?
Jt½: ZA½ =JM½BB½ C½ ÅÈ¿ y :½:@ = ½>< ½B C _Jt;@> ZA \J:B½Z> ¾ C½ :;<=>½??@;A E
ÔZ@? y MJ ?DYZ½A:½ C½ :;ZM½Z>? C½? = @n½M? ½?B :;<=>½??D½ =J> M _JMz;>@BI< ½ C½
:;<=>½??@;A CwAJ< @YZ½ 678 O6½<=½M|7@=|8½M:I P E VM ½n @?B½ C½Zn t½>?@;A?
C½ :½ \;>< JB C½ e:I @½> CDt½M;== D½? >½?= ½:B@t½< ½AB ½A ÊËÍo ½B ÊËÍË 9

Ó ÕVÃ ÍoJ = ½>< ½B ZA JW :IJz½ =>;z>½??@\ O=J> ½AB>½MJ:½< ½ABP ½B MJ = ;?|?@s @M@BD C _Jt;@> C½? @< Jz½? JA@< D½? OJ== ½MD½? ÕVÃ? JA@< D?P ½A ?B;:ÎJAB
=MZ?@½Z>? @< Jz½? JZ ?½@A CZ < ß< ½ e:I@½> EÓ ÕVÃ ÍËJ = ½>< ½B ½A =MZ? C½ CDeA@> ZA½ :;ZM½Z> B>JA?=J>½AB½ CJA? MJ
=JM½BB½ ½B C½ =>D:@?½> M½ CDMJ@ = ;Z> M½? JA@< JB@;A? EN;<<½ M _JMz;>@BI< ½ C½ :;<=>½??@;A 678 ½?B s>½t½BD =J> mA@?w? y B;Z? M½?DC@B½Z>? C½ M;z@:@½M < JA@=ZMJAB C½? @< Jz½? ÕVÃ C;@t½AB =Jw½> ZA½ >½C½tJA:½

{ mA@?w? E N _½?B ZA½ C½? >J@?;A? = ;Z> M½?YZ½MM½? M½ \;>< JB ÔàÕ ½?B C½ =MZ? ½A



" #$ %&'() *&+,-())(.-) .).(/) $"

=MZ? =MDs@?:@BD y JZ CDB>@< ½AB CZ \;>< JB ÕVÃ E 6½ \;>< JB ÔàÕ ½?B ZA \;>< JB
JAJM;zZ½ Q MJ C@vD>½A:½ ½?B YZ½ M _JMz;>@BI< ½ C½ :;<=>½??@;A ZB@M@?D ½?B 67oo
OZA½ tJ>@JAB½ C½ 6½<=½M|7@t P y YZ@ MZ @ ½?B M@s>½ C½ C>;@B? E
� �� �á ×��� ��� âÚã Ø �� ä Úã Ø

6½ :;CJz½ JZ \;>< JB åÔÂÕ Oå;@AB ÔI;B;z>J=I@: Ân= ½>B? Õ>;Z= P :;<|=>½??½ C½? @< Jz½? en½? Jt½: = ½>B½ C _@A\;>< JB@;A E 6 _JMz;>@BI< ½ C½ :;CJz½ ½?B
:;<=M½n½ y ½B ?½ CD>;ZM½ ½A =MZ?@½Z>? DBJ= ½? E 6½ =>@A:@= ½ C½ sJ?½ ½?B YZ½ M½?
:;ZM½Z>? C½? =@n½M? t;@?@A½? CJA? ZA½ @< Jz½ C@vx>½AB = ½Z E æA :;C½ C;A: M½
CD:JMJz½ =J> >J== ;>B { MJ =@n½M t;@?@A½ E a ½ =MZ? y ZA½ @< Jz½ ½?B ZA ?@zAJM 9= MZBçB YZ½ M½? tJM½Z>? C½? =@n½M? y ;A :JM:ZM½ M½? \>DYZ½A:½? OB>JA?\;>< D½ C½
Ã;Z>@½> aÃX y B>JA?\;>< D½ ½A :;?@AZ? C@?:>xB½ aNX PE ÂA A½ zJ>CJAB YZ½ M½?
=>½< @½>? B½>< ½? C½ MJ CD:;<=;?@B@;A OM½? =MZ? @<=;>BJAB?P y ;A = ½>C ZA = ½Z
C _@A\;>< JB@;A < J@? M _@< Jz½ >½?B½ t@?@s M½ E 6 _@< Jz½ ½?B eAJM½< ½AB :;CD½ :;<<½ZA½ ?Z@B½ C½ A;<s>½? OZA½ tJM½Z> C½ aNX ?Z@t@½ CZ A;<s>½ C½ =@n½M? JwJAB
:½BB½ tJM½Z> YZ@ ?;AB :;A?D:ZB@t½? ?½M;A ZA sJMJwJz½ ½A Ä@zÄJz C½ M _@< Jz½P EÂA eA C _JMz;>@BI< ½ y ZA :;CJz½ C½ uZ\< JAA :;<=>½??½ M½ e:I@½> C½ A;<s>½?
J@A?@ ;sB½AZ? E

8x8
Blocs DCT

Filtrage
RLE HuffmanImage

èéê Ò ¾ Eo Ó N;<=>½??@;A åÔÂÕ

6½ \;>< JB ÇÔÂÕ OÇ;B@;A Ô @:BZ>½ Ân= ½>B? Õ>;Z= P J??Z>½ MJ :;<=>½?|?@;A C _@< Jz½? JA@< D½?P E 6 _JMz;>@BI< ½ C½ :;CJz½ ZB@M@?½ åÔÂÕ =;Z> :;C½> ZA½@< Jz½ < J@? =>½AC ½A :;<=B½ M½ \J@B YZ½ C½Zn @< Jz½? :;A?D:ZB@t½? CJA? ZA½
?DYZ½A:½ t@CD; ?;AB B>x? t;@?@A½? E mA½ C½? =J>B@:ZMJ>@BD? C½? A;>< ½? Ç ÔÂÕ½?B C½ :I½>:I½> { :;<=½A?½> M½ < ;Zt½< ½AB O½n E Ä;;< ½B:P C _ZA½ @< Jz½ { MJ?Z@tJAB½ E mA½ ?;>B@½ Ç ÔÂÕ O| ÊP :;AB@½AB Æ ?;>B½? C _@< Jz½? 9 C½? @< Jz½? JZ
\;>< JB V OåÔÂÕPy C½? @< Jz½? Ô :;CD½? =J> C@vD>½A:½? Jt½: M _@< Jz½ =>D:D|C½AB½ O=J> :;<=½A?JB@;A CZ <;Zt½< ½AB C½Zn @< Jz½? :;A?D:ZB@t½? ?;AB B>x?t;@?@A½?P y C½? @< Jz½? s@C@>½:B@;AA½MM½? S :;CD½? =J> C@v D>½A:½ Jt½: M _@< Jz½
=>D:DC½AB½ ½B MJ ?Z@tJAB½ O½A :J? C½ C@v D>½A:½? < ;@A? @<=;>BJAB½? Jt½: ZA½@< Jz½ \ZBZ>½ YZ _Jt½: ZA½ @< Jz½ =>D:DC½AB½P y ½AeA C½? @< Jz½? sJ??½ >D?;MZ|B@;A ZB@M@?D½? = ;Z> M _JtJA:½ >J=@C½ ?Z> ZA < JzADB;?:;= ½ E ÂA =>JB@YZ½ y Jt½:M½? @< Jz½? Ô ½B S y @M ?ZW B C _ZA½ A;Zt½MM½ @< Jz½ :;<=MxB½ V B;ZB½? M½? ÊÌ {
ÊÈ @< Jz½? E

mA e M< t@CD; DBJAB :;<=;?D C _@< Jz½? ½B C½ ?;A y @M \JZB DzJM½< ½AB :;< |
=>½??½> M½ ?;A M½ z>;Z= ½ Ç ÔÂÕ J C;A: CDeA@B B>;@? \;>< JB? M½? Ç ÔÂÕ| ÊTZC@; 6Jw½> V y VV ½B VV V y M½ B>;@?x< ½ DBJAB M½ \J< ½Zn ÇÔ¾ E à;Z? JMM;A? w
>½t½A@> E 6½ ÇÔÂÕ| Ê ½?B C;A: MJ :;<s@AJ@?;A C½ :;<=>½??@;A? C _@< Jz½? ½B C½



$ë ¹5H&-3( '( /º3F»&-+¼43&F (4 *&+ ,-())3&F #

?;A y J??;:@D½? { ZA½ ?wA:I>;A@?JB@;A =J> < J>YZJz½ B½<=;>½M ½B ZA½ I;>M;z½C½ >D\D>½A:½ CZ ?wBx< ½ :;<<½ @AC@YZD ?Z> M½? ezZ>½? ¾ EÍ ½B ¾ EË E
Codeur

Vidéo
Codeur

Audio
Signal audio

Signal vidéo

Horloge Multiplexage MPEG−1

èéê Ò ¾ EÍ Ó N;<=>½??@;A Ç ÔÂÕ| Ê

Décodeur

Vidéo
Décodeur

Audio

Signal vidéo

Horloge

Signal audio

MPEG−1 Démultiplexage

èéê Ò ¾ EË Ó aD:;<=>½??@;A ÇÔÂÕ| Ê

a½=Z@? ÊËËÅ y M½ \;>< JB Ç ÔÂÕ { Dt;MZD C½ MJ \Jì;A ?Z@tJAB½ 9ÊËËÅ Ç ÔÂÕ| Ê Jt½:
320 × 240

=@n½M? ½B ZA CDs@B C½ ÊEÈ Çs@B?�? E
ÊËË¿ Ç ÔÂÕ|Å Jt½: YZJB>½ >D?;MZB@;A? C½

352× 288
{

1920× 1152
=@n½M?

=MZ? ZA ÖZn C½ ?;Z?|B@B>½? ½B MJAzZ½? <ZMB@= M½nD? ½?B =J??D { ZA CDs @B
C½ Æ { ¿ Çs@B?�? ½B ½?B M _J:BZ½M \;>< JB C½? aía EÊËËË Ç ÔÂÕ|Æ 6J t@CD; ½?B C½t½AZ½ ZA½ ?:xA½ ;>@½ABD½ ;sd ½B y MJ :;< |
=>½??@;A ½?B @<=>½??@;AJAB½ E N _½?B M½ \;>< JB C½? t@CD; :;A\D>½A:½? ½BCZ a @tî EÅÌÌÅ Ç ÔÂÕ|o îÇ 6 J DBD Jd ;ZBD = ;Z> = ½>< ½BB>½ M½? >½:I½>:I½? <ZMB@|
< DC@J EÅÌÌÆ Ç ÔÂÕ|Å Ê 6J ?D:Z>@BD ½?B =>DtZ½ E

ÂAeA y M½ ?;A ½?B C;A: CD:;<=;?D ½A B>;@? :;Z:I½? y ÇÔ Êy ÇÔÅ ½B Ç Ô¾ y?Z@tJAB M½? BJZn C½ :;<=>½??@;A O½B C;A: M½? = ½>B½?P CD?@>D? E ÂA =>JB@YZ½ y M½?
BJZn C½ :;<=>½??@;A =J> >J== ;>B { M _JAJM;z@YZ½ ?;AB C _ZA \J:B½Z>

4
=;Z> M½

Ç Ô Êy C½
6

{
8

=;Z> M½ ÇÔÅ y ZB@M@?D =J> ½n½<=M½ CJA? M½? t@CD; Na ½B C½
10

{
12

=;Z> M½ ÇÔ¾ E à;Z? C;AA;A? ZA½ @CD½ C½ MJ B>JA?\;>< JB@;A Ç Ô¾ ?Z>



" #$ %&'() *&+,-())(.-) .).(/) $ï

MJ ezZ>½ ¾ EÊÌ 9 M½ ?;A JAJM;z@YZ½ ½?B C _Js ;>C e MB>D ½B < ;C@eD OJt½: = ½>B½?P=J> C½? B>JA?\;>< D½? C½ Ã;Z>@½> ½B ½A :;?@AZ? OÃÃX y aNX P =Z@? y J=>x? ZA
:;AB>çM½ y :;<=>½??D Jt½: ZA JMz;>@BI< ½ C½ uZv< JA :MJ??@YZ½ E

non audible

Filtrage

psycho−
accoustique

Modèle

DCT

FFT

Controle
distorsion

taux
Controle

non uniforme
Quantification

Son

info.
suppl.

