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�5 (*,+/' < 31)' +'..' (*1,2' '(+ 1)' (8;1')2' < 38.86')+( +/,8( <5)( . 35.-=5q'+
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+*1( .'( 8.86 ')+(

x
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x ∈
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p1 = · · · = pq−1 = 1 − (p1 + · · · + pq−1)
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n
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n
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P (x1, . . . , xn) log2 P (x1, . . . , xn)
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H(X1, . . . , Xn) =

n
∑

i=1

H(Xi)

��$"P$ % {. (1� + <' 08,/�', . 38>5./+8 -*1,
n = 2

É 1) (/6-.' ,5/(*))'6')+
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∑
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∑
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∑
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(1--

(X|y)

P (x | y) log2 P (x | y)
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H(X | Y ) = −
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P (y)H(X | Y = y)

øT�Q�� $ ]%� �S�a#$ ^$ #� LT��D$�% � ·ÄÁ· ¾ºÁÁ¹½Ë n ËºÌ»Í½Ë ¾¼ËÍ»Î·½Ë
X1, . . . , Xn

ü ¿ À¹� Ä¿¼·¹ ËÌ¼ïÄÁ·½ ½Ë· ËÄ·¼ËÂ Ä¼·½ ó
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P (x2 | x1) = 1
4 *) - '1+

82,/,' B
H(X1) + H(X2 | X1) = −

∑
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P (x1) log2 P (x1)

−
∑
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∑

x2

P (x2 | x1) log2 P (x2 | x1)
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∑
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∑
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−
∑
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∑
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−
∑
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0 ≤ H(X | Y ) ≤ H(X)
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0 ≤ H(X | Y, Z) ≤ H(X | Z)

Äï½Í ¹� Ä¿¼·¹ Ë¼ ½· Ë½Ì¿½Ã ½Á· Ë¼ X | Z ½·
Y | Z ËºÁ· ¼Á¾¹ñ ½Á¾ÄÁ·½Ëü / ?' ? ñ ºÌ» ·ºÌ·
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ºÁ Ä
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∑
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∑
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∑
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∑
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∑
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∑
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∑
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∑
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∑
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∑
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= 1− 1 = 0

50'2 8>5./+8 (/ '+ ('1.'6 ')+ (/ P (x)P (y)

P (x, y)
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Y
½Ë· ¾¹ÿ Á¼½ñ Ä» ó
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½·

Y
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I(X ; Y | Z) = I(Y ; X | Z)

øT�Q�� $ ]%� % ùº¼½Á·
X, Y

½·
Z
·»º¼Ë ËºÌ»Í½Ë Ï ú ¿º»Ë
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. 3/)9*,6 5+/*) B
H(M |C) = H(M).

xcy
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è �×áÖ � àÕ Ö� â� ßÕç ÕáÛ ØÕ �ÕßáÙç ÕÝÛ Þá Õ�ÕçäàÕ ØÕ Ö� â� ßÕç ÕáÛ äÙßìÙâÛ è
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ùðÃ òº¿¼Í ÄÁ¾ ú ¿� ½ò»Ä¼Í SºÃñ Ì·Ä·¼ºÁü Aùùú S Àÿ> 4 -5>'( re' tj 4 �/..' 4 �1.pgoog ? s&� h,'(( ?

µgj¶ h /',,' w1(5,+ ? úÌ·ºÌ» ¾½ ¿Ä Â ºÁÍ·¼ºÁ ÑÌ¼ ÍºÃñ ·½ ¿½ ÁºÃ ò»½ ¾½ ÁºÃ ò»½Ëñ »½Ã ¼½»Ë? h=w +='(/( 4 m)/0',(/+8 <' �/6*>'( 4 cllk ?
µgz¶ h /',,' w1(5,+ ? d='

kth
-,/6 ' /( >,'5+', +=5)

k(ln k + ln ln k− 1)
9*,

k ≥ 2
?) Ä·¸ ½Ã Ä·¼ÍË ºÂ SºÃñ Ì·Ä·¼ºÁ4 rk xggzy Bj cc'j cz 4 �5)15,p clll ?