F
o

rm
atag

e

Huffman

èéê Ò ¾ EÊÌ Ó N;<=>½??@;A CZ ?;A Ç Ô¾



$ð ¹5H&-3( '( /º3F»&-+¼43&F (4 *&+ ,-())3&F #



ñ ò ó ô õö÷ø ù

ú ûü ý þ ÿ � û � ý � �� �

6½ :IJ=@B>½ Å J = ½>< @? C½ CDeA@> MJ A;B@;A C½ :;CJz½ E VM ? _Jz@B < J@AB½AJAB
C _DB½AC>½ :½BB½ A;B@;A JZ :J? ;� ;A ?;ZIJ@B½ :J:I½> ZA½ @A\;>< JB@;A E
� �	 
��
 ��������

6 _;sd ½:B@\ \;ACJ< ½ABJM C½ MJ :>w=B;z>J=I@½ ½?B C½ = ½>< ½BB>½ { C½Zn = ½>|?;AA½? y J== ½MD½? B>JC@B@;AA½MM½< ½AB T M@:½ ½B S;s y C½ :;<<ZA@YZ½> { B>J|t½>? ZA :JAJM = ½Z ?�> C½ B½MM½ ?;>B½ YZ _ZA ;==;?JAB y æ?:J> y A½ =Z@??½ =J?
:;<=>½AC>½ :½ YZ@ ½?B D:IJAzD E 6½ :JAJM = ½ZB ßB>½ =J> ½n½<=M½ ZA½ M@zA½
BDMD=I;A@YZ½ ;Z B;ZB JZB>½ >D?½JZ C½ :;<<ZA@:JB@;A E6 _@A\;>< JB@;A YZ _T M@:½ ?;ZIJ@B½ B>JA?< ½BB>½ { S;s ½?B J== ½MD ��� �� ����� EVM = ½ZB ? _Jz@> C _ZA B½nB½ ½A \>JAìJ@? y C _ZA½ C;AAD½ AZ< D>@YZ½ ;Z C½ A _@<=;>B½YZ;@ C _JZB>½ y C½ ?B>Z:BZ>½ J>s@B>J@>½ E

6½ =>;:½??Z? C½ B>JA?\;>< JB@;A C _ZA < ½??Jz½
M

C½ B½M < JA@x>½ { M½ >½AC>½@A:;<=>DI½A?@sM½ ½?B J== ½MD �� �� ��� ���E
æA zDAx>½ J@A?@ ZA � ����� � �� �� ��

C
;sB½AZ { =J>B@> C _ZA½ � ������� ���� �� ��� �� �

E
=J>

C = E(M)
E 6½ =>;:½??Z? C½ >½:;A?B>Z:B@;A CZ < ½??Jz½

:MJ@> { =J>B@> CZ < ½??Jz½ :I@v>D ½?B J== ½MD ���� �� ��� �� � ½B ZB@M@?½ ZA½ � �� � ���� �� ���� �� ��� ���
D

EVM ½?B C;A: >½YZ@? YZ½ 9
D(C) = D(E(M)) = M

E TZB>½< ½AB C@B y
D

½B
E?;AB @Ad ½:B@t½? EmA ��� ������ � ���� ��� ��� � � � ! ½?B MJ CDeA@B@;A C½? \;A:B@;A? < JBID< J|B@YZ½? ZB@M@?D½? = ;Z> M½ :I@v>½< ½AB ½B M½ CD:I@v >½< ½AB E

ÂA =>JB@YZ½ y M½? \;A:B@;A?
E

½B
D

?;AB =J>J< DB>D½? =J> C½? :MD?
Ke

½B
Kd

YZ@ = ½Zt½AB =>½AC>½ M _ZA½ C½? tJM½Z>? C _ZA ½A?½<sM½ J== ½MD !�� ��! �!�����E æA J C;A: 9
{

EKe(M) = C

DKd
(C) = M

OÆ EÊP
6½ Bw= ½ C½ >½MJB@;A YZ@ ZA@B M½? :MD?

Ke
½B

Kd
ZB@M@?D½? CJA? M½ :I@v >½< ½AB

½B M½ CD:I@v >½< ½AB = ½>< ½B C½ CDeA@> C½Zn z>JAC½? :JBDz;>@½? C½ ?w?Bx< ½?



$$ %-",4&2-¼,53( #

:>w=B;z>J=I@YZ½? 9
Ó M½? ?w?B½< ½? :MJ??@YZ½? { :MD ?½:>xB½ C _ZA½ =J>B O#Æ E¾P QÓ M½? ?w?Bx< ½? { :MD =ZsM@YZ½ C _JZB>½ =J>B O#Æ EÆ P E
ÂA ;ZB>½ y M½? \;AB@;A?

E
½B

D
= ½Zt½AB \;A:B@;AA½> C½ C½Zn \Jì;A? 9

Ó !$ ��$ %&$' 9 CJA? :½ :J? y :IJYZ½ A;Zt½JZ s@B ½?B < JA@=ZMD C@>½:B½< ½AB EÓ � (� )*�� 9 :IJYZ½ < ½??Jz½ { B>J@B½> ½?B C _Js ;>C =J>B@B@;AAD ½A sM;:? C½BJ@MM½? en½? y ½A Jd ;ZBJAB Dt½ABZ½MM½< ½AB C½ M _@A\;>< JB@;A AZMM½ ½A eAC½ < ½??Jz½ = ;Z> ;sB½A@> C½? sM; :? ½AB@½>? E 6½? \;A:B@;A? ? _J==M@YZ½AB
JM;>? ?Z> :IJYZ½ sM;: E

� �+ ,���-�. �/ �0�0�123
TtJAB C _JMM½> =MZ? M;@A y @M :;At@½AB C½ =>D?½AB½> M½? C@vD>½AB? Bw= ½? C½

< ½AJ:½? ½B M½? =>@A:@=JM½? \;A:B@;AAJM@BD? ;v½>B½? =J> MJ :>w=B;z>J=I@½ E
á �� �4 5�� ������ �6��� �� � ������
144¼7.() ,¼))38()9¼*438()

6;>?YZ½ T M@:½ ½B S;s :;<<ZA@YZ½AB ?Z> ZA :JAJM A;A ?D:Z>@?D y M½? < ½?|?Jz½? D:IJAzD? = ½Zt½AB ßB>½ < DAJ:D? =J> ZA JBBJYZJAB YZ½ A;Z? J== ½M½>;A?
æ?:J> E æA C@?B@AzZ½ CDd { C½Zn Bw= ½? C _JBBJYZ½? 9

ÊE :() ¼44¼7.() ,¼))38() 9 CJA? :½ :J? y æ?:J> ?½ :;AB½AB½ C _D:;ZB½> M½?
< ½??Jz½? D:IJAzD? ½AB>½ T M@:½ ½B S;s y :;<<½ :½MJ ½?B =>D?½ABD CJA? MJezZ>½ Æ EÊE

OSCAR

ALICE BOB
Messages

èéê Ò Æ EÊ Ó Ô>@A:@= ½ C½ M _JBBJYZ½ =J??@t½ æ?:J> ?½ :;AB½AB½ C _D:;ZB½> M½ < ½?|?Jz½
mA½ B½MM½ JBBJYZ½ < ½AJ:½ MJ ��$; <!$%&(*&%� C½ M _@A\;>< JB@;A 9 ZA½ @A|
\;>< JB@;A ?½A?@s M½ =J>t@½AB DzJM½< ½AB { ZA½ JZB>½ = ½>?;AA½ YZ½ ?;AC½?B@AJBJ@>½ MDz@B@< ½ E

Å E :() ¼44¼7.() ¼*438() 9 @:@ y æ?:J> = ½ZB DzJM½< ½AB < ;C@e½> M½ :;AB½AZ½B�;Z MJ \;>< ½ C½? < ½??Jz½? D:IJAzD? ½AB>½ T M@:½ ½B S;s Ot;@> e|
zZ>½ Æ EÅP



ë =¸ > -3F*3, () 2HFH-¼.? @A

OSCAR

ALICE BOB
Messages

èéê Ò Æ EÅ Ó Ô>@A:@= ½ C½ M _JBBJYZ½ J:B@t½ 9 æ?:J> = ½ZB < ;C@e½> M½? < ½??Jz½?

aJA? :½ :J? y @M w J ZA½ < ½AJ:½ :;AB>½ M _&$ %�� �&%� C½ M _@A\;>< JB@;A 9M _@A\;>< JB@;A >½ìZ½ ½?B @AB½>=>DBD½ :;<<½ =>;t½AJAB C _ZA½ = ½>?;AA½
JZB>½ YZ½ ?;A tD>@BJsM½ JZB½Z> E
æA = ½ZB DAZ< D>½> ZA :½>BJ@A? A;<s>½ C _JBBJYZ½? J:B@t½? 9Ó M _Z?Z>=JB@;A C _@C½AB@BD OC½ M _D< ½BB½Z> ;Z CZ >½:½=B½Z>P QÓ M _JMBD>JB@;A�< ;C@e:JB@;A C½? C;AAD½? y CZ :;AB½AZ C½? < ½??Jz½? Q
Ó MJ C½?B>Z:B@;A C½ < ½??Jz½? QÓ M½ >½BJ>C½< ½AB C½ MJ B>JA?< @??@;A Q
Ó MJ >D= DB@B@;A C½ < ½??Jz½? OdZ?YZ _{ ½Az;>z½< ½ABP QÓ MJ >D=ZC@JB@;A C½ < ½??Jz½ 9 M _D< ½BB½Z> A@½ Jt;@> ½At;wD M½ < ½??Jz½ E

:() ¼44¼7.() ).- .F *53B -(+(F4
ÂA ?Z==;?JAB YZ _T M@:½ ½B S;s ZB@M@?½ ZA JMz;>@BI< ½ C½ :I@v >½< ½AB = ;Z>:;<<ZA@YZ½> y æ?:J> B½AB½>J C _J==M@YZ½> C½? < DBI;C½? = ;Z> CD:I@v >½> M½?

< ½??Jz½? ½At;wD?
C

EæA =J>M½ =MZ? zDAD>JM½< ½AB C½ ���� %($(*�C! 9 M _DBZC½ C½ MJ ?D:Z>@BD C½?
=>;:DCD? C½ :I@v >½< ½AB ZB@M@?D? ½A :>w=B;z>J=I@½ EÂA ?Z==;?JAB YZ _æ?:J> :;AAJ@??½ M½ ?w?Bx< ½ :>w=B;z>J=I@YZ½ ZB@M@?D O=>@A|
:@= ½ C½ D ½>:ÎI;v ?P y @M :;At@½AB CDd { C½ C@?B@AzZ½> M½? A@t½JZn C _JBBJYZ½?
= ;??@s M½? 9
¹(?4( *53B -H *&FF. æ?:J> A½ :;AAJKB YZ½ M½ < ½??Jz½ :I@v >D

C
E

¹(?4( */¼ 3- *&FF. æ?:J> C@?= ;?½ { MJ \;@? C _ZA B½nB½ :MJ@>
M

½B C½ ?J :;>|
>½?= ;ACJA:½ :I@v >D½

C
E

¹(?4( */¼ 3- *5&3)3 æ?:J> = ½ZB :I;@?@> ZA B½nB½ :MJ@>
M

½B ;sB½A@> M½ B½nB½
:I@v>D J??;:@D

C
E

¹(?4( *53B -H *5&3)3 æ?:J> = ½ZB :I;@?@> ZA B½nB½ :I@v >D
C

½B ;sB½A@> M½
B½nB½ CD:I@v >D J??;:@D

M
E

a JA? B;Z? M½? :J? y zJ>JAB@> MJ :;AeC½AB@JM@BD C½? :;<<ZA@:JB@;A? ½AB>½T M@:½ ½B S;s ?@zA@e½ YZ _æ?:J> A½ = ½ZB =J? 9Ó B>;Zt½>
M

{ =J>B@> C½
E(M)

Q M½ ?w?Bx< ½ C½ :I@v >½< ½AB C;@B ßB>½ >D|?@?BJAB JZn JBBJYZ½? ?Z> M½ < ½??Jz½ :;CD y



AE %-",4&2-¼,53( =
Ó B>;Zt½> MJ < DBI;C½ C½ CD:I@v>½< ½AB

D
{ =J>B@> C _ZA½ ?DYZ½A:½ ]Â O

Mi
Pb= ;Z> ZA½ ?DYZ½A:½ YZ½M:;AYZ½ C½ < ½??Jz½? :MJ@>? ]

M1
y
M2

y
M3

yE E E b y M½
?w?Bx< ½ C;@B ßB>½ ?�> t@?|{|t @? C½? JBBJYZ½? Jt½: CZ B½nB½ ½A :MJ@> E

6½? \;A:B@;A? C½ :I@v>½< ½AB ?;AB =J>J< DB>D½? =J> C½? :MD? E Ô;Z> F:J??½> FZA JMz;>@BI< ½ C½ :I@v >½< ½AB y ;A :I½>:I½ M½ =MZ? ?;Zt½AB { CD:;Zt>@> MJ tJM½Z>C½ :½? :MD? E ÂA M@J@?;A Jt½: M½ :IJ=@B>½ Å CZ :;Z>? ;A = ½ZB C@>½ YZ _ZA½ :MD ½?Bs ;AA½ ?@ ?;A ½AB>;=@½ ½?B DM½tD½ :J> :½MJ ?@zA@e½ YZ _½MM½ A½ :;AB@½AB =J? C½� (%%!�$C >D= DBD? =MZ?@½Z>? \;@? E
ÔJ>JMMxM½< ½AB JZn A@t½JZn C _JBBJYZ½? CDeA@? =>D:DC½<<½AB y @M ½n @?B½ ZA:½>BJ@A A;<s>½ C _JMz;>@BI< ½? zDAD>JZn YZ _æ?:J> tJ = ;Zt;@> ZB@M@?½> 9

144¼7.( G-.4¼/( Â MM½ :;A?@?B½ ½A M _DAZ< D>JB@;A C½ B;ZB½? M½? tJM½Z>? = ;?|?@s M½? C½ MJ :MD y : _½?B|{|C@>½ { ZA½ ½n=M;>JB@;A :;<=MxB½ C½ M _½?=J:½ C½?
:MD? E 6J :;<=M½n @BD C½ :½BB½ < DBI;C½ J==J>JKB @<< DC@JB½< ½AB 9 ZA½
:MD C½ ÊÅÍ s@B? ;sM@z½ { ½??Jw½>

2128 :;<s@AJ@?;A? C@v D>½AB½? E
Ô;Z> ZA½ :MD C½ ¿Æ s@B? y @M ½n @?B½

1.844 ∗ 1019 :;<s@AJ@?;A? C@vD>½AB½? y?Z> ZA ;>C@AJB½Z> :JM:ZMJAB ZA < @MM@J>C C½ :MD? =J> ?½:;AC½ @M \JZC>J
ÈÍÆ JA? = ;Z> ßB>½ ?�> C½ B>;Zt½> MJ :MD H E

144¼7.( ,¼- )H7.(F*() *&FF.() N½ Bw= ½ C _JBBJYZ½ :;A?@?B½ { ?Z==;?½>:;AAZ½ ZA½ :½>BJ@A½ =J>B@½ CZ < ½??Jz½ ½A :MJ@> O=J> ½n½<=M½ M½? ½ABßB½??BJACJ>C? CJA? M½ :J? C _ZA < ½??Jz½ B>JA?< @? =J> :;Z>>@½> DM½:B>;A@YZ½P½B C½ =J>B@> C½ :½BB½ :;AAJ@??JA:½ = ;Z> ½??Jw½> C½ C½t@A½> MJ :MD E
N½BB½ JBBJYZ½ = ½ZB >DZ??@> ?@ M _JMz;>@BI< ½ C½ :I@v >½< ½AB MJ@??½ J==J|
>JKB>½ C½? �(%%!�$C CZ < ½??Jz½ ;>@z@AJM E

144¼7.( ,¼- )H7.(F*() »&-*H() N½BB½ < DBI;C½ C _JBBJYZ½ ½?B sJ?D½ ?Z>MJ =>D:DC½AB½ y ½MM½ :;A?@?B½ { \J@>½ :I@v>½> =J> MJ t@:B@< ½ ZA sM;: C;ABM _JBBJYZJAB :;AAJKB M½ :;AB½AZ E
144¼7.( ,¼- ¼F¼/")( ' 3BH-(F43( //( N½BB½ JBBJYZ½ ZB@M@?½ M½? \J@s M½? C@v D|>½A:½? ½n @?BJAB ½AB>½ C½? < ½??Jz½? ?Z::½??@\? O=J> ½n½<=M½ C½? *��C C½

?½>t½Z>P = ;Z> ½??Jw½> C½ C½t@A½> MJ :MD E
á �� �� 5�� I������������J� �K����� ��� �� ��6����������

à;Z? t½A;A? C½ t;@> C@v D>½AB? Bw= ½? C½ < ½AJ:½? YZ@ = x?½AB ?Z> M½? :;< |
<ZA@:JB@;A? D:IJAzD½? ½AB>½ C½Zn = ½>?;AA½? ?Z> ZA :JAJM A;A ?D:Z>@?D E

6J :>w=B;z>J=I@½ J== ;>B½ ZA :½>BJ@A A;<s>½ C½ \;A:B@;AAJM@BD? = ;Z> =JM|M@½> { :½? < ½AJ:½? >D?Z< D CJA? M½ ?@zM½ NTVà ON;AeC½AB@JM@BD | TZBI½AB@e|:JB@;A | VABDz>@BD | à;A|>D=ZC@JB@;A P 9
ÊE >&.- ¼)).-(- /¼ *&FL'(F43¼ /34H 9 ZB@M@?JB@;A C _ZA JMz;>@BI< ½ C½ :I@\|\>½< ½AB E 6J :;AeC½AB@JM@BD :;A?@?B½ { !�� M�� !� * N(��OC JZn @A\;>< JB@;A?

YZ@ B>JA?@B½AB = ;Z> :½Zn YZ@ A½ ?;AB =J? JZB;>@?D? E VM? = ½Zt½AB M@>½ M½?
< ½??Jz½? B>JA?< @? ?Z> M½ :JAJM < J@? A½ = ½Zt½AB =J? M½ CD:I@v >½> E

P¦Q Q§ �§ �¤�¥ RST ¦�¨ª§�U�Q�V U¦Q�§�§U �§ ¢���££W £�



ë =¸ > -3F*3, () 2HFH-¼.? A0

Å E %&F4-( /º.).-,¼43&F ' º3'(F434H 9 ZB@M@?JB@;A C _JMz;>@BI< ½? C _JZBI½A|B@e:JB@;A E VM ? _Jz@B { T M@:½ C½ ? _@C½AB@e½> { S;s ½A =>;ZtJAB YZ _½MM½
:;AAJKB ZA ?½:>½B

S
y :;<< ½ =J> ½n½<=M½ ZA < ;B C½ =J??½ E

¾ E %&F4-( /º¼ /4H-¼43&F '( '&FFH() 9 ZB@M@?JB@;A C _JMz;>@BI< ½? C½ :;AB>çM½C _@ABDz>@BD Ot;@> ezZ>½ Æ E¾P E
a½ B½M? JMz;>@BI< ½? = ½>< ½BB½AB C½ tD>@e½> YZ½ M½ < ½??Jz½ A _J =J? ?Zs@
C _(*%��(%&�$C M;>? C½ ?;A =J>:;Z>? E N½BB½ tD>@e:JB@;A A½ ?½ =MJ:½ =J? JZ
< ß< ½ A@t½JZ YZ½ :½MM½? tZ½? JZ :IJ=@B>½ È y ½MM½ :;A:½>A½ =MZBçB ZA½
< ;C@e:JB@;A t;M;ABJ@>½ =J> ZA B@½>? M;>? C½ ?;A B>JA?\½>B ?Z> M½ :JAJM yYZ@ JZ>J@B C;A: CJA? :½ :J? < ;C@eD M½? �� !�XC'�C =;Z> < J?YZ½> ?½?
< ;C@e:JB@;A? E

fALICE f BOB

M

A

M

A = f(M) ?

èéê Ò Æ E¾ Ó Ô>@A:@= ½ C _ZA JMz;>@BI< ½ C½ :;AB>çM½ C _@ABDz>@BD
VM C;@B ßB>½ @<=;??@s M½ C½ B>;Zt½> C½Zn < ½??Jz½?

M1
½B

M2
JwJAB MJ< ß< ½ @< Jz½

A
=J>

f
E

Æ E %&F4-( /¼ -H,.' 3¼43&F 9 ZB@M@?JB@;A C _JMz;>@BI< ½? C½ ?@zAJBZ>½? O# Æ EoP E
6½ :I@v >½< ½AB :MJ??@YZ½ A½ ? _@ABD>½??½ zDAD>JM½< ½AB YZ _JZ =>½< @½> J?= ½:B½B y d Z?YZ _{ :½? C½>A@x>½? JAAD½? y A½ ? _@ABD>½??J@B YZ _JZn :MD? ?½:>xB½? E 6½? t@AzB

C½>A@x>½? JAAD½? ;AB tZ D< ½>z½> M _DBZC½ C½ A;Zt½MM½? B½ACJA:½? 9Ó M _JZBI½AB@e:JB@;A C½t@½AB JZ??@ y t;@>½ < ß< ½ =MZ? y @<=;>BJAB½ YZ½ M½
?½:>½B� y

Ó ZA½ =J>B@½ C½ MJ :MD A½ C;@B =J? ßB>½ =>@tD½ y JeA C½ A½ =J? =>;t;YZ½>ZA½ ½n=M;?@;A CZ A;<s>½ C½ :MD? AD:½??J@>½? = ;Z> :;<<ZA@YZ½> Jt½:ZA z>JAC A;<s>½ C½ = ½>?;AA½? E
a ½ =MZ? y M½? ;= D>JB@;A? C½ :I@v>½< ½AB ½B CD:I@v >½< ½AB = ;>BJAB ?Z> C½

z>JAC½? YZJAB@BD? C½ C;AAD½? y M½ :>@Bx>½ C _½W :J:@BD ½?B B>x? @<=;>BJAB JeAC½ = ;Zt;@> :I@v >½> F{ MJ t;MD½ F C½? ÖZn JZC@; ;Z t@CD; =J> ½n½<=M½ EmA ?w?Bx< ½ C½ :I@v >½< ½AB @CDJM C½t>J@B C;A: >D?;ZC>½ B;Z? :½? =>;sMx< ½?
?@<ZMBJAD< ½AB 9 ZB@M@?½> C½? :MD? =ZsM@YZ½? y \;Z>A@> CZ ?½:>½B y C½ M _JZBI½AB@e|:JB@;A ½B C½ M _@ABDz>@BD E Ç JMI½Z>½Z?½< ½AB y @M A _½n @?B½ =J? C½ B½:IA @YZ½ ZA@YZ½
YZ@ ?JB@?\J??½ :½? B>;@? :>@Bx>½? E 6½? ?w?Bx< ½? :;At½AB@;AA½M? :;<<½ M½ aÂU
Ot;@> #Æ E¾ EÆ P ?;AB ½W :J:½? < J@? ZB@M@?½AB C½? :MD? =>@tD½? Q M½? ?w?Bx< ½? { :MD

�Y�£� �VU ¢��U ª¥Q £ªW��¡ �§U ¤��ª� ¨�§V £� ¥�V ¨Q ¥¦¡¡��¥� Z £�¥U�¦§ ª[Q� « ª£ \�QU ¢¦Q¤¦ª�¢�¦Q¤�� [Q� £� ¥¦¡¡�§¨� ¤ª�§U ] ª�§ ¨� £� ¢ ��V¦§§� ^ [Q ª £� £ª¤��ªV¦§ �VU ¨�VU ª§Z� ¢ ¦Q�Z¤ªU�� £�V ¥¦§U�VU�U ª¦§ V ·



A¸ %-",4&2-¼,53( =
=ZsM@YZ½ \;Z>A@??½AB C½ M _JZBI½AB@e:JB@;A < J@? ?;AB @A½W :J:½? = ;Z> M½ :I@v >½|< ½AB C½ z>JAC½? YZJAB@BD? C½ C;AAD½? :J> B>;= :;�B½Zn E N½BB½ :;<=MD< ½A|BJ>@BD J < ;B@tD M½ CDt½M;== ½< ½AB C½ =>;B;:;M½? :>w=B;z>J=I@YZ½? Iws>@C½? y
{ M _@A?BJ> C½ ÔÕÔ OÔ>½BBw Õ;;C Ô>@tJ:w P O#Æ EÈP y YZ@ ?;AB sJ?D? { MJ \;@? ?Z>C½? :M½\? =ZsM@YZ½? ½B C½? :M½\? ?½:>xB½? E
� �_ `a/bc
 � -�a.b���1.d�e2� f -��g .��h0� �
á �� �4 Ú������ � �Ü ���K ��� ��� i ��J ����j��

Ô;Z> >½=>½AC>½ M½? A;BJB@;A? tZ½? CJA? M _DYZJB@;A Æ EÊy ;A J
Ke = Kd = K

ETZB>½< ½AB C@B y T M@:½ ½B S;s :;At@½AAA½AB ?½:>xB½< ½AB C _ZA½ :MD =>@tD½
K

EVM? :;At@½AA½AB DzJM½< ½AB C _ZA JMz;>@BI< ½ :>w=B;z>J=I@YZ½ E a½? ½n½<=M½?
C½ B½M? JMz;>@BI< ½? ?½>;AB \;Z>A@? CJA? M½? =J>Jz>J=I½? ?Z@tJAB? E6J :MD

K
½?B C;A: ZB@M@?D½ { MJ \;@? = ;Z> M½ :I@v >½< ½AB ½B M½ CD:I@v>½< ½AB E

salut

Texte clair

rzh!k

Texte chiffré

Chiffrement

Clé secrète K

Canal non sécurisé salut

Texte clair

rzh!k

Texte chiffré

ALICE BOB

Clé secrète K

Déchiffrement

de Alice et bob
Connue seulement 

èéê Ò Æ EÆ Ó Ô>@A:@= ½ CZ :I@v>½< ½AB J :M½ ?½:>xB½

ÂA =>JB@YZ½ y ;A ZB@M@?½ =>@A:@=JM½< ½AB C½? :I@v>½< ½AB? =J> sM; : B½M YZ½M½ aÂU OaJBJ ÂA:>w=B@;A UBJACJ>C 9 :\ # Æ E¾ EÆ P ;Z =MZ? >D:½<< ½AB M _TÂU
OTCtJA:½C ÂA:>w=B@;A UBJACJ>CP E

a ½ B½M? ?w?Bx< ½? ;AB M _JtJABJz½ =>@A:@=JM C _ßB>½ ½W :J:½? ½A B½>< ½ C½
B½<=? C½ :JM:ZM y BJAB = ;Z> M½ :I@v >½< ½AB YZ½ = ;Z> M½ CD:I@v>½< ½AB E ÂA >½|tJA:I½ y MJ \J@s M½??½ C½ :½ ?w?Bx< ½ t@½AB CZ ?½:>½B Js?;MZ YZ@ C;@B ½AB;Z>½>MJ :MD

K
E U@ æ?:J> =J>t@½AB =J> ZA < ;w½A YZ½M:;AYZ½ J ;sB½A@> :½BB½ :MD y @M

= ;Z>>J CD:I@v>½> B;Z? M½? < ½??Jz½? D:IJAzD? ½AB>½ T M@:½ ½B S;s E
à;Z? JMM;A? < J@AB½AJAB =>D?½AB½> =MZ?@½Z>? ?w?Bx< ½? :;At½AB@;AA½M? { :MD=>@tD½ E

á �� �� kÜ ��� � ����� ��� J���� �J��� ���
VA @B@JM½< ½AB y M½ ?½:>½B ½:IJAzD DBJ@B MJ B½:IA@YZ½ < @?½ ½A ;½Zt>½ y ;Z M _JM|z;>@BI< ½ C½ :I@v >½< ½AB

E
E T @A?@ y M½ :I@v >½< ½AB C½ ND?J> ?Zs?B@BZJ@B :IJYZ½M½BB>½ CZ < ½??Jz½ @A@B@JM

M
=J> :½MM½ ?@BZD½ ¾ = ;?@B@;A? =MZ? M;@A CJA? M _JM|=IJs ½Bl E

mnQU��¡ �§U ¨ªU o
E(x) = x + 3

¡¦¨
n
o Vª § �VU £� ¥��¨ª§�£ ¨� £ p�£¢q�] �U QU ª£ªVZ



ë =r s")4t+( *-",4&2-¼,537.( u */(» ,-38H( = Ar
ÂA?Z@B½ y

E
½B

D
\Z>½AB =J>J< DB>D½? =J> ZA½ ?@<=M½ :MD

K
y :I;@?@½ ?½:>xB½|< ½AB ½AB>½ T M@:½ ½B S;s E a _JZB>½? ?w?Bx< ½? :>w=B;z>J=I@YZ½? y = MZ? DMJs ;>D?

t@>½AB JM;>? M½ d ;Z> O:I@v>½< ½AB JWA½ y =J> ?Zs?B@BZB@;A ½B: EEEP EÔ;Z> :½? ?w?Bx< ½? C@B? { C' )C%&%' %&�$ � �$�(*� �(%)�%& '! y ZA½ :>w=BJAJMw?½
?@<=M½ :;A?@?B½ { DBZC@½> MJ \>DYZ½A:½ C _J==J>@B@;A C½? M½BB>½? JZ ?½@A CZB½nB½ :I@v >D ½B C _½A CDCZ@>½ MJ :;>>½?= ;ACJA:½ Jt½: M½? M½BB>½? CZ B½nB½ :MJ@> E
6½ BJsM½JZ Æ EÊ =>D?½AB½ MJ >D=J>B@B@;A ?BJB@?B@YZ½ C½? M½BB>½? CJA? M½? B½nB½?
\>JAìJ@? E