µgr¶ u /'.( |',>1(*) 5)< ! ,12' ~2=)'/', ? U »ÄÍ·¼ÍÄ¿ S»ðñ ·º� »Äñ ¸ð? û /.'p h1qA./(=/)> 4 {)2 4 c(+ '</+/*) 4 gooe ? �ggi ������ �h ��#���� 	 ���h �i �� ?
µgt¶ � ? } ? v5,'p 5)< �*=)(*) w ? ~ ? SºÃñ Ì·½»Ë ÄÁ¾ ¼Á·»ÄÍ·¼ò¼¿¼·ðü Ä �Ì¼¾½ ·º·¸ ½ ·¸ ½º»ð ºÂ üU .ÍºÃñ ¿½·½Á ½ËË? û ? } ? |,''6 5) 5)< &* ?4 ~5) |,5)2/(2* 4cltl ?

jo



µgk¶ �*52= /6 0*) �1, v5+=') 5)< �$,>') v',=5,< ? ) º¾½»Á SºÃñ Ì·½» ú ¿� ½ò»Ä?&56q,/<>' m)/0',(/+p h ,'(( 4 u'Q �*,á 4 u� 4 m~s 4 clll ?
µgl¶ � ? v/'(q,'2=+ ? ü ½Ä»¿ð ºñ ·¼Ã Ä¿ Ä¿� º»¼·¸ÃË Â º» ÍÄÁºÁ¼ÍÄ¿ Ã Ä·»¼ý Â º»Ã Ë? h=w+='(/( 4 m)/0',(/+p *9 d*,*)+* 4 w'-5,+6 ')+ *9 &*6-1+', ~2/')2' 4 &5)5<5 4

clle ?
µeo¶ d*,qi%,) v,5).1)< ?  ¸ ½ �ü º ÃÌ¿·¼ñ ¿½ ñ »½Í¼Ë¼ºÁ Ä»¼·¸Ã ½·¼Í ¿¼ò»Ä»ð4 goog ?à',(/*) j ?c4 ��� �	��& ���h ��hi�h ����� ?
µe c¶ í '0/) }566*)< ? h5,5..'. 91)2+/*))5. -,*>,566 /)> B 5) /)+,*<12+/*) ? {)}**) }*)> 4 '</+*, 4 õ ¼»Ë· AÁ·½»ÁÄ·¼ºÁÄ¿ ùðÃñºË¼ÌÃ ºÁ U Ä»Ä¿ ¿½¿ ùðÃ òº¿¼ÍSºÃñ Ì·Ä·¼ºÁ 1UúùS0 Àø@2 4 �'2+1,' u*+'( ~',/'( /) &*6-1+/)> 4 -5>'( ck c'clj 4 � /)� 4 s1+,/2=' 4 cllj ?
µeg¶ w50/< í 5=) ?  ¸ ½ Sº¾½.X »½Ä' ½»Ë ó  ¸ ½ SºÃñ »½¸ ½ÁË¼ï½ ( ¼Ë·º»ð ºÂ ù ½Í»½·SºÃÃÌÁ¼ÍÄ·¼ºÁ Â »ºÃ úÁÍ¼½Á·  ¼Ã ½Ë ·º ·¸ ½ AÁ·½»Á½·? ~2,/q)', 4 cllr ?
µee¶ w*)5.< @ ? í)1+= ? õÌÁ¾ÄÃ ½Á·Ä¿ ú ¿� º»¼·¸ÃË4 0*.16' c *9  ¸ ½ ú »· ºÂSºÃñ Ì·½» U »º� »ÄÃÃ ¼Á� ? s<</(*)Aû'(.'p4 e,< '</+/*) 4 cllt ? �ggi ������ ��	�#����g� �	g��#��� ������
��g��g���i ��gh � ?
µej¶ w*)5.< @ ? í)1+= ? ù ½Ã ¼ÁÌÃ ½»¼ÍÄ¿ ú ¿� º»¼·¸Ã Ë4 0*.16 ' g *9  ¸ ½ ú »·