T Í EÊÊ É à o E¿Í É
S Ì EÍ Ê É æ È EÅÌ É
N ¾ E¾Í É Ô Å EËÅ É
a Æ EÅÍ É v Ì EÍ¾ É
Â Êo E¿Ë É Þ ¿ EÆ¾ É
Ã ÊEÊ¾ É U Í EÍo É
Õ ÊEÊË É X o EÆÆ É
u Ì EoÆ É m È EÅ¾ É
V o EÅÆ É í ÊEÅÍ É
å Ì EÊÍ É 8 Ì EÌ¿ ÉD Ì EÌÅ É î Ì EÈ¾ É
6 È EËË É w Ì EÅ¿ É
Ç Å EÅË É 7 Ì EÊÅ É

ÏÐÑ Ò Æ EÊ Ó Ã>DYZ½A:½ C _J==J>@B@;A C½? M½BB>½? ½A \>JAìJ@?
x?(-*3*( r = y�%� %��'z! '$ � (� &!� C'� *! ' !* C! %��'z! *! � !CC(� ! ��&� ��C'&z($% { |} ~�������� ��� �� ��|}�� ���}�� �� &<!� %�%� � <���&� �!� �! � !CC(� !�

Ô;Z> :;AB>½> :½BB½ :>w=BJAJMw?½ y í @z½Ax>½ < @B JZ = ;@AB ½A ÊÈÍ¿ ZA ?w?|Bx< ½ =;Z> M½YZ½M ZA½ :M½\ CDeA@B M½ CD:JMJz½ = ;Z> :IJYZ½ M½BB>½ CZ < ½??Jz½
OT 9 CD:JMJz½ C½ Ì y S 9 Êy N 9 Å y E E E y 7 9 ÅÈP E N½ :I@v>½< ½AB ½?B @MMZ?B>D CJA?M½ BJsM½JZ Æ EÅ E

NMJ@> 6 T í V Â Â U X S Â 6 6 Â
NM½\ S æ à å æ m Þ S æ à å æ m

aD:JMJz½ Ê ÊÆ Ê¾ Ë ÊÆ ÅÌ Êo Ê ÊÆ Ê¾ Ë ÊÆ ÅÌ
NI@v>D Ç æ V Þ U w å m Ô Þ m 7 w

ÏÐÑ Ò Æ EÅ Ó NI@v>½< ½AB C½ í @z½Ax>½ ZB@M@?JAB MJ :MD SæàåæmÞ
Ã@AJM½< ½AB y ½A ÊÍÈÆ y NIJ>M½? SJssJz½ =>;= ;?J ZA½ :>w=BJAJMw?½ CZ :I@\|

\>½< ½AB C½ í @z½Ax>½ sJ?D½ ?Z> MJ >D= DB@B@;A C½ MJ :MD EN½MJ A;Z? = ½>< ½B C _@AB>;CZ@>½ MJ A;B@;A C½ C��'�&%� &$��$<&%&�$$!* *! ;� MJ
:;AAJ@??JA:½ CZ < ½??Jz½ :I@v >D A _J== ;>B½ JZ:ZA½ @A\;>< JB@;A ?Z> M½ < ½??Jz½



Aë %-",4&2-¼,53( =
:MJ@> E T @A?@ y MJ ?½ZM½ JBBJYZ½ = ;??@s M½ ½?B MJ >½:I½>:I½ ½nIJZ?B@t½ C½ :MD ?½:>xB½ EÔ;Z> YZ _ZA ?w?Bx< ½ ?;@B @A:;AC@B@;AA½MM½< ½AB ?�> y @M \JZB C;A: YZ½ MJ :MD?½:>xB½ ?;@B JZ < ;@A? JZ??@ M;AzZ½ YZ½ M½ B½nB½ :MJ@> E N _½?B M½ =>@A:@= ½ CZ?w?Bx< ½ CZ :I@v>½< ½AB { :MD d ½BJsM½ =>D?½ABD < J@AB½AJAB E
á �� �� ���K ��� ��� i Ü���� Ü���Ü� �

6½ ?w?Bx< ½ { :M½\ d ½BJsM½ O�$! %&� ! �(<� P ½?B ZA ?w?Bx< ½ { :M½\ =>@tD½
KCJA? M½YZ½M :½BB½ :M½\ A _½?B ZB@M@?D½ YZ _ZA½ \;@? E VM >½= ;?½ ?Z> M½ \J@B YZ½ = ;Z>B;Z? < ½??Jz½?

M
½B

N
C½ < ß< ½ M;AzZ½Z> y ;A J 9

(M ⊕ N) xorN = M

;� ⊕ OYZ _;A A;B½ JZ??@
xor

P CD?@zA½ M _;= D>JB@;A M;z@YZ½ F;Z ½n:MZ?@\ F E
Ô;Z> ½At;w½> ZA < ½??Jz½

M
C½

n
s@B? y @M \JZB Jt;@> ZA½ :M½\

K
?½:>xB½ C½

n
s@B? E 6½ < ½??Jz½ :I@v >D

M̃
½?B C;AAD =J>

M̃ = M ⊕ K
E Ô;Z> CD:I@v>½> y @M

?ZW B C½ :JM:ZM½>
M̃ ⊕ K

E
x?(-*3*( ë = � �'� '�& � ('%�&* � !%!� *( �*!� (� �OC * N(z�&� ' %&*&C �!� & �!� ��($� !�<! �*!� � �'� ��( ' ! $�'z!(' � !CC(� ! �
x?(-*3*( ï = ��$C%�'&�! '$ � ��%���*!� � )(C! <! �*!� C � !%()*!C� � !�� !%%($ % �'$ '%&*&C(%!'� <! C! ��$$!�%!� <!� '&C '$ � �  '!*��$ '! C'� &$ %!�$ !% � '$C!�z!'� C ��'�&C �� �! � �% <! �(CC! <�&% M%�! ���� %� � �'� $! �(C �&��'*!� z&C&)*!C'� &$ %!�$ !%�

U;Z? >D?½>t½ YZ½ MJ :MD
K

J@B s@½A DBD zDAD>D½ C½ \Jì;A B;BJM½< ½AB JMDJ|B;@>½ ½B YZ _½MM½ A _J@B DBD ZB@M@?D½ YZ _ZA½ ?½ZM½ \;@? = ;Z> :I@v>½> M½ < ½??Jz½ y
æ?:J> A _;sB@½AB JZ:ZA½ @A\;>< JB@;A ?Z> M½ < ½??Jz½ :MJ@>

M
? _@M @AB½>:½=B½

COI;>< @? MJ BJ@MM½ C½
M

P EN½ :I@v >½< ½AB ½?B M½ ?½ZM JMz;>@BI< ½ :>w=B;z>J=I@YZ½ { :MD ?½:>xB½ =>;ZtD
@A:;AC@B@;AA½MM½< ½AB ?�> E T @A?@ B;Z? M½? JZB>½? ?w?Bx< ½? ?;AB BID;>@YZ½< ½AB
:J??JsM½? E Ô;Z> :½? ?w?Bx< ½? y ;A ZB@M@?½ C½? :I@v >½< ½AB? � �(%& '!� !$% C�� 9 MJ:;AAJ@??JA:½ CZ < ½??Jz½ :I@v>D O;� C½ :½>BJ@A? :;Z=M½? < ½??Jz½ :MJ@>�< ½??Jz½
:I@v >DP A½ = ½>< ½B C½ >½B>;Zt½> A@ MJ :MD ?½:>xB½ A@ M½ < ½??Jz½ :MJ@> !$ '$ %!�� C�'� (&$ !� !$% �(&C�$$()*!E

ÂA ÊËoo y ZA ?BJACJ>C C½ :I@v>½< ½AB � �(%& ' !� !$% C�� \ZB < @? ½A =MJ:½ 9@M ? _Jz@B CZ ?w?Bx< ½ aÂU =>D?½ABD CJA? M½ =J>Jz>J=I½ ?Z@tJAB E
á �� �á 5� �6��j� � �ã � �� ��� ã���6����� �������� � �

N½ ?w?Bx< ½ C½ :I@v>½< ½AB { :M½\ =>@tD½ ½?B M½ =MZ? :;AAZ E VM ½?B s@½AC;:Z< ½ABD O�ÅÍ� �¾Å�P ½B A½ ?½>J =J? =>D?½ABD ½A CDBJ@M? @:@ y @M A _½?B C;AAD YZ _{
� § ¡¢ ¡£ o ¢�§¨�§U £� ¢��¡ ªW�� ¤Q���� ¡¦§¨ª�£� o n¥¦¥ � ¥q��¤Z £� V¥ª�§Uª§[Q� �¡ Z�ª¨¥�ª§ © ª£] ��U ª��§�¡ ¨ pª§¤�§U�� Q§� ¡ ZUq¦¨� ¨� ¥q ª«��¤� [Q� £�V n ££�¡ �§¨V §� ¢¦Q���ª�§U¢�V ¥�VV�� « £� ¥q ª«��¡ �§U ¬ �U�] £� [Q� ¥�£Q ª¨¥ª � ¥¦§­Q �VU £� V�Q £ ¥¦¨� ¡ �UqZ¡�U ª[Q�¡�§U¢�¦Q¤Z V®� �Q¬¦Q�¨ pqQ ª ¥¦§§Q ·



ë =r s")4t+( *-",4&2-¼,537.( u */(» ,-38H( = Aï

B@B>½ C½ :;<=J>J@?;A C½ ?;A \;A:B@;AA½< ½AB Jt½: :½MZ @ C½? JZB>½? ?w?Bx< ½?
=>D?½ABD? EN½ ?w?Bx< ½ \;A:B@;AA½ =J> sM;:? C½ B½nB½ :MJ@> C½ ¿Æ s@B? ½A ZB@M@?JAB ZA½
:M½\ C½ È¿ s@B?¯ E VM = ½>< ½B C _;sB½A@> J@A?@ C½? sM; :? C½ B½nB½ :I@v >D C½ ¿Æ s@B? E
a _ZA½ < JA@x>½ zDAD>JM½ y M _JMz;>@BI< ½ ?½ CD>;ZM½ ½A B>;@? DBJ= ½? 9

ÊE ?;@B
x

ZA sM;: C½ B½nB½ :MJ@> C½ ¿Æ s@B? E æA MZ@ J==M@YZ½ ZA½ = ½><ZBJB@;A@A@B@JM½
IP

enD½ = ;Z> ;sB½A@> ZA½ :IJKA½
x0

E æA J C;A: 9
x0 = IP (x) = L0R0

;�
L0

:;AB@½AB M½? ¾Å =>½< @½>? s@B? C½
x0

½B
R0

M½? ¾Å >½?BJAB? E
Å E Ê¿ @BD>JB@;A? O;� Ê¿ B;Z>?P C _ZA½ :½>BJ@A½ \;A:B@;A ?;AB ½v½:BZD½? E æA:JM:ZM½

LiRi, 1 ≤ i ≤ 16
?Z@tJAB MJ >xzM½ 9

{

Li = Ri−1

Ri = Li−1 ⊕ f(Ri−1, Ki)

OÆ EÅP

L i−1 R i−1

L i R i

f K i

èéê Ò Æ EÈ Ó mA B;Z> C½ aÂU
6J ezZ>½ Æ EÈ =>D?½AB½ ZA B;Z> C½ :I@v>½< ½AB E 6J \;A:B@;A

f
½?B ZA½

\;A:B@;A { C½Zn tJ>@JsM½? y M _ZA½ C½ ¾Å s@B? O:;>>½?= ;ACJAB {
Ri−1

{ MJ
ieme @BD>JB@;A P ½B M _JZB>½ C½ ÆÍ s@B? O@M ? _Jz@B C½

Ki
P E 6½? DMD< ½AB?

Ki?;AB ;sB½AZ? =J> C@t½>?@e:JB@;A C½? s@B? C½ MJ :MD @A @B@JM½
K

OC½ È¿ s@B?P E
¾ E 6J = ½><ZBJB@;A @At½>?½

IP−1 ½?B J==M@YZD½ {
R16L16

=;Z> ;sB½A@> ZAsM;: C½ B½nB½ :I@v >D
y = IP−1(R16L16)

O{ A;B½> M _@At½>?½< ½AB C½
L16½B C½

R16
P E

6½ < ß< ½ JMz;>@BI< ½ O{ YZ½MYZ½? MDzx>½? AZJA:½? =>x?P ½?B ZB@M@?D = ;Z>CD:I@v >½> E
x?(-*3*( ð = ° �%(&* *!� * N(*� ��&%�� ! <! <��� &� �!� !$% <' C�C%O� ! °±² �

³�§ \�ªU o £� ¥£�\ ¥¦¡¢U� ´T ] ªUV ¡�ªV ¢��¡ ª £�V[Q�£V ¡ ] ªU VQ� S �VU QU ª£ªVZ ¥¦¡¡� ] ªU ¨�¢��ªUZ



Að %-",4&2-¼,53( =
6J ?�>½BD CZ aÂU t@½AB C½ MJ \;A:B@;A

f
YZ@ ½?B ½A \J@B ZA½ ?Zs?B@BZB@;A?Z@t @½ C _ZA½ = ½><ZBJB@;A? E a½ =MZ? y J=>x? Ê¿ B;Z>? y M½ >D?ZMBJB ½?B ?BJB@?B@YZ½|

< ½AB µ=MJB¶ y : _½?B|{|C@>½ YZ½ M½? :J>J:BD>@?B@YZ½? zDAD>JM½? CZ < ½??Jz½ ?;Z>:½
OMJ \>DYZ½A:½ C½? :J>J:Bx>½? y M½ A;<s>½ C _½?=J:½? y E E E P ?½>;AB @ACDB½:BJsM½? E
a ½ =MZ? @M C@?= ;?½ C _ZA½ :J>J:BD>@?B@YZ½ B>x? @<=;>BJAB½ = ;Z> Dt@B½> M½? JB|BJYZ½? =J> JAJMw?½ C@v D>½AB@½MM½ 9 ZA½ MDzx>½ < ;C@e:JB@;A C½ MJ :M½\ ;Z CZ
B½nB½ { :I@v>½> =>;t;YZ½ C½? :IJAz½< ½AB? @<=;>BJAB? CJA? M½ B½nB½ :I@v>D E

6½ z>;? JtJABJz½ CZ aÂU ½?B YZ _@M >½= ;?½ y BJAB = ;Z> M½ :I@v>½< ½AB YZ½
= ;Z> M½ CD:I@v>½< ½AB y ?Z> C½? ;= D>JB@;A? \J:@M½< ½AB @<=MJABJsM½? JZ A@t½JZ
< JBD>@½M y @M ½?B C;A: = ;??@s M½ C _;sB½A@> C½? BJZn C½ :I @v >½< ½AB B>x? DM½tD? y C½M _;>C>½ C½ ÆÌÇ ;�? @M w J ZA½ C@ÄJ@A½ C _JAAD½? y Jt½: CZ < JBD>@½M ?= D:@eYZ½ EN;<<½ J==M@:JB@;A? C½ aÂU �ÅÍ� y :@B;A? 9 M½? :J>B½? C½ :>DC@B O=J> ½n½<=M½·±�² =;Z> ·$&z!�C(* ± *!�%��$&� � (�� !$% ²�C%!� t;@> �ÅÍ� =Jz½? ¿ ÊÍ Ó¿ÅÌP y C½? =>;B;:;M½? C _JZBI½AB@e:JB@;A CJA? M½? >D?½JZn B½M? YZ½ ¸ !�)!��C
Ot;@> �ÅÍ� =Jz½? ÈËÆ Ó ¿ÌÌP y P ½B MJ < ½??Jz½>@½ DM½:B>;A@YZ½ Jt½: =J> ½n½<=M½�±¹ =;Z> � �&z(���± $�($�!< ¹ (&* Ot;@> �ÅÍ� =Jz½? ¿Ì¿ Ó ¿ ÊÅP E

Tt½: M½? =>;z>x? >DJM@?D? CJA? M½ C;< J@A½ C½ MJ :>w=BJAJMw?½ C½=Z@? ÊËËo y
½A =J>B@:ZM@½> MJ =>;z>½??@;A C½ MJ =Z@??JA:½ C½ :JM:ZM C½? =>;:½??½Z>? C _JZ|d ;Z>C _IZ@ y M½ aÂU Jt½: ?J M;AzZ½Z> C½ :MD en½ C½ È¿ s@B? A _½?B =MZ? :;A?@CD>D
:;<<½ =>JB@YZ½< ½AB ?�> E mA = ½B@B :JM:ZM ?@<=M½ = ½ZB ½A C;AA½> ZA½ @CD½ 9 @Mw J

256 :M½\? = ;??@s M½? : _½?B|{|C@>½ < ;@A? C½
1017 = 108109 Q ½A ?Z==;?JAB YZ½M _;A C@?= ;?½ C½ ÊÌÌÌ ÔN B;Z>AJAB {

1GHz = 109Hz
y @M \JZB

105 ?½:;AC½? y?;@B ¾Ì I½Z>½? = ;Z> C;A: ½v½:BZ½>
1000 ∗ 109 ∗ 105 = 1017 ;= D>JB@;A? Q M½

:J??Jz½ =J> \;>:½ s>ZB½ A _½?B C;A: =J? @<=;??@s M½ ½A ZA B½<=? >J@?;AAJsM½ [N _½?B = ;Z>YZ;@ ZA A;Zt½JZ ?BJACJ>C J =>@? ?J =MJ:½ C½=Z@? ÅÌÌÌ E VM ? _Jz@B
C½ M _TÂU OTCtJA:½C ÂA:>w=B@;A UBJACJ>C �ÊÈ y o�P y YZ@ B>JtJ@MM½ ?Z> C½? sM; :?C½ ÊÅÍ s@B? ½B C;AB MJ :M½\ C½ :I @v >½< ½AB JC< ½B ZA½ BJ@MM½ tJ>@JsM½ OÊÅÍ y ÊËÅ
;Z ÅÈ¿ s@B?P E

Ô;Z> eA@> y ;A = ½ZB :@B½> C _JZB>½? ½n½<=M½? C½ ?w?Bx< ½? C½ :I@v>½< ½AB {
:MD ?½:>xB½ 9

Ó VaÂT OÊËËÅP 9 s M; :? C½ ¿Æ s@B? y :M½\ C½ ÊÅÍ s@B? Q
Ó X>@=M½ aÂU { C½Zn :M½\? 9 s M; :? C½ ¿Æ s@B? y :M½\ C½ ÊÊÅ s@B? 9

{

C = EK1(DK2(EK1(M)))

M = DK1(EK2(DK1(C)))

á �� �º 5� ��Ü»��Ü �������� kã � �¼ �½ ������ �
Þ @dACJ½M ½?B M½ :I@v >½< ½AB { :M½\ =>@tD½ YZ@ J DBD >½B½AZ =J> M½ à VUX OàJ|B@;AJM VA?B@BZB½ ;\ UBJACJ>C? JAC X½:IA;M;zw P :;<<½ M½ A;Zt½JZ ?BJACJ>C

J< D>@:J@A C½ :I@v>½< ½AB OTÂU 9 TCtJA:½C ÂA:>w=B@;A UBJACJ>CP �ÊÈ y Í� E N½?w?Bx< ½ J DBD :I;@?@ J=>x? ZA½ :;<=DB@B@;A ;>zJA@?D½ =J> M½ à VUX E a½? :@AYeAJM@?B½? OÞ @dACJ½M y U½>= ½AB y X^;e?I y ÞN¿ y Ç J>?P y : _½?B C;A: Þ @dACJ½M �o�



ë =r s")4t+( *-",4&2-¼,537.( u */(» ,-38H( = A¾
YZ@ ? _½?B JtD>D M½ =MZ? >D?@?BJAB ½B ½?B C;A: C½t½AZ M½ A;Zt½JZ ?BJACJ>C J< D|>@:J@A y >½<=MJìJAB M½ aÂU E N _½?B ZA :;C½ =J> sM;:? ½A:;CJAB ÊÅÍ s@B? Jt½:C½? :M½\? C½ ÊÅÍ y ÊËÅ ;Z ÅÈ¿ s@B? E VM ½?B @<=;>BJAB C½ A;B½> YZ½ Þ @d ACJ½M DBJ@B
=J>< @ M½? =>;= ;?@B@;A M½? =MZ? >J=@C½? y :;<< ½ ;A = ½ZB M½ t;@> CJA? MJ BJsM½
Æ E¾ @??Z½ CZ >J==;>B àÂUUVÂ|a ÅÊE

T Mz;>@BI< ½ XJ@MM½ C½ :M½\ Nw:M½�;:B½BN>w=BJz½ aD:>w=BJz½
VaÂT ÊÅÍ È¿ È¿DIJÄJC ÊÅÍ ÆÌ Æ Ê
Ç @?Bw Ê ÊÅÍ Æo ÆoUJ\½>¿¿ ÊÅÍ ÊÈÅ Ê¿ÍNU|N@=I½> ÊÅÍ ÊÈ¿ ÊÆÌu@½>;:>w=B|6 Ê ÊÅÍ ¾Æ ¾Æ
àZ?I ÊÅÍ ÆÍ ÆÅ
aÂU È¿ ÈË ÈË
¾|aÂU Ê¿Í ÊÈÆ ÊÈÈÎJ?Z< @ ÊÅÍ oÈ oÆ
ÞNÈ ¿Æ ÊË ÊËUÎ@=d J:Î ÍÌ ÊÊÆ ÊÅÌ
NJ< ½MM@J ÅÈ¿ Æo ÆoÞN¿ ÅÈ¿ ÊÍ ÊoUJ\½>¿¿ ÅÈ¿ ¿Ë ÍËTAZs@? ÅÈ¿ ÆÍ ÆÍ
Õ>JAC :>Z ÊÅÍ ÊÅÈÌ ÊÈ ÊÍu@½>;:>w=B|¾ Å¿Ì ¿Ë Í¿
àZ?I ÅÈ¿ Å¾ ÅÌv ÅÈ¿ ¿Ì ÊÅ¾UNÅÌÌÌ ÅÈ¿ Æ¾ Æ¿Þ@dACJ½M ÅÈ¿ ¾Æ ¾ÈU½>= ½AB ÅÈ¿ ¿Í ÍÌÇ J>? ÅÈ¿ ¾ Ê ¾ÌX^;e?I ÅÈ¿ ÅË ÅÈ

ÏÐÑ Ò Æ E¾ Ó í @B½??½? :;<=J>D½? C½ YZ½MYZ½? :I@v >½< ½AB? =J> sM; :? ?Z> ZA
ÔVVV�6@AZn

> -3F*3, ( '( /º¼ /2&-345+ (
X;Z? M½? ;= D>JB@;A? C _TÂU ?;AB C½? ;= D>JB@;A? ?Z> C½? ;:B½B? :;A?@CD>D?

:;<<½ C½? DMD< ½AB? CZ :;>=? eA @ {
28 DMD< ½AB? y

GF (256)
E mA ;:B½B ½?B C;A:>½=>D?½ABD :;<<½ ZA =;MwAç< ½ C½ C½z>D JZ =MZ?

7
9

b7b6b5b4b3b2b1b0 ←
b7X

7 + b6X
6 + b5X

5 + b4X
4 + b3X

3 + b2X
2 + b1X + b0

E X;ZB½? M½? ;= D>JB@;A?



A@ %-",4&2-¼,53( =
?½ \;AB JM;>? < ;CZM;

2
½B < ;CZM; M½ = ;MwAç< ½

P̃ = X8 + X4 + X3 + X + 1
y@>>DCZ:B@s M½ < ;CZM;

2
EUZ> :½ :;>=? y M½ =>@A:@= ½ C½ M _TÂU ½?B JM;>? M½ ?Z@tJAB 9 M½ < ½??Jz½ ½?B?½z< ½ABD ½A sM;:? C½ ÊÅÍ s@B? E N½? ÊÅÍ s@B? ?;AB J>>JAzD? ?;Z? MJ \;>< ½

C _ZA½ < JB>@:½ C _; :B½B?
4 × 4

E ÊÅÍ s@B? C½ MJ :M½\ ?;AB JM;>? Jd ;ZBD? { :½BB½< JB>@:½ @A @B@JM½ OM _JCC@B@;A < ;CZM;
2

DYZ@tJZB { ZA îæÞ s@B { s@BP E NIJYZ½
DMD< ½AB C½ MJ < JB>@:½ ½?B JM;>? >½<=MJ:D =J> M _DMD< ½AB :;>>½?= ;ACJAB { ZA½BJsM½ C½ ?Zs?B@BZB@;A O;Z FU|s ;n F y ;sB½AZ½ =J> @At½>?@;A C _ZA =;MwAç< ½ CJA?
GF (256)

Ó z>À:½ { M _JMz;>@BI< ½ C _ÂZ:M@C½ DB½ACZ Ó y =Z@? =J> B>JA?\;>< JB@;AJWA½ C½ :½BB½ @At½>?½P E 6J < JB>@:½ ;sB½AZ½ ½?B JM;>? ?;Z< @?½ { C½Zn JZB>½?
B>JA?\;>< JB@;A? M@ADJ@>½? y M _ZA½ < DMJAz½JAB M½? M@zA½? y M _JZB>½ M½? :;M;AA½? EN½BB½ =>;:DCZ>½ ½?B >D= DBD½ C@n \;@? OÊÌ >;AC½?P ½A ZB@M@?JAB y { :IJYZ½ >;AC½ y
ZA½ =J>B@½ C@v D>½AB½ C½ MJ :M½\ ?½:>xB½ E
G H4¼3/ ' º.F( -&F'(

mA½ >;AC½ :;<=;>B½ C;A: YZJB>½ DBJ= ½? J==M@YZD½? ?Z> MJ < JB>@:½ J== ½MD½µ?BJB½¶ �o� 9
ÊE TCCÞ;ZACD ½w O?BJB½ y>;ZACÎ½wP 9 îæÞ s@B { s@B C½? ;:B½B? C½ MJ < JB>@:½½B C½ :½Zn C½ MJ =J>B@½ C½ MJ :M½\ :;A:½>AD½ E
Å E SwB½UZs O?BJB½P 9 6J < JB>@:½









O0,0 O0,1 O0,2 O0,3

O1,0 O1,1 O1,2 O1,3

O2,0 O2,1 O2,2 O2,3

O3,0 O3,1 O3,2 O3,3









½?B B>JA?\;>< D½

½A








S(O0,0) S(O0,1) S(O0,2) S(O0,3)
S(O1,0) S(O1,1) S(O1,2) S(O1,3)
S(O2,0) S(O2,1) S(O2,2) S(O2,3)
S(O3,0) S(O3,1) S(O3,2) S(O3,3)









;� y ?@
y ≡ a−1 mod P̃

O
0

A _JwJAB =J? C _@At½>?½ y @M ½?B ½At;wD ?Z>
0

=;Z> :½BB½ DBJ= ½P ½B ?@

z =

























1 0 0 0 1 1 1 1
1 1 0 0 0 1 1 1
1 1 1 0 0 0 1 1
1 1 1 1 0 0 0 1
1 1 1 1 1 0 0 0
0 1 1 1 1 1 0 0
0 0 1 1 1 1 1 0
0 0 0 1 1 1 1 1

























y +

























1
1
0
0
0
1
1
0

























mod 2

JM;>? y
S(a) = z

E
¾ E UI@\BÞ;^ O?BJB½P 9 ZA½ = ½><ZBJB@;A :w:M@YZ½ ½?B ½v ½:BZD½ ?Z> :IJYZ½

M@zA½ = ;Z> ;sB½A@> 9








z0,0 z0,1 z0,2 z0,3

z1,1 z1,2 z1,3 z1,0

z2,2 z2,3 z2,0 z2,1

z3,3 z3,0 z3,1 z3,2









Æ E Ç @nN;MZ<A O?BJB½P 9 = ;Z> :½BB½ DBJ= ½ y :IJYZ½ :;M;AA½ C½ MJ < JB>@:½½?B :;A?@CD>D½ :;<<½ ZA =;MwAç< ½ C½ C½z>D
3

C½
GF (256)[Y ]

E NIJYZ½



ë =r s")4t+( *-",4&2-¼,537.( u */(» ,-38H( = AA
:;M;AA½ ½?B JM;>? <ZMB@= M@D½ =J> M½ = ;MwAç< ½

C = [3]Y 3+[1]Y 2+[1]Y +
[2]

<;CZM;
G = Y 4 + [1]

y ;�
[3]

y =J> ½n½<=M½ y ½?B
[3] = [0000011] =

X + 1
CJA?