ºÂ SºÃñ Ì·½» U »º� »ÄÃÃ ¼Á� ? s<</(*)Aû'(.'p4 e,< '</+/*) 4 cllt ? �ggi ������ ��	�#����g� �	g��#��� ������
��g��g���i ��gh � ?
µez¶ w*)5.< @ ? í)1+= ? ù º»·¼Á� ÄÁ¾ ù½Ä»Í¸ ¼Á� 4 0*.16 ' e *9  ¸ ½ ú »· ºÂSºÃñ Ì·½» U »º� »ÄÃÃ ¼Á� ? s<</(*)Aû'(.'p4 e,< '</+/*) 4 cllt ? �ggi ������ ��	�#����g� �	g��#��� ������
��g��g���i ��gh � ?
µer¶ u'5. í*q./+� ? ú ¿� ½ò»Ä¼Í ú Ëñ ½Í·Ë ºÂ S»ðñ ·º� »Äñ ¸ð4 0*.16 ' e *9 ú ¿� º»¼·¸Ã ËÄÁ¾ SºÃñ Ì¼·Ä·¼ºÁ ¼Á ) Ä·¸ ½Ã Ä·¼ÍË? ~-,/)>',Aà',.5> 4 cllk ?
µet¶ }1<*.9 �/<. 5)< }5,5.< u /'<',,'/+', ? AÁ·»º¾ÌÍ·¼ºÁ ·º õ ¼Á ¼·½ õ ¼½¿¾Ë ÄÁ¾ ¸ ½¼» úññ ¿¼ÍÄ·¼ºÁË? &56q,/<>' m)/0',(/+p h,'(( 4 ,'0/('< '</+/*) 4 cllj ?
µek¶ ! ,1)* � 5,+/) ? Sº¾Ä� ½ü Í»ðñ ·º¿º� ¼½ ½· Äññ ¿¼ÍÄ·¼ºÁË? h,'(('( -*.p+'2=)/;1'('+ 1)/0',(/+5/,'( ,*6 5)<'( 4 gooj ?
µel¶ �56 '( � ? � 5(('p? �'2+1,' )*'( *) 5--./'< </>/+5. /)9*,6 5+/*) +='*,p / 4 cllk ?

�ggi ������ ��	� ��� ��g�� ������� ��g ����i�
����i�#	����g) �i�# ?
µjo¶ �56 '( � ? � 5(('p? �'2+1,' )*'( *) 5-A

-./'< </>/+5. /)9*,6 5+/*) +='*,p // 4 cllk ?
�ggi ������ ��	� ��� ��g�� ������� ��g ����i�
����i�#	����g) �i�# ?

µj c¶ �'5)Ah /',,' � 5((/5( 5)< v1p }*q/) ? !*,)'( '�'2+/0'( -*1, 2',+5/)'( 9*)2A
+/*)( 2*)2',)5)+ .'( )*6q,'( -,'6 /',( ? jºÌ»ÁÄ¿ ¾½  ¸ ¹º»¼½ ¾½Ë ü ºÃ ò»½Ë ¾½X º»¾½ÄÌý 4 k Bg ce' gek 4 cllr ?
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µjg¶ � ? � 2v,5Q ? ~{~s� B ~+,'56 ( 5)< {+',5+/*)( /) 5 ~/>.'As ((/>)6 ')+ �5)>15>'' }'9',')2' � 5)15. ? d'2=)/25. }'-*,+ � 5)15. � A cjr 4 �5Q ,')2' �/0',6*,'
u5+/*)5. �5q ?4 clkz ?

µje¶ s .9,'< � ? � ')'�'( 4 ~2*++ s ? à5)(+*)' 4 5)< h51. & ? à5) ô*,(2=*+ ? ( ÄÁ¾.
òºº' ºÂ úññ ¿¼½¾ S»ðñ ·º� »Äñ ¸ð? &*6-1+', ~2/')2'( s--./'< � 5+='65+/2(@)>/)'',/)> ? &}& h,'(( 4 {)2 ?4 c(+ '</+/*) 4 cllr ? �ggi ������ ����� �h �g� �
���g����� �������� ?

µjj¶ v5,p � ? � /..', ? } /'65)) 3( =p-*+='(/( 5)< +'(+( 9*, -,/6 5./+p? {) SºÁÂ ½»½ÁÍ½¼ ½Íº»¾ ºÂ ù ½ï½Á·¸ úÁÁÌÄ¿ ú S) ùðÃñ ºË¼ÌÃ ºÁ  ¸ ½º»ð ºÂ SºÃñ Ì·Ä·¼ºÁ4
-5>'( gej'gel 4 s .q1;1',;1' 4 u'Q �'7/2* 4 � 5p cltz ?

µjz¶ ! ? s ? �1,-=p 5)< } ? h? ! ,')+ ? ô) ;15<,5+/2 -*.p)*6 /5.( 9*, +=' )16q',
�'.< (/'0' ? {) U »ºÍÏ õºÌ»·¸ úÌË·»Ä¿ÄË¼ÄÁ  ¸ ½º»ð ùðÃñ ºË¼ÌÃ 1Sú  ù ÀøùüU ½»·¸ ü õ½òÏ =øøù2 ü Ëñ ½Í¼Ä¿ ¼ËËÌ½ ºÂ úÌË·»Ä¿¼ÄÁ SºÃñ Ì·½» ù Í¼½ÁÍ½ SºÃÃÌ .
Á¼ÍÄ·¼ºÁË4 0*.16 ' go 4 -5>'( cll'gce 4 cllk ?

µjr¶ u{~d ? |{h~A ckoA c ~@&m}@ }s~} ~dsuws}w ? d'2=)/25. ,'-*,+ 4 |'<',5.
{)9*,6 5+/*) h,*2'((/)> ~+5)<5,<( h1q./25+/*) 4 clle ? �ggi ������ ��g� �
� �	g �����# �i 	i�
 	�#�i  �"�  ��gh ?

µjt¶ u{~d ? |{h~A clr w{v{ds� ~{vusdm}@ ~dsuws}w xw~~y ? d'2=)/25.
,'-*,+ 4 |'<',5. {)9*,6 5+/*) h,* 2'((/)> ~+5)<5,<( h1q./25+/*) 4 cllj ? �ggi ������ ��g� �� �	g �����# �i 	i�
 	�# �i  �! ��gh ?

µjk¶ &=,/(+*( } ? h5-5</6 /+,/*1 ? SºÃñ Ì·Ä·¼ºÁÄ¿ SºÃñ ¿½ý ¼·ð? s<</(*)Aû'(.'p
�*)>6 5) 4 c(+ '</+/*) 4 cllj ? �ggi ������ ��	 �
��
���� ��������� �	g�	� ?

µjl¶ �*=) � ? h*..5,< ? s �*)+' &5,.* 6 '+=*< 9*, 952+*,/�5+/*) ? cz xey Bee c'eej 4
cltz ?

µzo¶ � /2=5þ . ô ? }5q/) ? s -,*q5q/./(+/2 5.>*,/+=6 9*, +'(+/)> -,/6 5./+p? jºÌ»ÁÄ¿
ºÂ ü ÌÃ ò½»  ¸ ½º»ð4 cg 4 clko ?

µz c¶ } ? } /0'(+ ? }|& ceg c A d=' �wz �'((5>'Aw />'(+ s .>*,/+=6 ? d'2=)/25.
,'-*,+ 4 � {d �5q*,5+*,p 9*, &*6-1+', ~2/')2' 5)< }~s w5+5 ~'21,/+p4
s-,/. cllg ?

µzg¶ }*)5.< � ? } /0'(+ 4 s</ ~=56 /, 4 5)< �'*)5,< s<.'65) ? s 6'+=*< 9*, *qA
+5/) /)> </>/+5. (/>)5+1,' 5)< -1q./2Aá'p 2,p-+*(p(+'6 ( ? SºÃÃÌÁ¼ÍÄ·¼ºÁ ºÂ
·¸ ½ ú S) 4 g cxgy 4 cltk ?

µze¶ �'5)A�*1/( }*2= 4 �'5)Av1/..516 ' w165( 4 @,/2 d5))/', 4 ~8q5(+/') à5,A
,'++' 4 �0'( w'))'1./) 4 5)< v,8>*,p �*1)/8 ? d=8*,/' <'( 2*<'( 4 cllt'gooz ?

µzj¶ � ? !5,á .'p }*((', 5)< �*Q'.. ~2=*')9'.< ? s--,*7 /6 5+' 9*,61.5( 9*, (*6 '
91)2+/*)( *9 -,/6 ' )16q',( ? A ¿ ¿¼Á º¼Ë jºÌ»ÁÄ¿ ºÂ ) Ä·¸ ½Ã Ä·¼ÍË4 r Brj'lj 4 clrg ?