GF (256)
E N;<<½ M½? ;= D>JB@;A? ?½ \;AB < ;CZM;

Y 4 + [1]
y:½BB½ <ZMB@= M@:JB@;A =J>

C
y :;>>½?= ;AC { ZA½ <ZMB@= M@:JB@;A C½ :IJYZ½:;M;AA½ =J> MJ < JB>@:½ ?Z@tJAB½ 9

Mj =









[2] [3] [1] [1]
[1] [2] [3] [1]
[1] [1] [2] [3]
[3] [1] [1] [2]









Cj

ÂA ;ZB>½ y :;<< ½
C

½B
G

?;AB =>½< @½>? ½AB>½ ½Zn y
C

½?B s@½A @At½>?@s M½
< ;CZM;

G
½B MJ B>JA?\;>< JB@;A Ç @nN;MZ<A ½?B DzJM½< ½AB @At½>?@s M½ y

:½ YZ@ = ½>< ½B C½ CD:>w=B½> E
xB(4) ).- /¼ *-",4¼F¼/")(

6J µU|s ;n¶ J DBD :;A?B>Z@B½ = ;Z> ßB>½ >D?@?BJAB½ { MJ :>w=BJAJMw?½ E ÂA=J>B@:ZM@½> y ½MM½ A½ = ;??xC½ =J? C½ = ;@AB en½
S(a) = a

y A @ C½ = ;@AB ;== ;?D
S(a) = (!a)

y A @ C½ = ;@AB en½ @At½>?½
S(a) = S−1(a)

E ÂA?Z@B½ y M _;= D>JB½Z>UI@\BÞ;^ = ½>< ½B C½ C@vZ?½> MJ>z½< ½AB M½? C;AAD½? ½A ?D=J>JAB M½? ;:B½B?
;>@z@A½MM½< ½AB :;A?D:ZB@\? E ÂAeA y :;<s@AD½ Jt½: Ç @nN;MZ<A y ½MM½ = ½>< ½BYZ _J=>x? =MZ?@½Z>? >;AC½? y :IJYZ½ s@B C½ ?;>B@½ CD= ½AC½ C½ B;Z? M½? s@B? ½A½AB>D½ E ÔJ> J@MM½Z>? y Ç @nN;MZ<A ½?B ZA :;C½ M@ADJ@>½ C½ C@?BJA:½ < Jn@< JM½
Ot;@> ?½:B@;A È EÅ EÊP E
á �� �Á 5�� � ���� �� ���K ��� ���

vZ½ :½ ?;@B = ;Z> M½ aÂU ;Z M½? A;Zt½JZn ?BJACJ>C? VaÂT y TÂU y M½? :M½\??;AB C½ M;AzZ½Z> enD½ E æ> M½? < ½??Jz½? = ½Zt½AB ßB>½ C½ M;AzZ½Z> YZ½M:;AYZ½s@½A ?�> E VM \JZB C;A: @A@B@½> C½? :I@v>½< ½AB? =J> sM; :? C½ BJ@MM½ en½ :;>>½?|
= ;ACJAB? JZn BJ@MM½? C½? :M½\? E Ô;Z> :½MJ Æ < ;C½? C½ :I@v >½< ½AB =J> sM;:??;AB = ;??@s M½? 9 ÂNS y NSN y NÃS ½BB æÃS E
:( + &'( x%Â

N½ <;C½ ½?B M½ = MZ ? ?@<=M½ y M½ < ½??Jz½
M

½?B CD:;Z= D ½A sM;:?
mi

C½
BJ@MM½ en½ ½B :IJYZ½ sM;: ½?B :>w=BD ?D=J>D< ½AB =J>

ci = Ek(mi)
OÆ E¾P

?Z@tJAB MJ ezZ>½ Æ E¿ E
T @A?@ ZA sM;: C½ < ½??Jz½ C;AAD

mi
?½>J B;Zd ;Z>? :;CD C½ MJ < ß< ½ < J|A@x>½ E N½ < ;C½ C½ :I@v >½< ½AB A½ =>D?½AB½ C;A: JZ:ZA½ ?D:Z>@BD ½B A _½?B

d J< J@? ZB@M@?D [



0EE %-",4&2-¼,53( =

1m

c1

Ek

...

Ek

m

c2

Ek

cn

nm2

èéê Ò Æ E¿ Ó Ç ;C½ ÂNS 9 ÂM½:B>;A@: N;C½ S;;Î

:( + &'( %Â %
6½ <;C½ NSN J C;A: DBD @AB>;CZ@B = ;Z> YZ½ ZA sM;: A½ ?;@B =J? :;CD C½MJ < ß< ½ < JA@x>½ ?@ @M ½?B CJA? C½Zn < ½??Jz½? C@v D>½AB? E VM \JZB Jd ;ZB½> ZA½

...m nm21m

c1

Ek

c2

Ek

cn

Ek

c0

èéê Ò Æ Eo Ó Ç;C½ NSN 9 N@=I½> SM;: NIJ@A@Az

tJM½Z> @A @B@JM½
C0

y JMDJB;@>½ =J> ½n½<=M½ E NIJYZ½ sM;: ½?B C _Js ;>C < ;C@eD
=J>

XOR
Jt½: M½ s M; : :>w=BD =>D:DC½AB JtJAB C _ßB>½ MZ @ < ß< ½ :>w=BD =J>

ci = Ek(mi ⊕ ci−1)
OÆ EÆ P

?Z@tJAB MJ ezZ>½ Æ Eo E N _½?B M½ < ;C½ C½ :I@v >½< ½AB M½ =MZ? ZB@M@?D E 6½ CD:I@v>½|< ½AB AD:½??@B½ M _@At½>?½ C½ MJ \;A:B@;A C½ :;CJz½
Dk = E−1

k

=;Z> CD:>w=B½> 9
mi = ci−1 ⊕ Dk(ci)

OÆ EÈP
:( + &'( %ÃÂ

Ô;Z> A½ =J? Jt;@> s ½?;@A C½ MJ \;A:B@;A @At½>?½ = ;Z> CD:>w=B½> y @M ½?B
= ;??@s M½ C½ \J@>½ ZA

XOR
J=>x? M½ :>w=BJz½ y : _½?B M½ < ;C½ NÃS 9

ci = mi ⊕ Ek(ci−1)
OÆ E¿P



ë =ë s")4t+( *-",4&2-¼,537.( u */(» ,.G /37.( = 0E0

c1

1m

Ek Ek

c2

Ek

nm

cn

c0

m2 ...

èéê Ò Æ EÍ Ó Ç ;C½ NÃS 9 N@=I½> Ã½½CSJ:Î

?Z@tJAB MJ ezZ>½ Æ EÍ E N½ < ;C½ ½?B < ;@A? ?�> YZ½ M½ NSN ½B ½?B ZB@M@?D =J>½n½<=M½ = ;Z> M½? :>w=BJz½? >D?½JZn E 6 _@ABD>ßB ½?B YZ½ M½ CD:I@v >½< ½AB A½
AD:½??@B½ =J?

Dk
9

mi = ci ⊕ Ek(ci−1)
OÆ EoP

:( + &'( ÄÃÂ
ÂAeA y ZA C½>A@½> < ;C½ = ½>< ½B C _Jt;@> ZA :>w=BJz½ ½B ZA CD:>w=B½Jz½

B;BJM½< ½AB ?w< DB>@YZ½ y : _½?B M½ < ;C½ æÃS 9
zi = Ek(zi−1) ; ci = mi ⊕ zi

OÆ EÍP
?Z@tJAB MJ ezZ>½ Æ EË E N½ < ;C½ ½?B ZB@M@?D =J> ½n½<=M½ = ;Z> M½? :>w=BJz½?

c1

1m

Ek Ek

c2

Ek
ÅÅÆÆ ÇÇÈÈ

nm

cn

ÉÉÊÊc0

m2 ...

èéê Ò Æ EË Ó Ç;C½ æÃS 9 æZB=ZB Ã½½CSJ:Î

?JB½MM@B½ ½B ?½ CD:I@v >½ =J> 9
zi = Ek(zi−1) ; mi = ci ⊕ zi

OÆ EËP
� �� `a/bc
 � -�a.b���1.d�e2� f -��g .2Ë ��e2� �
á �á �4 ä ���»������

à;Z? Jt;A? tZ? YZ½ M½? ?w?Bx< ½? :>w=B;z>J=I@YZ½? { :MD ?½:>xB½? ?;AB
=>JB@YZ½< ½AB ?�>? ½B ½W :J:½? ½A B½>< ½? C½ B½<=? C½ :JM:ZM E à DJA< ;@A? y Cx?



ÌE¸ ÍÎ"Ï4Ð2Î¼Ï53Ñ =
M½ < @M@½Z C½? JAAD½? ÊËoÌ y C½ A;Zt½MM½? @AB½>>;zJB@;A? \Z>½AB ?;ZM½tD½? 9

Ó TtJAB C _ZB@M@?½> ZA ?w?Bx< ½ C½ :I@v>½< ½AB { :MD ?½:>xB½ y :;<< ½AB
:;At½A@> C _ZA½ :MD Ò

Ó N;<<½AB DBJsM@> ZA½ :;<<ZA@:JB@;A ?D:Z>@?D½ ½AB>½ C½Zn ½AB@BD? ?JA?
D:IJAz½ =>DJMJsM½ C½ :M½\ Ò

N _½?B = ;Z> >D= ;AC>½ { :½? YZ½?B@;A? YZ _½A ÊËo¿ y a @W ½ ½B u½MM< JA =;?x>½ABM½? sJ?½? C½? ?w?Bx< ½? :>w=B;z>J=I@YZ½? { :MD =ZsM@YZ½ y =J> JAJM;z@½ Jt½: ZA½s ;KB½ JZn M½BB>½? C;AB S;s ½?B M½ ?½ZM { = ;??DC½> MJ :MD 9
Ó B;ZB½ = ½>?;AA½ = ½ZB ½At;w½> CZ :;Z>>@½> { S;s Q
Ó ?½ZM S;s = ½ZB M@>½ M½ :;Z>>@½> CD= ;?D CJA? ?J s ;KB½ JZn M½BB>½? E
Ô;Z> :;<=J>J@?;A y ZA ?w?Bx< ½ C½ :I@v >½< ½AB { :M½\ ?½:>xB½ = ½ZB ßB>½ tZ

:;<<½ ZA :;v>½|\;>B C;AB MJ :MD ½?B =J>BJzD½ =J> T M@:½ ½B S;s E

á �á �� Ú������ �
aJA? M½ :JC>½ C _ZA B½M ?w?Bx< ½ ½B B;Zd ;Z>? = ;Z> >½=>½AC>½ M½? A;BJB@;A?

C½ M _DYZJB@;A Æ EÊy ;A J :½BB½ \;@?
Ke 6= Kd

E

Canal non sécurisé salut

Texte clair

rzh!k

Texte chiffré

ALICE BOB

salut

Texte clair

rzh!k

Texte chiffré

Clé Publique de Bob Clé privée de Bob

DéchiffrementChiffrement

"ANNUAIRE"

Bob −> Cle publique de Bob

èéê Ò Æ EÊÌ Ó Ô>@A:@= ½ CZ :I@v>½< ½AB { :M½\ =ZsM@YZ½

Ô;Z> ßB>½ =MZ? =>D:@? y
Ke

½?B ZA½ :MD =ZsM@YZ½ YZ@ ½?B =ZsM@D½ CJA? ZA½
?;>B½ C _JAAZJ@>½ O½A \J@B ?;Z? MJ \;>< ½ C _ZA :½>B@e:JB 9t;@> #Æ EÍP C½ B½M ?;>B½YZ½ A _@<=;>B½ YZ@ =Z@??½ >D:Z= D>½> :½BB½ :MD y ½A B½?B½> M _;>@z@A½ ½B :I@v >½> ZA
< ½??Jz½ Jt½: E

Kd
½?B ZA½ :MD ?½:>xB½ YZ½ S;s zJ>C½ = ;Z> MZ@ ½B YZ@ MZ @ ?½>t@>J { C½:I@v >½> E

Ât@C½<< ½AB y M½? C½Zn :MD?
Ke

½B
Kd

?;AB < JBID< JB@YZ½< ½AB M@D? < J@?
:I;@?@½? C½ B½MM½ ?;>B½ YZ _@M ?;@B =>JB@YZ½< ½AB @A\J@?JsM½ C½ :JM:ZM½> MJ tJM½Z>C½ MJ :MD

Kd
{ =J>B@> C½

Ke
E

6½ =>@A:@= ½ CZ :I@v >½< ½AB Jt½: ZA B½M ?w?Bx< ½ ½?B @MMZ?B>D CJA? MJ e|zZ>½ Æ EÊÌ E 6 _½n½<=M½ M½ =MZ? :;AAZ C _JMz;>@BI< ½ C½ :I@v >½< ½AB { :MD =ZsM@YZ½
½?B M½ ?w?Bx< ½ ÞUT y ½n= ;?D CJA? MJ ?½:B@;A Æ EÆ EÈ E



ë =ë s"Ó4tÔÑ ÕÎ"Ï4Ð2Î¼Ï537ÖÑ u Õ×Ñ» ÏÖG×37ÖÑ = ÌEr
á �á �� ¼J��������� Ø ������ �� ×�������� i ���� Ù���Ü�

aJA? ZA ?w?Bx< ½ C½ :I@v >½< ½AB { :M½\ =ZsM@YZ½ y M½ \J@B YZ½ MJ \;A:B@;AC½ :I@v>½< ½AB
E

?;@B =ZsM@YZ½ JM;>? YZ½ MJ \;A:B@;A C½ CD:I@v >½< ½AB
D

?;@B?½:>xB½ ?½<sM½ { =>@;>@ :;AB>JC@:B;@>½ 9 ?@ M _;A :;AAJKB
E

y ;A :;AAJKB \;>:D< ½AB
D

=Z@?YZ½
D = E−1 E ÂA \J@B y ½A >½<=MJìJAB F@A:;AAZ F =J> F½nB>x< ½< ½ABM;Az { :JM:ZM½> ?Z> ZA ;>C@AJB½Z> F O@ E½ E = MZ?@½Z>? JAAD½? =J> ½n½<=M½P y M½?