µzz¶ ! ,12' ~2=)'/', ? +S»ðñ ·º� »Äñ ¸ ¼½ úññ ¿¼ÑÌ¹½ +? à1/q ',+ 4 û /.'p 5)< {)+',)5A+/*)5. d=*6 (*) h1q./(= /)> 4 u� 4 g)< '</+/*) 4 cllt ? ?
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µzr¶ s ? ~2=*)=5>' ? ~2=)'..' q ','2=)1)> 0*) á'++')q,12=+')Q /2á .1)>') ? úÍ·ÄAÁÂ º»Ã Ä·¼ÍÄ4 c Bcel' cjj 4 cltc?
µzt¶ s ? ~2=*)=5>' 5)< à ? ~+,5((') ? ~2=)'..' 61.+/-./á5+/*) >,*((', �5=.') ?

ùAú) jºÌ»ÁÄ¿ ºÁ SºÃñ Ì·¼Á� 4 t Bgk c'glg 4 cltc?
µzk¶ & ?@ ? *+,--.- ? s 6 5+='6 5+/25. +='*,p *9 2*661)/25+/*) ? X ½¿ ¿ ùðË.·½Ã  ½Í¸Á¼ÍÄ¿ jºÌ»ÁÄ¿4 gt Betl'jge '+ rge'zrz 4 cljk ? =++- B$$26 ?q '..A

.5q( ?2*6 $26 $6($Q=5+$(=5))*)<5p$(=5))*) cljk ?-<9 ?
µzl¶ & ?@ ? *+,--.- ? &*661)/25+/*) +='*,p *9 ('2,'2p (p(A

+'6 ( ? X ½¿ ¿ ùðË·½Ã  ½Í¸Á¼ÍÄ¿ jºÌ»ÁÄ¿4 gk xj y Brzr' tcz 4 cljl ?
=++- B$$QQQ ?2( ?12.5 ?'<1$ ĩá*)>$,'('5,2=$('21,/+p$(=5))*) cljl ?- <9 ?

µro¶ à /2+*, ~=*1- ? ~'5,2=/)> 9*, -,/6 /+/0' ,**+( /) �)/+' �'.<( ? ) Ä·¸ ½Ã Ä·¼ÍË ºÂSºÃñ Ì·Ä·¼ºÁ 4 zk xclty Berl'eko 4 �5)15,p cllg ?
µr c¶ à /2+*, ~=*1- ? |5(+ 2*)(+,12+/*) *9 /,,'<12/q.' -*.p)*6 /5.( *0', �) /+' �'.<( ?jºÌ»ÁÄ¿ ºÂ ùðÃ òº¿¼Í SºÃñ Ì·Ä·¼ºÁ4 ct xzy Betc'el c4 � 5p cllj ?
µrg¶ à /2+*, ~=*1- ? ud� z ?e B s ./q,5,p 9*, <*/)> )16q', +='*,p4 goog ?

��� �	���i ���g��g� ?
µre¶ }*q',+ � ? ~*.*05p 5)< à*.á', ~+,5((') ? s 95(+ �*)+'A&5,.* +'(+ 9*, -,/A

6 5./+p? ùAú) jºÌ»ÁÄ¿ ºÁ SºÃñ Ì·¼Á� 4 r xcy Bkj'kz 4 � 5,2= cltt ?
µrj¶ w*1>.5( } ? ~+/)(*) ? S»ðñ ·º� »Äñ ¸ð ó  ¸ ½º»ð ÄÁ¾ U »ÄÍ·¼Í½? &=5-65) /}5..$&}& h,'(( 4 g)< '</+/*) 4 goog ? �ggi ������ ����� �h �g� ����g����� �

�����	g �� 	���01�23�01�23 ��gh � ?
µrz¶ � ? 05) �'1Q') ? ú ¿� º»¼·¸Ã Ë ÄÁ¾ SºÃñ ¿½ý ¼·ð? @ .('0/', 4 cllo ?
µrr¶ ~561'. ~ ? û5>(+5� 4 �, ? S»ðñ ·ÄÁÄ¿ðË¼Ë ºÂ ÁÌÃ ò½» ·¸ ½º»½·¼Í Í¼ñ ¸ ½»Ë?&=5-6 5)A}5.. $ &}& 4 gooe ?
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