\;A:B@;A?
E

½B
D

C _ZA ?w?Bx< ½ C½ :>w=B;z>J=I@½ { :M½\ =ZsM@YZ½ C;@t½ABtD>@e½> 9
Ó

D = E−1 =;Z> zJ>JAB@>
D(E(M)) = M

Q
Ó @M ½?B \J:@M½ O@ E½ E B>x? >J=@C½P C½ :JM:ZM½>

M̃ = E(M)
{ =J>B@> C½

M
QÓ @M ½?B C@W :@M½ O@ E½ E B>x? M;Az P C½ >½B>;Zt½>

M
{ =J>B@> C½

M̃
?@ M _;A A½

:;AAJKB =J?
Kd

E ÔJ> :;AB>½ y
DKd

C;@B ßB>½ \J:@M½ O>J=@C½P { DtJMZ½> = ;Z>= ;Zt;@> CD:I@v >½> M½ < ½??Jz½ =Z@?YZ½
M = D(M̃)

E
TZB>½< ½AB C@B y @M \JZB B>;Zt½> ZA½ \;A:B@;A

E
C½ :I@v>½< ½AB YZ@ ?;@B

>J=@C½ { :JM:ZM½> < J@? M;AzZ½ { @At½>?½> E æA =J>M½ C½ \;A:B@;A F{ ?½A? ZA@YZ½ F
O;A½ ^Jw \ZA:B@;A y ÃUm CJA? MJ ?Z@B½P E

a ½ s ;AA½? ÃUm ?;AB C½? \;AB@;A? B½MM½? YZ½ MJ >½:I½>:I½ C½
x

{ =J>B@>C½
F (x)

?;@B ZA =>;sMx< ½ < JBID< JB@YZ½ >D=ZBD C@W :@M½ O=J> ½n½<=M½ àÔ|
:;<=M½BP E

Ô;Z> ;sB½A@> C½ B½M? \;A:B@;A? y @M J \JMMZ :IJAz½> MJ t@?@;A C½? < ½??Jz½?½B C½? :MD? :;<<½ C½ ?@<=M½? ?DYZ½A:½? C½ s@B? E 6½? < DBI;C½? < ;C½>A½? C½
:>w=B;z>J=I@½ y ½B B;ZB =J>B@:ZM@x>½< ½AB M½? < DBI;C½? { :M½\? =ZsM@YZ½? y ?;ABsJ?D½? ?Z> :½BB½ t@?@;A C _ZA < ½??Jz½ :;<<½ ZA ½AB@½> y ;Z =MZBçB :;<<½ ZA½
?Z@B½ C _½AB@½>? :;<=>@? ½AB>½ Ì ½B

n
E U@ M _;A = ;?½

L = blog2 nc y ;A :>w=B½ JM;>?M½ < ½??Jz½ =J> sM;:? C½
L

s@B? E NIJYZ½ sM;:
M

>½=>D?½AB½ JM;>? ZA A;<s>½½AB>½
0

½B
n−1

½B C;A: y ZA DMD< ½AB C½ M _JAA½JZ C½? :MJ??½? >D?@CZ½MM½? < ;CZM;
n

E 6½ sM;:
M

½?B :I@v >D ½A
M̃ = F (M) (mod n)

;�
F

½?B ZA½ \;A:B@;A CJA?M½? ½AB@½>? E
6 _@ABD>ßB C½ :JM:ZM½> ½A J>@BI< DB@YZ½ < ;CZMJ@>½ ½?B C;ZsM½ E a _ZA½ =J>B y M½?

:JM:ZM? µ<;CZM;
n
¶ ?;AB B>x? >J=@C½? 9 @M? =>½AA½AB ZA :;�B

O(log2 n)
Jt½: M½?

JMz;>@BI< ½? M½? =MZ? AJÚ\? E a _JZB>½ =J>B y M½? @BD>JB@;A? C _ZA½ \;A:B@;A
F

<ß< ½?@<=M½ :JM:ZMD½? ½A J>@BI< DB@YZ½ < ;CZM;
n

B½AC½AB { Jt;@> ZA :;<=;>B½< ½AB
JMDJB;@>½Û E N;AAJ@??JAB

F
½B

n
y @M J==J>JKB C@W :@M½ C½ >D?;ZC>½ M _DYZJB@;A 9B>;Zt½>

x
B½M YZ½

F (x) ≡ a (mod n)
y C;A: C _@At½>?½> MJ \;A:B@;A

F
E

á �á �á Ù� �Ü�� ��� �� ×�Ù Ø � ÝãÜ� ����������� ä ��Ü�����
6½ BID;>x< ½ C _ÂZM½> O?½:B@;A ÊEÅ EÅ y =Jz½ ÊoP = ½ZB ßB>½ C@>½:B½< ½AB ZB@M@?D

= ;Z> \;Z>A@> ZA½ \;A:B@;A { ?½A? ZA@YZ½ 9 M _½n= ;A½AB@JB@;A < ;CZMJ@>½ E
Ó U;@½AB

p
½B

q
C½Zn ½AB@½>? =>½< @½>? ½B

n = p.q
EÓ U;@B

e
ZA ½AB@½> @A\D>@½Z> {

n
y =>½< @½> Jt½:

φ(n) = (p − 1)(q − 1)
E

Ý Y� UÞ¢� ¨� ¥�£¥Q £ �VU ¨ p�ª££�Q�V QU ª£ªVZ ¨�§ V £� ¢ £Q¢��U ¨�V ¤Z§Z��U�Q�V ¨� §¦¡]��V�£Z�U¦ª��V ·



ÌEë ÍÎ"Ï4Ð2Î¼Ï53Ñ =
6J \;A:B@;A C _½n= ;A½AB@JB@;A < ;CZMJ@>½ ½?B JM;>? CDeA@½ =J> 9

Fe : Zn −→ Zn

x −→ xe <;C
n

N½BB½ \;A:B@;A ½?B >J=@C½ { :JM:ZM½> O½A \J@B ½A B½<=? M@ADJ@>½ C½
e

½B C;A:C½
n

P z>À:½ { ZA JMz;>@BI< ½ C½ Bw= ½ ½n= ;A½AB@JB@;A >J=@C½ y ½A:;>½ J== ½MD�*�z(%&�$ ���'�C&z! (' �(��� Ot;@> ?½:B@;A ÊEÅ EÆ y =Jz½ Å ÊP E
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14 (0xE)

md5WithRSAEncryption

v3 (0x2)

Signature

Clé privée du CA

C (country) : France

L (Locality) : Grenoble

ST : (State or Province) : Isère

O (Organisation) : INRIA

SO (Organizational Unit) : icluster

CN (Common Name) : Icluster_CA 

E (Email) : ca@inria.imag.fr

STREET (Adress): 50 av Jean KuntzMann

C (country) : France

L (Locality) : Grenoble

ST : (State or Province) : Isère

O (Organisation) : INRIA

SO (Organizational Unit) : Labo ID−IMAG

CN (Common Name) : Sebastien Varrette 

E (Email) : sebastien.varrette@imag.fr

STREET (Adress): 51 av Jean KuntzMann

Not Before : 
Jun 8 14:52:40 2003 GMT

Not After
Jun 7 14:52:40 2004 GMT

rsaEncryption
Public Key Algorithm :

RSA Public Key (1024bit)

   Exponent : 65537 (0x10001)

   00:b3:e4:4f:.......

   Modulus (1024 bits) :

Signature
− Algorithm ID

− Signature Value

  

Signature Algorithm ID

Serial Number 

Issuer Name

Version

Validity Périod
− Start Date/Time

− End Date/Time

Subject Name

Subjet Public Key Info :
− Algorithm ID
− Public Key Value

Issuer Unique ID

Subject Unique ID

Extension

  

Signature Algorithm ID

Serial Number 

Issuer Name

Version

Validity Périod
− Start Date/Time

− End Date/Time

Subject Name

Subjet Public Key Info :
− Algorithm ID
− Public Key Value

Issuer Unique ID

Subject Unique ID

Extension

Certificat Numérique X.509Information
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Signature

Certificate Serial Number

Revocation Date

Certificate Serial Number

Revocation Date

Certificate Serial Number

Revocation Date

  

Version (v1=0;v2=1)

Signature Algorithm ID

Issuer Name

This Update Date/Time

Next Update Date/Time

CRL :

CRL Extensions

Certificate Serial Number

Revocation Date

Certificate Serial Number

Revocation Date

Certificate Serial Number

Revocation Date

  

Version (v1=0;v2=1)

Signature Algorithm ID

Issuer Name

This Update Date/Time

Next Update Date/Time

CRL :

CRL Extensions

Clé privée du CA

Information

Signature
− Algorithm ID

− Signature Value

CRL
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4°

3° Génération de clefs

Requete de certification

Alice (Utilisateur)

10° (Confirmation     signature K       )priv||
11° Vérification Signature

8° Création certificats

6° Vérification Challenge

7° Vérification Requete

[échange "out−of−band" d’une clef initiale iaK]1°

9° KpubE         (Certificat)

iaK
5° E     (Challenge   K        Requete)

pub|| ||

Challenge2°
Bob (CA/RA)

Vérification Confirmation12°

��� � � '¤¤ � p!$iW"��$i# i!� �O� i!�"X%
�   "�i \ � �O$ �i� ��iT� ) � �ZOi �i$�"X��� ��"� k�$i � �!W% $%WO�"[$ij

# i!� ' û� ��iT �O"V�!�i i�� %� �!W%i \ � S�"�i �i �� &$%�%�i!�i '
�   "�i \ � �O$ �i� �i$�"X���� ) \ �� ���i � SiY&"$��"�! Q �i �i$�"X��� & iO�

k�$i &$���!W% i� O!i !�OVi��i ���i � SiY&"$��"�! $i#&���i � S�!�"i!!i '
�   "�i \ � �O$ �i� ��iT� � SO! (N 0�T ' �OR�i��"�! � '� '� 1 '� (i$�"X���"�!� �$�"�%i� ) O! �i$�"X��� �$�"�% i�� O! �i$�"X��� ��!�ij

!�!� �� ��iT &OR�"ZOi � SO! (N i� �"W!% &�$ O! �O�$i (N ' P� & iO�
k�$i "!�i$j��# �"!i� 0�" Y�OR� i��Z i� Y "��Oi$Z ��!� ��!� �i� ��# �"!i�
��# "!"��$��"T� �"U%$i!��1 �O "!�$�j��# �"!i < #O�Oi� �O !�! '

� ' hOR�"���"�! ) �i� �i$�"X���� i� �i� (�û '
³ ' �i��OV$i# i!� ) �i� ��iT� � SO!i i!�"�% X!��i c ^`d^ef k�$i ��OViW�$�%i�

&$%Vi!�"Vi# i!� &�$ O! ����[# i �i ��OViW�$�i �����"% \ O! (Nm�N <
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i! ��� �i !%�i��"�% �i $i��OV$i# i!� Q O! !�OVi� i!$iW"��$i# i!� & iO�
� S�V%$i$ !%�i���"$i '

� ' �%V����"�! ) O!i & i$��!!im�i$ViO$mi�� ' �O��$"�%i "!T�$# i O! (N � SO!i
�"�O���"�! ZO" $iZO"i$� �� �$%��"�! �i !�OVi��i� i!�$%i� �i (�û �O �i
!�OVi��i� (�û '

§ ' p!V"$�!!i# i!� �i n%�O$"�% & i$��!!i� 0hnp 1 ) �i� �& %$��"�!� �����i�
�i� O�"�"���iO$� 0�%&���i# i!� Q � �!Wi# i!� �i # �� �i &���i Q i�� '1 !i
��!� &�� �O $i���$� �i �� hT P # �"� & iOVi!� O�"�"�i$ �i # k# i ��& i �i
&$������i� 0�O� i!�"X���"�! Qi!$iW"��$i# i!� Q i�� '1 '

�Ö÷ùÑ�÷úgÕ�÷úÐ� ê �Ñ�÷ú÷,Ó h Ï�Î÷úÎ êÑ ÕÑÎ÷úgÕ�÷Ó ��O� Vi!�!� �i V�"$
�i T�i�! W%!%$��i �i� �"U %$i!�� %�%# i!�� � SO!i hT P ' ��O� �"�& ���!� ��!� � SO!
# %��!"�# i &�O$ !�O� T�O$!"$ �i� �i$�"X���� ZO S"� � S�W"� # �"!�i!�!� � SO�"�"�i$ 'û S�O� i!�"X ���"�! � Si!�"�%� \ &�$�"$ �i �i$�"X���� � T�"� � S�R� i� i! &�$�"�O�"i$
� SO!i !�$# i &$%�i!�%i ��!� j�� k i� i�� &$%�i!�%i �"j�i���O� 'û i ��R�i�O � '§ $%�O# i �i� !����"�!� O�"�"�%i� ��!� �i &$������i ��!�"� ZOi
�� XWO$i � '¤¦ i! ��!!i �i� �"U %$i!�i� %��& i� '

A
��# ZO" "�i!�"Xi N �"�i

B
��# ZO" "�i!�"Xi o�R

Signx(M)
û� �"W!��O$i �O # i���Wi

M
�Vi� �� ��% &$"V%i �i

X
Rx

M! � ���i!Wi ��%���"$i &$��O"� &�$
X

CertX
ûi �i$�"X��� �i ²

X · Y û� ��!���%!��"�! �i
X

i� �i
Y

TokenID
P�i!�"X���iO$ �i ���i! ' P� &$%�"�i �i� "!T�$# ��"�!�
"�i!�"X �!� �i ���i! Q �i ��& i �i &$������i ''' ZO"
T��"�"�i$�!� �i �$�"�i# i!� �O ���i! '

TokenXY
M! ���i! i!V��% �i ² Vi$� l

TokenXYi
ûi "j[# i ���i! i!V��% �i ² Vi$� l

[Z]
h$%�"�i ZOi �i � �#&� m i�� �&�"�!!i�

��� � � '§ � �����"�!� O�"�"�%i� ��!� ±Phn �µ�
nOi�ZOi� $i# �$ZOi� &$%�"# "!�"$i� )
� ��O� � S�R �$� Q �i ��!�i!O �i� ���i!� �i �� T�$# i

TokenXY
i�

TokenXYi�i$� iY&�"�"�% ��!� �i �O"�i '
� p!�O"�i Q �iO�i O!i Vi$�"�! �"#&�"X%i �O &$������i i�� &$%�i!�%i "�" ' (ij

�O " �" &$%V�"� &�$ iYi#&�i �� &$%�i!�i �i � �#&� �&�"�!!i�� ��!�i!�!�
�i� "!T�$# ��"�!� ZOi � �ZOi &�$�"i ��O �"�i ��##O!"ZOi$ \ � S�O�$i �O
��O$� �i � S�O� i!�"X���"�! ' h�O$ &�O� �i �%��"�� Q V�"$ j�� k '

  �"� &����!� # �"!�i!�!� \ �� �i��$"&�"�! �O &$������i 0"� � S�W"� �O &$�j
�����i � S�O� i!�"X���"�! #O�Oi��i < � S�O� i!�"X���"�! O!"���%$��i !i ��!�"i!�
&�� �i �i$!"i$ # i���Wi1 )

�' N �"�i i!V�"� \ o�R O!i �i# �!�i � S�O� i!�"X���"�!
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Alice Bob
Cert

A

TokenBA
2Cert B[TokenID]

TokenBA 1

3°

4°

1°

2°

[TokenID] TokenAB

[Demande d’authentification]

[TokenID] ||

|| ||

|| ||
��� � � '¤¦ � n��!��$� � SNO� i!�"X���"�! � Sp!�"�% O�"�"��!� �� ($�&��W$�& "i
\ (�% hOR�"ZOi

¤ ' o�R W%![$i O! !�#R$i ��%���"$i
Rb

ZO S"� $i�"i!� i� �$%i$ �"!�" �i ���i!
�i � ���i!Wi

TokenBA1
&�$ )

TokenBA1 = Rb

o�R � Si!V�"i \ N �"�i �Vi� %Vi!�Oi��i# i!� O! ���i! � S"�i!�"X���"�! '
¦ ' N �"�i W%![$i O! !�#R$i ��%���"$i

Ra
ZO Si��i $i�"i!� ' i!�O"�i Q i��i W%![$i

O! ���i! � S�O� i!�"X���"�!
TokenAB

�i �� T�$# i )
TokenAB = Ra · Rb · B · Signa(Ra · Rb · B)

N�"�i � Si!V�"i \ o�R �Vi� ��! �i$�"X��� 0ZO" ��!�"i!� ��!� �� ��% &Oj
R�"ZOi ZO" & i$# i��$� �i V%$"Xi$ �� �"W!��O$i1 i� %Vi!�Oi��i# i!� O! "�i!j
�"X���iO$ �i ���i! 0i! T�"� Q # k# i � Si!V�" �O �i$�"X��� i�� �&�"�!!i�1� ' o�R ��##i!�i &�$ V%$"Xi$ �i �i$�"X��� � SN �"�i ' p!�O"�i Q "� & iO� V%$"j
Xi$ �i� "!T�$# ��"�!� ��!�i!Oi� ��!�

TokenAB
\ � S�"�i �i �� ��% &Oj

R�"ZOi � SN �"�i ZO" i�� ��!�i!Oi ��!� �i �i$�"X��� ' N&$[� V%$"X���"�!
�i �� �"W!��O$i � SN �"�i Q �i��i �" i�� �O� i!�"X%i �O&$[� �i o�R ' P� �O "
$i��i \ � S�O� i!�"Xi$ i! W%!%$�!� �O " �O��" O! ���i! � S�O� i!�"X���"�!
TokenBA1

&�$ )
TokenBA2 = Rb · Ra · A · Signb(Rb · Ra · A)

o�R � Si!V�"i \ N �"�i �Vi� ��! �i$�"X��� i� %Vi!�Oi��i# i!� �Vi� O! "�i!j
�"X���iO$ �i ���i! 0# k# i $i# �$ZOi ZOi &$%�i�i##i!�1³ ' N �"�i &$��[�i �i �� # k# i # �!"[$i & �O$ �O� i!�"Xi$ o�R ' N �� X! Q "� �
� ��!� R"i! �O� i!�"X���"�! #O�Oi��i '

M!i T�"� �i� �iOY &�$�"i� �O� i!�"X%i� Q i��i� & iOVi!� ��!Vi!"$ � SO!i ��%
�i�$[�i i! O�"�"��!� �i� &$������i� � S%� �!Wi �i ��% �����"ZOi� 0iYi#&�i ) l "¡ ij
¥i��# �! � '� '�1 i�� ' �O j¤�k � �& ¤¤1 '
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��jiY "��i$ ' û� # "W$��"�! i�� ��!� $%���O &�$ �i� ���"�!� �O"V�!�i� �i � S�& %$�j
�iO$ �O (N )

�' � %!%$i$ O!i !�OVi��i &�"$i �i ��iT� '
¤ ' ($%i$ O! !�OVi�O �i$�"X��� Y¨ûl:�p© Z ��!�i!�!� � S�!�"i!!i ��iT

&OR�"ZOi i� �"W!% &�$ �� !�OVi��i ��iT &$"V%i ' û� V��"�"�% �i �i �i$�"X���
��"� �i �i$# "!i$ �Vi� � SiY&"$��"�! �i� �!�"i!!i� ��iT� '

¦ ' ($%i$ O! !�OVi�O �i$�"X��� Y�p©:¨ûl Z ��!�i!�!� �� !�OVi��i ��iT
&OR�"ZOi i� �"W!% &�$ � S�!�"i!!i ��iT &$"V%i ' û� V��"�"�% �i �i �i$�"X���
�i �i$# "!i ZO�!� f{`b �i� O�"�"���iO$� �i �i (N �!� $%�O& %$% �� !�OVi��i
��iT &OR�"ZOi i� �O &�O� ��$� \ � SiY&"$��"�! �i � S�!�"i!!i ��iT &OR�"ZOi '

� ' ($%i$ O! !�OVi�O �i$�"X��� �O��j�"W!% ��!�i!�!� �� !�OVi��i ��iT &Oj
R�"ZOi i� �"W!% &�$ �� !�OVi��i ��iT &$"V%i '

³ ' hOR�"i$ �i� �$�"� !�OVi�OY �i$�"X���� ��!� �i �%& �� '
� ' pY&�$�i$ �� !�OVi��i ��iT &OR�"ZOi Y�O�j�TjR�!�Z '

| �� �O"�i �i �i� # �!"&O���"�!� �i� �%& ��� & iOVi!� ��!�i!"$ �i� �!�"i!!i� i�
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}� $%& �!�i \ �� ZOi��"�! )ZnO Si��j�i ZO SO! ����[# i �\$ �Z �%& i!� T�$�ij
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��!X�!�i T�!�% �O$ � S�!����i �i� # i!��i� '
l �!� �i ���$i Q �� & ��"�"ZOi �i �%�O$"�% i�� �� ��$��%W"i ZO�!� �i� ��!�$ij
# i�O$i� ��!� �� ����"ZOi '

Nv�����rq xq w,pro��, M!i R�!!i & ��"�"ZOi ��"� �%X!"$ �i� RO�� Q �� ��$�j
�%W"i W��R��i i� $%& �!�$i �OY # i!��i� ' p! &�$�"�O�"i$ Q "� i�� T�!��# i!��� �i
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� nO" i�� $i�& �!��R�i �i ZO�" 0# "�i i! �OV$i Q iY%�O�"�! Q �O�"� Q �i��� Q
i�� '1 '� nOi��i i�� �� & ��"�"ZOi �i �%�O$"�% �i R��i �O $%�i�O � S�$�"!��iO$� '
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¯6ù�6û1 6�- , j6�� �ü® m Ñöü�öü , 4� m , 6ø� ý, »ä#{ ý

^i »_ Ñ 6ö z(��ø� ý tü ø�6 � �-üùø(�6 ö5 ø�6 û6�÷ø 	�ù�6 	�ù� ùøù/6 �ööø ý ÛÂª¨¥� ÙÂ% ¾ ª�¿§¨ $½ §Â¨�, �{ 
»� �ð{s�� , »ää » ý
^ii_ z ý z ®6�÷ , 
 ý 2��� ÷ , G ý Aöûö , �ü� G ý �6�	 ý Füø6�ü6ø

7 ýy|ä �6�øùN��ø6 �60(6÷ø �6÷÷�-6 5ö�� �ø 
�5� iy »»� , z ���� »äää ý
ÄÅÅÆ ÇÈÈÉÉÉ ÊËÌÅÍ ÊÎÏÐÈÏÍ ÑÈÏÍÑÒó ÓÓ ÊÅÖÅ

^i�_ Ãö��÷ tûù/6ù�� 6 Aùû/� ý Ñ6�÷ø 	�ù� ùøù/6 �ööø ö5 	�ù�6 ü(�16�÷ , `�ü(��®i||| ý ÄÅÅÆ ÇÈÈÉÉÉ ÊËÌÌÅÞ ÊÆÅÈåÅÎôÈÆ íÏÎÎÅ ô ÊÄÅæá
^ið _ 2 û�ùü Möûù �ü� Ñûö�6ü  ¯(-(6ø ý PÂ×§© PÂ¨¨§Ø£§ª¨© � $½ ßÂ¨¢§ §£ �¦¦ Ù¢Ø��£¢Â¥© ý Ñö- ù0(6 , z �ø�ú��øù0(6÷ , Fü 5ö�� �øù0(6 ý z �÷÷öü , »ä#ä ý
^iy_ uöü�û� uù/6÷ø ý Ã�6 ��y �6÷÷�-68� ù-6÷ø �û-ö�ùø�� 
�5� »�i »� , 2	�ùû

»ääi ý ÄÅÅÆ ÇÈÈÉÉÉ ÊÍÞôô ÊÎÏÐÈÍÅÆÈÏÍ ÑÈÏÍÑÓõÒÓ ÊÅÖÅ
^i�_ ` ý L���û6® uö÷÷6� �ü� ÑöØ6ûû A��ö6ü 56û� ý 2		�ö7 ù��ø6 5ö��( û�÷ 5ö�÷ö�6 5(ü�øùöü÷ ö5 	�ù�6 ü(�16�÷ ý c Ù Ù¢¥Â¢© ÛÂª¨¥� Ù Â% Ù �£½ §��£¢Ø© ,� ��ðsäð , »ä�i ý



�±�é±'ê«©°ë±� Á¬�
^i{_ L �(�6 A��ü6ù6� ý C §Ø¨§£© §£ � §¥©Â¥¼ §© � ©ßØª¨¢£ß ¥ª� ß¨¢­ª§ ×�¥© ª¥

� Â¥×§ §¥ ¨ß©§�ªý x( ù1 6�ø ùü 5ö�� �øù0(6 , i||| ý
^i#_ L�(�6 A��ü6ù6� ý P¨�¦ £Â¼ ¨�¦ ½ ¢§ �¦¦ Ù¢­ªß§� ¼ Ù¼ Â¨¢£½� §©� ¦ ¨Â£ÂØÂÙ§© §£ØÂ×§© ©Âª¨Ø§ §¥ Pý x( ù1 6�ø , M��ù÷ i6� 6 ú� ùøùöü , i|| » ý
^iä_ x ù�øö� A�ö(	 ý A6���� ùü- 5ö� 	�ù� ùøù/6 �ööø÷ ùü Nüùø6 N6û� ÷ ý Ù�£½ §��£¢Ø©Â% PÂ�¦ ª£�£¢Â¥ , y# 
»ä{� ���äs�#| , `�ü(��® »ääi ý
^�|_ x ù�øö� A�ö(	 ý ��÷ø �öü÷ø�(�øùöü ö5 ù��6�(�ù1 û6 	 öû®üö� ù�û÷ ö/6� Nüùø6

N6û�÷ ý ÛÂª¨¥� Ù Â% C�� ¿ÂÙ¢Ø PÂ�¦ ª£�£¢Â¥ , »{ 
y� ��{»s�ä », z �® »ääð ý
^� »_ x ù�øö� A�ö(	 ý �ÃÑ y ý� � 2 ûù1���® 5ö� �öùü- ü(�16� ø�6ö�®, i||i ýÉÉÉ ÊôÄÎàÆ ÊãÌÅÈãÅá ý
^�i_ G ö(- û�÷ Aøùü÷öü ý P¨�¦ £Â¼ ¨�¦ ½ ¢§ � £½ ßÂ¨¢§ §£ ¦ ¨�£¢­ª §ý Füø6�ü�øùöü�û

Ã�ö� ÷öü M(1 ûù÷� ùü- ���ü�6 , M��ù÷ , »ää� ý
^��_ Ã ý ´ ûöü6ü ý Ã�6 ÷÷� 
÷6�(�6 ÷�6ûû� �6� öø6 ûö- ùü 	�öøö �öû , »ää� ý

ÄÅÅÆ ÇÈÈß ÑÐáÓ ÊÌãÐ ÊÎÄ ËÎíôÅÞÅÌ ÊÌçàÈåöÎãÌôçÈôôÄÈ÷øùÈôôÄ íÏÍ ÑíãÎâîó ÊÅÖÅ


